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Definitions

I All graphs considered will be finite and connected.

I Let Γ be such a graph and let G ≤ Aut(Γ) be a group of
automorphisms of Γ.

I We say that Γ is G -arc-transitive if G acts transitively on arcs
of Γ.
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The 3-valent case

Theorem (Tutte 1946)

If Γ is a 3-valent G -arc-transitive graph, then G acts regularly on
s-arcs for some s ≤ 5. In particular, |Guv | = 2s−1 ≤ 24.

I Practical interest : Foster Census of 3-valent arc-transitive
graphs of small order (Conder and Dobcsányi). Their
approach is dependent on Tutte’s Theorem.

I We would like to generalize this result.
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approach is dependent on Tutte’s Theorem.

I We would like to generalize this result.



Wreath graphs

I Consider the wreath graph W(m, 2) ∼= Cm[K̄2].

I If G = Aut(W(m, 2)), then |Gv | = 2
n
2 , where

n = |V(W(m, 2))|.
I Not that the bound is exponential with respect to the number
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Local action

Definition
Let Γ be a G -arc-transitive graph, and let L be a permutation

group. If G
Γ(v)
v
∼= L, then we say that (Γ, G ) is locally L.

I L is sometimes called the local action.

I If Γ is k-valent, then L is a transitive subgroup of Sk .

I If k = 4, then L is one of Z4, Z2
2, D4, A4, S4.

Theorem (Gardiner, Weiss)

If k = 4, then |Guv | ≤ 22 · 36, unless L ∼= D4.
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Restrictive permutation groups

Definition
A permutation group L is called restrictive if there exists a constant
c such that whenever (Γ, G ) is locally L, we have that |Guv | ≤ c .

Problem
Classify restrictive groups.

Known restrictive groups:

I Trivial: Regular permutation groups

I Tutte (1959): S3

I Weiss (1979): Transitive groups of prime degree

I Trofimov (2001): Doubly transitive groups
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Weiss conjecture

Gardiner : if (Γ, G ) is a locally primitive pair and uv is an arc of Γ,
then the subgroup G1(u, v) of G fixing all vertices adjacent to
either u or v is a p-group for some prime p.

Conjecture (Weiss, 1978)

Primitive permutation groups are restrictive.

Conjecture (Praeger)

Quasi-primitive permutation groups are restrictive.
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A theorem of Glauberman

Theorem (Glauberman, 1969)

Suppose P is a subgroup of a finite group G , g ∈ G , and P ∩Pg is
a normal subgroup of prime index p in Pg . Let n be a positive
integer, and let G̃ = 〈P, Pg , ..., Pgn〉. Assume that :

1. g normalizes no nonidentity normal subgroup of P, and

2. P ∩ Z (G̃ ) = 1.

Then |P| = pt for some positive integer t for which t ≤ 3n and
t 6= 3n − 1. Moreover, if n = 2, p = 2 and t = 6, then P contains
a nonidentity normal subgroup of G̃ .



p-restrictive

Let p be a prime and let L be a transitive permutation group on Ω.

Definition
L is p-restrictive if there exists a constant c(p, L) such that, for
any locally L pair (Γ, G ), the p-part of an arc-stabilizer
[Guv ]p ≤ c(p, L).

I L is restrictive if and only if it is p-restrictive for every prime p
dividing the order of a point-stabilizer |Lx |.

Corollary (V., 2009)

Let x ∈ Ω and let P ∈ Sylp(Lx). If |P| = p and there exists l ∈ L

such that 〈P, P l〉 is transitive, then L is p-restrictive. In fact we
can take c(p, L) = p6 if p is odd and c(p, L) = 24 if p = 2.
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Examples of restrictive imprimitive groups

I The dihedral group Dn of degree n, for n odd. This group is
imprimitive when n is not prime.

I SL(2, p) acting on the p2 − 1 nonzero vectors in (Zp)2, for p
a prime. This is the usual action of matrices acting on vectors
by multiplication. This group is imprimitive when p ≥ 3.

I PSL(2, p) acting on p2−1
2 points, for p an odd prime. Actions

in this family are induced from actions in the previous family
by identifying opposite pairs of matrices and opposite pairs of
vectors. This group is imprimitive when p ≥ 5.

I SL(2, 7) acting on the 16 blocks of the form {v , 2v , 4v}, for v
a non-zero vector of (Z7)2.

I The group (Z4)2 o Z3 = 〈a, b, c |a4 = b4 = c3 = 1, ab =
ba, ac = b, bc = (ab)−1〉 of degree 16. Here, A = 〈a, b〉 acts
regularly on itself by multiplication while 〈c〉 acts on A by
conjugation.

I A5 acting on the 20 vertices of the dodecahedron.
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Non-restrictive

Theorem (V.)

A transitive permutation group L with a system of two blocks of
imprimitivity is not restrictive unless it is regular.

I Idea of proof: Suppose L has a system of two blocks of size k .

I Consider the graph W(n, k) ∼= Cn[K̄k ] and try to find an
arc-transitive subgroup of its automorphism group that is
locally L and such that the order of the arc-stabilizer grows
with m.

I Problem : If the pointwise stabilizer of one block is trivial,
then this can not work. (Consider D6).

I Solution : Partial line graphs of wreath graphs!
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Partial line graphs

I Start with a graph W(n, k) ∼= Cn[K̄k ] (k = 2 in the picture).
It has nk vertices.



Partial line graphs

I Orient the edges in a ”consistent” manner.

I This defines a digraph.



Partial line graphs

I Draw a new vertex for each arc.

I The number of vertices is now nk2.



Partial line graphs

I Connect two new vertices if they form a 2-arc in W(n, k).

I This results in a new digraph.



Partial line graphs

I The underlying graph Γ = Pl(W(n, k)) is still 2k-valent

I Alternatively, we can think of Pl(W(n, k)) as the line graph of
W(n, k), except that two edges which were ”above” one
another are not adjacent.

I This construction can be iterated to obtain Plr (W(n, k)).

I Vertices of Plr (W(n, k)) are ”straight” r -arcs of W(n, k), and
two such r -arcs are adjacent if their union is a ”straight”
(r + 1)-arc.

I These graphs were studied in many similar settings, for
example Praeger and Xu (1989), Gardiner and Praeger (1994).
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Non-restrictive, more than two blocks

I These partial line graphs allow us to complete the proof for
two blocks.

I In general, if we are trying to show that L is not restrictive,
and L is imprimitive with a system of n blocks of size k , it
seems natural to try and find an infinite family of
arc-transitive n-valent graphs, take the lexicographic product
of each with an edgeless graph on k vertices, and try to find a
”large” group of automorphisms with the correct local action.

I Example : L = S4 acting on pairs. This group has degree 6.

I L is imprimitive, with a unique system of imprimitivity, 3
blocks of size 2.

I We will use arc-transitive 3-valent graphs and take the
lexicographic product with an edgeless graph on two vertices.
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lexicographic product with an edgeless graph on two vertices.



Example of degree 6, continued

I The action of L on the 3 blocks is S3 (acting intransitively),
hence we will take Γ to be a 3-valent G -2-arc-transitive graph
(hence the local action is S3).

I Let Γ̃ be the lexicographic product of Γ with an edgeless

graph on two vertices. Then ZV(Γ)
2 o G ≤ Aut(Γ̃).

I The kernel of the action of L on its blocks is Z2
2. Hence, the

group above is not locally L. We need to find M a

G -submodule of ZV(Γ)
2 such that M o G has local action L on

G̃ .

I Solution : we take M to be the 0-eigenspace of the adjacency
matrix of Γ over Z2!

I All that remains to do is to prove that there exists 3-valent
2-arc-transitive graphs with arbitrarily large 0-eigenspace over
Z2.
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Small Degrees

Theorem (Potočnik, Spiga, V.)

The permutation groups A4 and S4 (two different ones) of degree
6 are not restrictive.

Corollary

If L is a permutation group of degree at most 7, then it is
restrictive if and only if it is primitive or regular.

I The picture for degree 8 is not so clear.

I SL(2, 3) ∼= Q8 o Z3 is imprimitive but restrictive.

I There are a few ”unknowns”.

I Challenge : Determine whether GL(2, 3) ∼= Q8 o S3 is
restrictive.
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Working conjecture

I The method outlined above to show that groups are not
restrictive was to use lexicographic products of graphs with
edgeless graphs or related graphs, and find a suitable
subgroup of automorphisms.

I There is a natural obstruction to this method.

Conjecture

If L is a permutation group such that, for every non-trivial system
of block B of L, the kernel of the action of L on the blocks of B is
semiregular, then L is restrictive.

I This conjecture is stronger than both earlier conjecture
(maybe too strong?).

I It implies that GL(2, 3) is restrictive.
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General Problem

I If the local action is not restrictive, then there does not exist a
constant function bounding the size of an arc-stabiliser.

I Question : Does there exist a ”nice” function on the number
of vertices bounding the size of an arc-stabiliser?

I In general, an exponential function is required (Consider
wreath graphs).

I More interesting question : can we exclude some graphs to
get a sub-exponential (perhaps polynomial) bound?
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Back to 4-valent

Theorem (Potočnik, V.)

Let Γ be a 4-valent G -arc-transitive graph on n vertices. Then
either Γ ∼= Plr (W(2, n)) or |Guv | ≤ n3.

I In 2003, Steve Wilson suggested to construct a census of
small 4-valent arc-transitive graphs.

I The bound in the theorem is still not good enough to get very
far using brute force, but it is probably not tight.

Conjecture

Let Γ be a 4-valent G -arc-transitive graph on n vertices. Then

either Γ ∼= Plr (W(2, n)) or |Guv | ≤ n
log 2
log 3 .

This bound is attained by a family of graphs studied by Gardiner
and Praeger.
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Further work

I Classify restrictive groups.

I Determine the correct generalization of Plr (W(2, n)) to
higher valencies. In other words, determine which graphs must
be excluded to get sub-exponential bounds on the growth of
the arc-stabiliser. (Idea : ”Nice” abelian normal covers of
multi-graphs?)

I Get the correct bound in the 4-valent case and ”complete”
the census.

I Consider vertex-transitive graphs, rather than arc-transitive
graphs.

I Thank you!
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