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Abstract

At the “Santa Cruz conference on Finite Groups” in the summer of 1979, a theorem indepen-
dently proved by Michael O’Nan and Leonard Scott, was presented. Together with the classification
of finite simple groups, this theorem describes the structure of finite primitive permutation groups
in comprehensive detail. This has shown to have useful applications to combinatorics and graph
theory; in particular, it has been used to classify certain classes of distance transitive graphs. In
1993, C. E. Praeger generalized the O’Nan–Scott Theorem for “quasiprimitive” groups. A finite
permutation group is said to be quasiprimitive if all of its minimal normal subgroups are transi-
tive. In this thesis, we characterise and investigate the structure of the so called innately transitive
groups, that is to say, finite permutation groups which have at least one transitive minimal normal
subgroup.

The main results of this thesis come from two papers of the author:

[12] with Cheryl E. Praeger, Finite permutation groups with a transitive minimal normal subgroup.

[11] Bounds and quotient actions of innately transitive groups.
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1.2 Introduction

The history of permutation group theory is relatively short compared to other mathematical
disciplines, but is fascinating nonetheless. The study of transitive permutation groups more or
less began with the work of Camille Jordan (circa 1865) and William Burnside (circa 1897) in the
19th century. In particular, a structure theorem for 2-transitive groups appears in Burnside’s book
“The Theory of Groups of Finite Order” (see [16, §134] or [17, §154]) which is considered today a
precursor to a structure theorem for primitive groups. In early papers of Jordan, and in his classic
text “Traité de substitutions et des équations algébriques” published in 1870 (see [37]), the first
major study of primitive groups was carried out. A transitive permutation group G on a set Ω is
imprimitive if it preserves a partition of Ω which has more than one part in its collection and every
part of the partition has more than one element. Otherwise, G is primitive. A typical example of
a primitive group is a k-transitive group.

Let k be a positive integer and Ω be a finite set such that 2 ≤ k ≤ |Ω|. A finite permutation
group G on Ω is k-transitive if the action of G on ordered k-tuples of distinct elements of Ω defined
by (ω1, ω2, . . . , ωk)g = (ωg1 , ω

g
2 , . . . , ω

g
k) is transitive. We will stipulate that 1-transitivity of a finite

permutation group be the property of transitivity. It is not difficult to prove that every k-transitive
group is primitive and (k − 1)-transitive. Jordan proved1 that a nontrivial normal subgroup of a
k-transitive group G, where G is not Sk, is either (k − 1)-transitive, or is an elementary abelian
2-group and k = 3.

Burnside extended Jordan’s theorem by proving that every finite 2-transitive permutation group
has a transitive unique minimal normal subgroup that is either abelian or simple (see [17, §154]).
Burnside’s structure theorem indicates that 2-transitivity is a much stronger property than tran-
sitivity. Indeed, it is the study of properties of transitive groups that are weaker than primitivity,
which motivates this thesis. Burnside is also responsible for highlighting the basic structure of
primitive groups. He proves that every nontrivial normal subgroup of a primitive group is transi-
tive2 [16, Theorem VI] and gives bounds on the degrees and orders of primitive groups (see [16,
Chapter X]).

It was not until late last century that the possible structures of primitive groups were completely
described. In Reinhold Baer’s paper “Classes of finite groups and their properties”, published in
1957, he proves that for a primitive group G, there exists at most one abelian nontrivial normal
subgroup and at most two distinct minimal normal subgroups of G (see [10, Corollary 1]).

In 1978, Julio Lafuente gave a “classification” of the primitive groups in his paper “Una clasi-
ficacion de los grupos y una aproximacion a las clases de Schunck” [43, 1.6 Teorema]. He proves
that a finite group G is primitive if and only if either it has a minimal normal subgroup N such
that CG (N) ∼= N , or it is the natural semidirect product of a principal factor3 H of a group M

by a group of M -automorphisms of H. From a permutation group theorists point of view, this
“classification” of primitive groups is inadequate in that their actions are not described.

At the Santa-Cruz conference in 1979, a structure theorem for primitive groups was presented
that was proved independently by Michael O’Nan and Leonard Scott, although the former did
not publish his result. Its applications have had significant consequences for problems within

1Jordan’s original statement [37, §84] asserted that a normal subgroup of a k-transitive group is (k−1)-transitive,

which is incorrect. Later authors, including W. Burnside [17, Theorem XI], corrected this error.
2According to Dr. Peter M. Neumann, this result was known to Jordan.
3A principal factor of a group G is a section H/K of G such that K is normal in G and H/K is a minimal

normal subgroup of G/K.
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permutation group theory and in combinatorics (for a survey, see [57]). However, there were some
short-comings of this result. There are two theorems published in Scott’s paper [72] which have
mistakes that were not pointed out until Aschbacher and Scott’s paper [2] appeared in 1985. The
first of these theorems has a contradiction where the case “H = 1” in the hypothesis of the theorem
does not yield cases (a) or (b) in the conclusion of the theorem (see [2, pp. 79]). The corrected
version is given below:

Theorem:
Let H be a non-trivial subgroup of a finite direct product G =

∏
i∈I Gi of isomorphic

nonabelian simple groups. Then the transitive permutation representation of G on
[G : H] extends to a primitive permutation representation of some group in which G is
the socle if and only if either

(a) there is a partition P of I into subsets of equal cardinality not equal to 1 with
H the direct product

∏
S∈P ∆S of full diagonal subgroups ∆S of the subproducts∏

i∈S Gi, or

(b) the subgroup H is a direct product
∏
i∈I Hi where Hi is a subgroup of Gi which

is an intersection Gi∩ H̃i for some maximal subgroup H̃i of a group G̃i with Gi ⊆
G̃i ⊆ Aut(Gi). Also, for each pair i, j of indices, there must be an isomorphism
of Gi with Gj carrying Hi to Hj .

The case H = 1 in case (b) leads to the inclusion of the so-called Twisted Wreath type in
the structure theorem for primitive groups known today. The second theorem is the celebrated
O’Nan–Scott Theorem which describes the maximal subgroups of the symmetric group. The
mistakes in the original version were minor and the Twisted Wreath type is contained in case (c)
of its conclusion. The corrected version is given below.

The O’Nan–Scott Theorem:
Let M be a proper subgroup of the symmetric group Sn such that M 6= An. Then some
conjugate of M is contained in one of the subgroups listed below. Here 1 < m < n and
p is prime.

(a) Sm × Sk, m+ k = n,

(b) Sm wrSk, mk = n,

(c) Sm wrSk, mk = n, m ≥ 5,

(d) V o GL(V ), pk = n = |V |; V a vector space over GF(p),

(e) T k.(Sk ×Out(T )) (a not necessarily split extension), |T |k−1 = n, T a nonabelian
simple group,

(f) an automorphism group of a nonabelian simple group G < An, containing G and
acting primitively (the full normalizer of G in Sn).

Intransitive groups fall in the case (a), while imprimitive groups fall in the case (b), and hence
the remaining cases (c)–(f) describe the primitive subgroups of Sn (not containing An). By 1985,
Peter Cameron had published a restatement of the O’Nan–Scott Theorem together with an outline
of the proof which failed to acknowledge the case “G ∩ Nα = 1” that pertains to the Twisted
Wreath type, in his otherwise beautifully written paper [19, Theorem 4.1] (which appeared in
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1981). Cameron’s Theorem divides the primitive groups into three classes which he denotes (i),
(ii)(a), and (ii)(b).

The origins of the discovery of the Twisted Wreath type are unclear. L. G. Kovács heard about
the missing case from T. M. Gagen (see [41, pp. 131] and [41, Corollary 5.2]), Aschbacher and
Scott’s paper was the first to acknowledge its existence (see [2]), and Cameron in [20, pp. 105]
states that it was “pointed out” to him by Aschbacher. Martin Liebeck, Cheryl Praeger, and
Jan Saxl published a detailed statement of the O’Nan–Scott Theorem in [46] which also included
a self-contained proof of the theorem. For the first time in print, the Twisted Wreath case was
extracted and a five case subdivision was used: (I), (II), (III)(a), (III)(b), and (III)(c). Compared
to Cameron’s theorem, the cases (i) and (I) are the same, (ii)(a) is split into (II), (III)(b), and
(III)(c), and (ii)(b) is the same as (III)(a). The case (III)(c) contains the Twisted Wreath type.

In 1993, Cheryl Praeger proved a similar theorem for a larger class of finite permutation groups
called quasiprimitive groups (see [59]). A permutation group is quasiprimitive if all of its nontrivial
normal subgroups are transitive. In particular, every primitive group is quasiprimitive but the
converse is not true. This theorem for quasiprimitive groups has been used to study finite 2-arc
transitive graphs [59], line-transitive linear spaces [24], and to study Weiss’s Conjecture for locally
primitive graphs [27]. It is quite remarkable that Praeger was able to generalise the O’Nan–Scott
Theorem to quasiprimitive groups, or even believe that it could be done. From the definitions, one
might argue that quasiprimitivity is a much weaker property than primitivity. One of the aims of
this thesis is to prove an extension of the theorems of Praeger, O’Nan, and Scott, to an even larger
class of finite permutation groups, which we introduce.

A finite permutation group G is innately transitive if it has a transitive minimal normal sub-
group. We call this subgroup a plinth of G. Every innately transitive group has at most two
transitive minimal normal subgroups (see Lemma 3.1.1), and if there are two, then they are reg-
ular and isomorphic, and there is a permutational isomorphism of G that interchanges them. So
up to permutational isomorphism, any of the at most two minimal normal subgroups of G can
be taken to be the plinth of G. Clearly every finite quasiprimitive permutation group is innately
transitive. Innately transitive groups occur naturally as overgroups of quasiprimitive groups and
they also provide a natural setting for studying embeddings of subgroups of wreath products in
their product action (see [7]). It was proved recently by Michael Giudici [31] that the Polycircu-
lant Conjecture is true for innately transitive groups (see also [21]). In this thesis, we touch briefly
on the applications of the theory of innately transitive groups to problems in combinatorics and
permutation group theory.

Figure 1.2.1: Subclasses of the innately transitive groups.
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L. G. Kovács [42] introduced a “blow-up” construction for so-called primitive groups which
preserve a product decomposition of the underlying set. Each primitive group of Product Action
type can be constructed as a “blow-up” of smaller primitive groups. The construction was gener-
alised in [6] to quasiprimitive permutation groups, which produces special quasiprimitive groups
called “Product Action type” that preserve a “Cartesian decomposition” of the underlying set.
However not all quasiprimitive groups of Product Action type can be constructed by this method.
We resolve this problem in the context of innately transitive groups (see Proposition 6.3.19).

Define an innate triple to be an ordered triple (K,ϕ,L) consisting of a finite characteristically
simple group K, a subgroup L of Aut(K), and a certain epimorphism ϕ with domain the subgroup
of K corresponding to L ∩ Inn(K) if K is nonabelian, or domain K if K is abelian, and with
L-invariant kernel (see Definition 5.2.1). In Construction 5.3.1, we give a method of constructing
innately transitive groups that takes as input an innate triple. The first major result of this
thesis, Theorem 5.4.7, proves that up to permutational isomorphism, each finite innately transitive
group can be produced by Construction 5.3.1. Thus Theorem 5.4.7 is an abstract and constructive
characterisation of finite innately transitive permutation groups.

Theorem 5.4.7:
Every finite innately transitive permutation group is permutationally isomorphic to an
innately transitive group given by Construction 5.3.1, and every permutation group
given by this construction is innately transitive.

The second major result of this thesis, Theorem 6.5.1, is similar to the structure theorems
for finite primitive and quasiprimitive groups (see [46, 72] and [59]). It shows that the innately
transitive groups may be partitioned into a number of disjoint types. These types are presented
in a different style and case subdivision from that in [46], [72], or [59], but there still remains
a natural generalisation of Praeger’s structure theorem. Now a quasiprimitive group can have at
most two minimal normal subgroups, but an innately transitive group can have a boundless number
of minimal normal subgroups (see Example 2.2.5). So the structure of an innately transitive group
can be quite different from that of a quasiprimitive group. Hence, the fact that Praeger’s structure
theorem can be generalised to innately transitive groups is quite surprising.

Theorem 6.5.1:
Every finite innately transitive permutation group is permutationally isomorphic to a
quasiprimitive group or a group of one of the four types described below. Moreover,
every group described below is innately transitive.

In the following, G is a permutation group on a finite set Ω with K a subgroup of G and α ∈ Ω.
We will suppose K = T k where T is a finite simple group and k is a positive integer.

• Almost Simple Quotient Type
In this case, K is a nonabelian simple group, G = KGα, and Gα 6≥ K. Here CG (K) 6= 1
and G 6= CG (K)Gα.

• Product Quotient Type
Here, K is nonabelian, nonsimple, and Ω = K. We have that G is contained in K o Aut(K)
and that G is conjugate in Sym(K) to a subgroup of V wrSk in product action, where V is
innately transitive of Almost Simple Quotient type with regular plinth T . Also, Gα projects
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onto a transitive subgroup of Sk, and CG (K) is nontrivial and not a subdirect subgroup of
the left regular representation of K.

• Diagonal Quotient Type
Again, K is nonabelian, nonsimple, Ω = K, and G is contained in KoAut(K). The group G
is conjugate in Sym(K) to a subgroup of V wrSk in product action, where V is primitive of
Holomorph of a Simple Group type with regular plinth T , and CG (K) is a proper subdirect
subgroup of the left regular representation ofK. Moreover CG (K) is a direct product ofm full
diagonal subgroups of T k/m for some proper divisor m of k, and G ≤ Ko [(A×Sk/m) wrSm],
where A is a full diagonal subgroup of Aut(T )k/m, and the projection of Gα onto Sk/m wrSm
is transitive.

• Product Action Type
There is a G-invariant partition Ψ of Ω and Ψ is the Cartesian product of k copies of a set
Ψ0, and k ≥ 2. Also there is an innately transitive permutation group A on Ψ0 of Almost
Simple Quotient type with non-regular plinth T . Choose ψ0 ∈ Ψ0 and set U := Tψ0 . For
ψ = (ψ0, . . . , ψ0) ∈ Ψ, we have Kψ = Uk, and for α ∈ ψ, the point stabiliser Kα is a subdirect
subgroup of Uk with index the size of a block in Ψ. Replacing G by a conjugate in Sym(Ω)
if necessary, we may assume that GΨ ≤ AwrSk ≤ Sym(Ψ0) wrSk. The point stabiliser Gα
projects onto a transitive subgroup of Sk.

Peter Cameron in his book [20, p. 103], calls a primitive permutation group G basic if it is not
contained in a wreath product acting by product action. He then states a version of the O’Nan–
Scott Theorem in terms of basic groups and a wreath product construction. Non-basic primitive
permutation groups can be described as subgroups of wreath products G0 o Sk in product action
where G0 is a basic primitive permutation group and k ≥ 2. We need a different definition of
basic for quasiprimitive groups. The non-basic finite quasiprimitive groups G are those which act
(faithfully) on a G-invariant point partition as a subgroup of a wreath product in product action.

One can extend this notion to innately transitive groups. However the quotient action of G
on the point partition need not be faithful in this case. In Construction 6.3.7, we show how to
define this possibly unfaithful quotient of a non-basic innately transitive group. The quotient is a
subgroup of a wreath product of basic innately transitive groups in product action (see Proposition
6.3.8). Given one of these quotients, Construction 6.3.15 gives a procedure for constructing nearly
all non-basic innately transitive groups corresponding to it (see Corollary 6.3.17). The innate
triples corresponding to the quotients given by Construction 6.3.15 are those triples (K, ϕ̃, L̃) such
that K is nonabelian, nonsimple, and Ker ϕ̃ is not a subdirect subgroup of K. Given a supplement
K0 of Ker ϕ̃ in Dom ϕ̃, a supplement in L̃ of the subgroup of Inn(K) corresponding to Ker ϕ̃, and a
normal subgroup of K0 contained in Ker ϕ̃, we can construct another innate triple via Construction
6.3.15. From this output, we can construct an innately transitive group via Construction 5.3.1.

The theorem below is similar to Cameron’s structure theorem in that we have separated the
basic and non-basic innately transitive groups. Essentially it shows that innately transitive groups
satisfying (1), (2), or (3) of Theorem 6.3.20 play the role of the basic examples with other examples
arising from a product type construction.
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Theorem 6.3.20:
Let G be a finite innately transitive permutation group on a set Ω with plinth K = T k

(where T is a simple group). Then one of the following is true:

1. K is abelian,

2. K is simple,

3. G is quasiprimitive of Simple Diagonal type,

4. G is quasiprimitive of Compound Diagonal type, or

5. G can be obtained by Construction 6.3.15 from a subgroup of a wreath product
G0 o Sk where G0 is innately transitive as in (2).

The second part of this thesis (Part II) is on the more concrete aspects of innately transitive
groups, their properties, and their applications to problems in combinatorics. In algebraic graph
theory, it has been a modern and common technique to analyse the group of automorphisms of
symmetric graphs to yield useful information about such graphs. Often the full automorphism
group is transitive on the vertices of the graph, and the algebraic graph theorist may apply extra
hypotheses in order to develop mechanisms to partially solve hard problems. Such hypotheses have
included vertex-primitivity, 2-arc transitivity, local vertex-primitivity, and vertex-quasiprimitivity.
Any knowledge of the overgroups of vertex-transitive automorphism groups of graphs with par-
ticular properties is of great interest, as well as the behavior of quotient actions of permutation
groups with an imposed structure.

In Praeger’s aforementioned paper on quasiprimitive groups [59], it was proved that if Γ is a
finite non-bipartite connected graph with a group G of automorphisms that is transitive on the
s-arcs of Γ, then Γ is a cover of a graph Σ such that the group of automorphisms of Σ induced
by G is s-arc transitive and vertex-quasiprimitive on Σ. So the role of “quasiprimitivity” became
important in the study of s-arc transitive graphs, and later, in the study of locally-primitive graphs.
This raises the problem of determining the overgroups of a quasiprimitive permutation group. A
good exposition and survey of this problem can be found in [61]. In Chapter 8, we explore, survey,
and examine the overgroups and quotient actions of innately transitive groups, and we give a
complete account of the innately transitive types of a quotient action of an innately transitive
group, where we list the possible types for an innately transitive group of a quasiprimitive group.

Theorem 7.5.4:
Let G ≤ H ≤ Sym(Ω) where G is quasiprimitive and H is innately transitive but not
quasiprimitive. Then one of the following holds:

1. The plinths of G and H are equal, G is of Twisted Wreath type, and H is either
of Product Quotient or Diagonal Quotient type;

2. H is of Almost Simple Quotient type and G is of Almost Simple type;

3. H is of Product Action type and G is of Almost Simple, Twisted Wreath, or
Product Action type.

Moreover, each of these possibilities can arise.

For the following, the innately transitive types have been abbreviated accordingly: Abelian
Plinth (AP), Almost Simple (AS), Almost Simple Quotient (ASQ), Simple Diagonal (SD), Com-
pound Diagonal (CD), Product Action (PA), Product Quotient (PQ), Diagonal Quotient (DQ).
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Theorem 7.6.2:
Let G be a non-quasiprimitive innately transitive permutation group of type X on
a finite set Ω, and let B be a non-trivial G-invariant partition of Ω. Then GB is
innately transitive of type XB, where XB ∈ {AS, SD,CD,PA,ASQ}, X ∈ {ASQ,PA,
PQ,DQ}, and the (X,XB)-entry in the Quotient Action Matrix in Figure 7.6.2 is the
symbol X. Conversely, if the symbol Xoccurs in the (X,Y )-entry, then there exists a
finite non-quasiprimitive innately transitive group of type X with a non-trivial quotient
action of type Y .

AS SD CD PA ASQ

ASQ X −− −− −− X

PA −− X X X −−
PQ −− X X X −−
DQ −− X X X −−

Table 1.2.1: Quotient Action Matrix

In the 19th century and early in the 20th century, Jordan, Burnside, Manning, and others,
were interested in properties of primitive groups such as bounds on the order of a primitive group
in terms of its degree, bounds on the degree of a primitive group containing a cycle of prime
order, minimal degrees, and base sizes. For the orders of primitive groups not containing the
alternating group, bounds such as that of Bochert’s, |G| ≤ n!/[(n + 1)/2]! (where n is the degree
of the primitive group G), were the best of their time (circa 1889). Today, it still remains the
sharpest available general estimate for the order of primitive groups of small degree. This bound
was motivated by the search for an upper bound on the order of the group G, that was much
less than n!. Wielandt was able to improve Bochert’s bound for primitive groups that are not
2-transitive, to |G| ≤ 4n, which was further extended to all primitive groups not containing the
alternating group by Praeger in 1980. This bound may have an advantage in some applications
in that it is an exponential expression. Further attempts to reduce the base of this bound have
been made but yet not published by Praeger and Saxl. The graph below shows that the maximum
order of a primitive group of degree n ≤ 1000, is usually much less than 4n. Let en denote the set
of integers which occur as orders of primitive groups of degree n. The peak of the graph occurs
for n = 12 where the Mathieu Group M12 attains the maximum (log max e12)/12 ≈ 0.95517. Note
that log 4 ≈ 1.3863.

Figure 1.2.2: The graph of (log max en)/n versus n for n ≤ 1000
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Since 1980, Babai has found a subexponential bound and Cameron and Maróti have found
tighter bounds on the orders of primitive groups by using the Classification of Finite Simple
Groups. However, in some applications, a simple expression such as Bochert’s or Praeger’s may
be more desirable. We summarize some of these results below:

Some classical results on primitive groups:
Let G be a primitive group on a set Ω with plinth K, let n = |Ω|, and suppose that G
does not contain An. Then;

1. If G contains a p-cycle, for some prime p, then n ≤ p + 2, (Jordan [30, Theorem
3.3E]).

2. If for some prime p, there is an element of G of order p with q cycles of length p

(where 1 < q < p), then one of the following is true

(a) n− qp ≤ 5q/2− 2,

(b) G = Ad or Sd on unordered pairs (n = ( d2 ), d ≥ p, q = d− (p+ 1)/2).

(Praeger [56])

3. |G| ≤ n!
((n+1)/2)! (Bochert [15]).

4. |G| < 4n (Praeger and Saxl [66, Theorem]) .

5. There exists a constant d such that one of the following holds:

(i) |G| ≤ nd log log(n);

(ii) G has an elementary abelian regular normal subgroup;

(iii) T l ≤ G ≤ Aut(T ) wrSl in product action, where T is either an alternating
group acting on k-element subsets, or a classical simple group acting on an
orbit of subspaces or (in the case of T = PSL(d, p)) pairs of subspaces of
complementary dimension.

(Cameron [19, Theorem 6.1(S)])

6. The smallest base size of G is no greater than 4
√
n log(n) (Babai [3]).

7. The minimum degree of G is no greater than (
√
n− 1)/2 (Babai [3]).

Praeger and Shalev extended the above results to quasiprimitive groups in their recent paper
[67] (see Theorems 2.1, 2.2, 4.1, 4.2, 4.4, 4.3, 7.2 of [67]). In Chapter 8, we extend these results
further to innately transitive groups.

László Babai in [4, Corollary 1.2] found a subexponential upper bound for the orders of primitive
groups as a corollary to a result on the upper bound for the order of doubly transitive groups.
He found a bound on 2-transitive groups that was smaller than the bound for primitive groups
that are not 2-transitive. Let n be the degree of a primitive group G. If G is 2-transitive, then
by [4, Theorem 1.1], |G| is bounded by exp exp(1.18

√
log n) for n no less than some constant

n0, otherwise, if G is not 2-transitive, then |G| is bounded by exp(4n1/2 log2 n) (see [3]). Babai
estimated that these bounds hold for degrees greater than 5 × 105. Praeger and Shalev (see [67,
Theorem 4.3]) were able to immediately generalise Babai’s result to quasiprimitive groups, but
with a larger constant n1 = n0!. Recently, Attila Maróti [50] found a tighter bound on the order
of a primitive group in terms of its degree. By using the Classification of Finite Simple Groups,
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he proved4 the following bound which holds for all primitive groups G that do not contain the
alternating group:

Maróti’s bound:
Let G be a primitive group of degree n.

1. If G is not 3-transitive, then |G| < n
√
n.

2. If G does not contain An, then |G| < 50n
√
n.

Note that asymptotically, Maróti’s bound is weaker than Cameron’s result [19, Theorem 6.1(S)],
however, it does have the advantage that it only depends on the degree of the given primitive group.
Previously, in 1995, Praeger and Zalesskii had found a similar bound on the order of a primitive
group of sufficient degree. They found that if G is a primitive group of degree n such that G does
not contain An, is not permutationally isomorphic to Ac or Sc acting on n = ( c2 ) unordered pairs
from a set of size c, and G does not contain Ac×Ac in product action on n = c2 ordered pairs from
a set of size c, then there is a constant N such that if n ≥ N , then |G| ≤ n

3√n. Their result follows
from Cameron’s bound ([19, Theorem 6.1(S)], which is also given above), and is asymptotically, a
better bound than Maróti’s result. However, the smallest possible N has not been computed, but
is assumed to be rather large for the purposes of Praeger and Zalesskii (who used this result to
calculate orbit lengths of certain permutation groups). We improve Maróti’s result in Chapter 8
to the context of innately transitive groups.

In 1982, P. J. Cameron, P. M. Neumann, and D. N. Teague [22] proved that for all positive
integers x, the number of primitive groups of degree at most x is 2π(x)+(1+

√
2)
√
x+O(

√
x/ log(x)),

where π(x) is the number of primes less than x. Praeger and Shalev have proved recently in [34]
that there is a constant c such that for all positive integers x, the number of quasiprimitive groups
of degree at most x is no more than cx

log(x) . We will show that innately transitive groups have the
same degrees as quasiprimitive groups (see Theorem 8.5.1).5

Let G be a finite permutation group of degree n. Let Ck be the set of all k-cycles (in Sn) which
occur in elements of G. Now G acts by conjugation on Ck so let ak be the number of orbits of
this action. The n-tuple (a1, a2, . . . , an) is called the Parker vector of G. Note that the Parker
vector of the trivial group is (n, 0, . . . , 0) and the Parker vector of the full symmetric group is
(1, 1, . . . , 1). The following questions have been posed in Cameron’s recent survey [18] on problems
in permutation group theory:

What information does the Parker vector of G carry about G? In particular, which
groups or classes of groups are characterised by their Parker vectors?

We see by definition that the finite permutation groups which have a1 = 1 are precisely the
transitive ones. The finite transitive permutation groups in which a2 = 1 have just one nondiagonal

4Maróti’s main theorem, for which the bound given here is a corollary, is that if G is a primitive permutation

group of degree n, then one of the following holds:

(a) Ar
m ≤ G ≤ Sm wr Sr, where the action of Sm is on k-element subsets of {1, . . . , m} and the wreath product

has the product action of degree n = ( m
k )r;

(b) G is permutationally isomorphic to one of M11, M12, M23, or M24, in their 4-transitive action;

(c) the order of G is bounded above by n
Qblog2(n)c−1

i=0 (n− 2i).

5The constant c is equal to 4
3

Q
p≥3

p3−p−1
(p−1)(p2−1)

≈ 1.763085 where p runs over all primes.
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self-paired orbital, and vice-versa. For example, every finite 2-transitive permutation group has a
unique nondiagonal self-paired orbital, and in some sense, the property a2 = 1 is a generalisation
of 2-transitivity. However, not every primitive group has a Parker vector of the form (1, 1, ?, . . . , ?).
Colva Roney-Dougal (see [70]) proved that if G is primitive and has a unique nondiagonal self-
paired orbital, then G is either of Abelian Plinth or Almost Simple type. It is not difficult to
prove (see Theorem 9.0.2) that if G is innately transitive with unit self-paired rank, then G is of
Abelian Plinth, Almost Simple, Almost Simple Quotient, or Product Action type. We show that
there exists an infinite family of innately transitive groups of Almost Simple Quotient type with a
unique nondiagonal self-paired orbital.

The classification of primitive groups of small degree began with the work of Camille Jordan
[37]. In this work appeared an incomplete list of primitive groups with degree n ≤ 17. Burnside
[17, Chapter XI] gave an accurate list of primitive groups with degree n ≤ 8 (except for possibly
the remaining groups of degree 8 left to the reader as an exercise). By 1929, Manning had com-
pleted the classification of primitive groups of degree at most 15. It was not until 1970 that the
primitive groups of degree at most 20 were completely listed by Charles Sims [73]6 using innovative
computational techniques that he had developed. Pogorelov [55] extended Sims’ list for primitive
groups of degree at most 50, and Dixon and Mortimer [29], using the classification of finite simple
groups, gave a classification of the types of socles for primitive groups of degree at most 1000. The
author knows no attempt to classify quasiprimitive groups of small degree. In Chapter 10, we list
the innately transitive groups of degree less than 60, which include the isomorphism types of each
group, their plinths, and their self-paired ranks.

1.3 What’s coming in the thesis

Part I

Chapter 2 establishes the basic notions used in this thesis from introductory group theory to
wreath products, the holomorph, and subdirect products. In Section 2.2, we give some
thematic examples of innately transitive groups which we often refer to in succeeding chapters.
There are three important lemmas in this chapter: the “Centraliser Lemma” (2.3.2), “Scott’s
Lemma” (2.4.4), and the “Minimality of a Characteristic Subgroup Lemma” (2.5.3).

Chapter 3 reviews the structure of quasiprimitive groups, including those that are primitive. In
particular, we give some conditions for an innately transitive group to be quasiprimitive and
state the structure theorems of Praeger, O’Nan, and Scott. We conclude this chapter with
some typical examples of quasiprimitive groups.

Chapter 4 is a primer on some basic category theory. Later we use categorical language to
derive a characterisation of the innately transitive groups, which highlight their correspon-
dence to objects known as innate triples. In this chapter, we define a category, subcategory,
functor, natural transformation, and equivalence of categories. We also give some examples
of categories of particular interest, including the class of finite permutation groups and its
subcategory of innately transitive groups.

Chapter 5 begins with the abstraction of an innate triple from an innately transitive group, which
motivates the construction of the category of innate triples. Using the language of category

6Later, Sims produced an unpublished list of the primitive groups of degree at most 50.
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theory given in the previous chapter, we define morphisms for the class of innate triples, and
a pair of functors between the innately transitive groups and the innate triples, which we
later use to prove that our categories are in fact equivalent. We then translate this result
back into the language of permutation group theory, to yield Theorem 5.4.7.

Chapter 6 explores the structure of innately transitive groups. By the end of this chapter, we
give two structure theorems for the innately transitive groups, the first (Theorem 6.5.1) of
a similar style to Praeger, O’Nan, and Scott, and the second (Theorem 6.3.20) analogous to
Cameron’s result. We also give a method for constructing all innately transitive groups of
Product Action type, which in turn produces all quasiprimitive groups of Product Action
type that can not be derived from the “blow-up” method.

Part II

Chapter 7 surveys the inclusion problem for various classes of transitive permutation groups, for
which innately transitive groups arise and have been of interest at the time of writing this
thesis. The quotient actions of innately transitive groups are studied and a result is proved
(Theorem 7.6.2) that is similar to Praeger’s analysis of the quotient actions of quasiprimi-
tive groups [63, Theorem]. A complete account of the possible types of innately transitive
overgroups of a quasiprimitive group are also given (Theorem 7.5.4).

Chapter 8 explores bounds on the degrees, orders, base sizes, and minimal degrees of innately
transitive groups, as well as showing that the possible degrees of these groups are precisely
the same possible degrees of quasiprimitive groups (Theorem 8.5.1).

Chapter 9 looks at innately transitive groups with a unique non-diagonal self-paired orbital.
Here we show that there is an infinite family of examples of innately transitive (but not
quasiprimitive) groups with unit self-paired rank. It is also shown that an innately transitive
group with unit self-paired rank must be of Abelian Plinth, Almost Simple, Almost Simple
Quotient, or Product Action type.

Chapter 10 includes a classification of all innately transitive groups with degree at most 60. First
we classify all imprimitive transitive simple groups using GAP and its libraries, and discuss
the method we use to derive all the imprimitive innately transitive groups of degree at most
60 by using our theory of innate triples.

Chapter 11 gives a summary and conclusion of the thesis. We also discuss future outstanding
problems for which innately transitive groups arise.

1.4 Conventions

Groups will usually be labeled with capital roman letters and group elements will be written
in lower case roman letters. Sets on which groups act will commonly be written in capital Greek
letters and their elements in lower case Greek letters. A result which relies on the Classification
of Finite Simple Groups (CFSG) will have the flag CFSG attached to it. If a theorem, lemma,
proposition, or corollary does not have a name attached to it, it will be assumed that the result
is either standard, easy to prove, the author’s own work, or referenced shortly before or after the
statement and proof. Footnote markers will be numbers and will be placed on a full-stop if no
other place in the sentence is appropriate. Results which have been restated will either contain no
proof, if there is no short proof of the result, or a sketch of the proof.
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Part I

Main Theory
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Preliminary Theory

“You know...that a blank wall is an appalling thing to look at. The wall of a
museum – a canvas – a piece of film – or a guy sitting in front of a typewriter.
Then, you start out to do something – that vague thing called creation. The
beginning strikes awe within you.”

– Edward Steichen, Wisdom

2.1 Some basic group theory and definitions

Throughout this thesis, the sets that our groups act on will be finite and we will use exponent
notation for group actions. That is, αg will denote the image of a point α under the action of
a group element g. The orbit of a point α under a group G will be denoted αG and the point
stabiliser will usually be written as Gα. This notation has been the modern standard in finite
permutation group theory since Wielandt’s influential text [75] and is also exhibited in the later
source of Dixon and Mortimer [30]. A permutation group is a subgroup of a group of permutations
Sym(Ω) of a set Ω. We write all our functions on the right of their domain elements, that is (x)f
is the image of x under the function f .1 Suppose that a group G acts on a set Ω. If Γ ⊆ Ω, then
we denote GΓ the set-wise stabiliser of Γ and G(Γ) the point-wise stabiliser of Γ defined as follows:

GΓ = {g ∈ G : γg ∈ Γ for all γ ∈ Γ}

G(Γ) = {g ∈ G : γg = γ for all γ ∈ Γ}.

We denote GΩ the permutation group induced by the action of G on Ω. We will also identify
the subgroup A × {1} of a direct product A × B with A, that is, we will often internalise direct
products unless ambiguity arises.

Let G be a permutation group on a set Ω. Then G is transitive on Ω if for any two points
α, β ∈ Ω, there is an element g ∈ G such that αg = β. Equivalently, G is transitive if it has just
one orbit in Ω, that is ωG = Ω for all ω ∈ Ω. Here we revise one of the most important tools in
the theory of group actions – the so-called Orbit-Stabiliser Theorem (see for example [30, Theorem
1.4A(iii)]):

1We use this notation so that function composition and exponential group action notation are compatible.
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Theorem 2.1.1 (Orbit-Stabiliser Theorem). Let G a finite group acting on a set Ω. Then for all
ω ∈ Ω, |ωG| = |G : Gω|.

Proof. It is easy to show that the map from [G : Gω] to ωG defined by Gωg 7→ ωg is a well-defined
bijection.

We say that G is semiregular if the only element fixing a point in Ω is the identity element
of G. Moreover, G is regular on Ω if it is both transitive and semiregular on Ω. Semiregularity
is closed under taking subgroups, and in Sym(Ω), transitivity is closed under taking overgroups2.
We have the following corollary of the Orbit-Stabiliser Theorem:

Corollary 2.1.2. Let G be a finite group acting on a set Ω. Then

1. G is transitive if and only if |G : Gω| = |Ω| for some ω ∈ Ω;

2. G is semiregular if and only if |G : Gω| = |G| for all ω ∈ Ω.

Now we revise another important observation concerning transitive subgroups of transitive
groups.

Lemma 2.1.3. Let G be a group acting transitively on a finite set Ω and let K be a subgroup of
G. Then the following are equivalent:

1. K is transitive,

2. G = KGα for some α ∈ Ω,

3. G = GαK for some α ∈ Ω.

Proof. First we prove (1) implies (2). Suppose K is transitive, α ∈ Ω, and let g ∈ G. Then there
exists an element k ∈ K such that αk = αg

−1
. This implies that kg ∈ Gα and hence g ∈ KGα.

Therefore G = KGα for every α ∈ Ω. Now we prove that (2) implies (3). Suppose G = KGα for
some α ∈ Ω. Then G = G−1 = (KGα)−1 = G−1

α K−1 = GαK. Therefore G = GαK for some
α ∈ Ω.

Finally we show that (3) implies (1). Suppose G = GαK, for some α ∈ Ω, and let β ∈ Ω. Since
G is transitive, there exists g ∈ G such that β = αg. But g = hk for some h ∈ Gα and k ∈ K, and
hence β = αhk = αk. Therefore K is transitive on Ω.

Let G be a group acting transitively on a set Ω. A block is a non-empty subset ∆ of Ω such
that, for all g ∈ G, either ∆g = ∆ or ∆g ∩ ∆ = ∅. The singleton subsets of Ω, and Ω itself,
are called the trivial blocks3, any other block is a non-trivial block. We say that the group G is
primitive if G has no non-trivial blocks on Ω. We say that G is imprimitive if it is not primitive.

If ∆ is a block for G, then the set {∆g : g ∈ G} forms a partition of Ω called a block system.
A converse of this statement is also true. A partition P of Ω is G-invariant if, for every Γ ∈ P
and g ∈ G, we have Γg ∈ P. If a partition P is G-invariant then any member of P is a block
for G. So an imprimitive action of a group can be thought of as an action which leaves invariant
a partition of the set it is acting on. The following is an important result of finite permutation
group theory (see for example [30, Theorem 1.5A]) which states that the subgroup interval [Gα, G]
is lattice-isomorphic to the set of blocks containing α (ordered by set inclusion).

2Given a subgroup G of Sym(Ω), we say that H ≤ Sym(Ω) is an overgroup of G if G ≤ H.
3Wielandt assumed that the empty set is also a (trivial) block, but Dixon and Mortimer did not.
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Theorem 2.1.4. Let G be a group acting transitively on a set Ω. Then there is a bijection between
the collection of subgroups of G containing a point stabiliser Gα, and the blocks of G containing α.

Proof. This bijection is simply the map J 7→ αJ defined on all subgroups J of G which contain
Gα.

So we have the following corollary (see [30, Corollary 1.5A]):

Corollary 2.1.5. Provided Ω has more than one element, G is primitive on Ω if and only if a
point stabiliser Gα is a maximal subgroup of G.

Proof. By the proof of Theorem 2.1.4, J = Gα corresponds to the singleton {α}, and J = G

corresponds to the whole of Ω. Therefore, G is primitive on Ω if and only if Gα is a maximal
subgroup of G.

The degree of a permutation group on a set Ω is the cardinality of Ω. We will assume in
this thesis that the degrees of our permutation groups are always greater than 1, since the only
permutation group4 of degree 1 is the trivial group acting regularly on itself.

Let k be a positive integer. Then a permutation group G acting on a set Ω is k-transitive
if the action of G on ordered k-tuples of distinct elements of Ω defined by (ω1, ω2, . . . , ωk)g =
(ωg1 , ω

g
2 , . . . , ω

g
k) is transitive. Note that a permutation group is 1-transitive if and only if it is

transitive, and that, for all k ∈ N, every (k+1)-transitive group is also k-transitive. The symmetric
group Sn is n-transitive and the alternating group An is (n− 2)-transitive (for n > 2). For k > 1,
the k-transitive groups arise as the most typical of primitive permutation groups.

Proposition 2.1.6. Every 2-transitive permutation group is primitive.

Proof. Let G be a group acting 2-transitively on a set Ω and let ∆ ⊆ Ω be a block for G with at
least two distinct elements α and β. Since G is 2-transitive, for any ω ∈ Ω not equal to α, there
is an element g ∈ G such that (αg, βg) = (α, β)g = (α, ω). This implies that αg = α and hence
∆g = ∆. Furthermore, we have that ω = βg ∈ ∆ and so it follows that ∆ = Ω. So there are no
nontrivial blocks for G and thus G is primitive.

William Burnside in 1897 (see [16, §134]) gave a structure theorem for 2-transitive groups which
we state below.

Theorem 2.1.7 (Burnside). Every finite 2-transitive permutation group has a transitive unique
minimal normal subgroup that is either abelian or a nonabelian simple group.

Notice that for n ≥ 5, Sn and An (in their natural actions) are examples of the latter case
since An is a transitive unique minimal normal subgroup of Sn and itself, and it is a nonabelian
simple group. There are also plenty of examples where the minimal normal subgroup is abelian.
For example the affine groups AGL(d, q) are 2-transitive since the subgroup GL(d, q) of AGL(d, q)
is transitive on the set of nonzero vectors in the underlying vector space. A nice exposition of
the classification of 2-transitive groups can be found in [30, §7.7]. In particular, the Classification
of Finite Simple Groups tells us that the only k-transitive groups for k ≥ 6 are symmetric and
alternating groups. We now return to the properties of primitive groups.

4up to permutational isomorphism (which we define later)
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Lemma 2.1.8. A finite transitive permutation group of prime degree is primitive.

Proof. Let Ω be a finite set and let G ≤ Sym(Ω). Suppose ∆ ⊆ Ω and that ∆ is a block for G.
Then the set of images of ∆ under G form a partition of Ω with blocks of equal size and hence |∆|
divides |Ω|. But since |Ω| is prime, ∆ must be a trivial block and thus G is primitive.

For over a century, since the work of Camille Jordan and William Burnside, the theory of
primitive permutation groups has gained great attention. One reason for this is that primitive
groups can be thought of as building blocks for all transitive permutation groups (see Lemma
2.7.1). Primitive groups are highly structured. In particular, every normal subgroup of a primitive
group, except the trivial subgroup, is transitive (Burnside [17, Theorem X]).

Lemma 2.1.9. Every nontrivial normal subgroup of a primitive permutation group is transitive.

Proof. Let G be a primitive group acting on a set Ω, let α ∈ Ω, and let N be a nontrivial normal
subgroup of G. Note that N is not contained in Gα, since otherwise, G would not act faithfully
on Ω. Now NGα is a subgroup of G properly containing Gα, so by Corollary 2.1.5, G = NGα.
Therefore by Lemma 2.1.3, N is transitive.

It is not true however, that every group whose nontrivial normal subgroups are transitive is
primitive (see the next section). Permutation groups which do possess this property are known as
quasiprimitive groups.

Definition 2.1.10. A permutation group G is quasiprimitive if every non-trivial normal subgroup
of G is transitive.

Now recall that transitivity is closed under taking overgroups. So we have the following conse-
quence:

Lemma 2.1.11. A permutation group G is quasiprimitive if and only if every minimal normal
subgroup of G is transitive.

Quasiprimitive groups arose in work by Wolfgang Knapp [40] in 1973. He defines a subgroup H
of a group G to be quasimaximal if for every normal subgroup N of G, either N ≤ H or G = NH.
So we have the following analogue of Corollary 2.1.5.

Proposition 2.1.12. A finite transitive permutation group is quasiprimitive if and only if it has
a quasimaximal point stabiliser.

Proof. Let G be a finite transitive permutation group on a set Ω, suppose G is quasiprimitive,
and let N be a normal subgroup of G. So N is transitive and hence by Lemma 2.1.3, G = NGα

for all α ∈ Ω. Therefore G has a quasimaximal point stabiliser. Conversely, suppose G has
a quasimaximal point stabiliser Gα and let N be a nontrivial normal subgroup of G. Suppose
N ≤ Gα and let ω ∈ Ω. Since G is transitive on Ω, there exists g ∈ G such that ω = αg. Now
Nω = Ng

α = Ng = N and hence N acts trivially on Ω – which is impossible as N is nontrivial.
Hence G = NGα and so by Lemma 2.1.3, N is transitive and thus G is quasiprimitive.

Another way to view quasiprimitive groups is to consider them as permutation groups which
preserve a normal partition. For a transitive permutation group G on a set Ω, a partition of Ω
is called G-normal if it is equal to the set of orbits of a normal subgroup N of G. We say that a
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partition P of Ω is trivial if it consists only of singleton subsets of Ω or is equal to {Ω}. Recall that
G is primitive if and only if every G-invariant partition of Ω is trivial (see remarks before Theorem
2.1.4). We have the following analogue for quasiprimitive groups.

Lemma 2.1.13. Let G be a transitive permutation group on a finite set Ω. Then G is quasiprim-
itive if and only if every G-normal partition of Ω is trivial.

Proof. Suppose first that G is quasiprimitive. Then every nontrivial normal subgroup of G is
transitive. Let P be a G-normal partition of Ω with respect to a normal subgroup N of G. If
N = 1, then P consists entirely of singleton subsets of Ω and hence P is trivial. So assume N is
nontrivial. Then N is transitive and hence P = {Ω}. So the only G-normal partitions of Ω are the
trivial ones.

Conversely, suppose every G-normal partition of Ω is trivial. Let N be a nontrivial normal
subgroup of G. Then for any point α ∈ Ω, the orbit αN has more than one element as N acts
faithfully on Ω. So αN = {Ω} and hence N is transitive on Ω. Therefore G is quasiprimitive.

The theory of quasiprimitive groups has been used to study normal quotients of finite locally
primitive graphs and to study 2-arc transitive graphs (see [65]). To study the automorphism groups
of certain graphs, one needs to study the overgroups of a quasiprimitive group.

Lemma 2.1.14. Let G ≤ H ≤ Sym(Ω) and suppose G acts primitively on Ω. Then H is primitive.

Proof. Note that any block of H is also a block for G. Since the only blocks of G are the trivial
ones, H must be primitive.

An overgroup of a quasiprimitive group need not be quasiprimitive. For example, A5 acts
transitively on the 12 vertices of an icosahedron and is thus quasiprimitive, but the full symmetry
group of the icosahedron, namely Z2 × A5, does not act quasiprimitively as its normal subgroup
Z2 is clearly intransitive on 12 points. We have the following generalisation of quasiprimitivity:

Definition 2.1.15. A permutation group G is innately transitive if there exists a transitive minimal
normal subgroup of G. We call such a subgroup a plinth for G.

So the full symmetry group of the icosahedron is innately transitive, and clearly every quasiprim-
itive group is innately transitive. The plinth in the Oxford Dictionary is defined to be

“The lower square member of the base of a column or pedestal.”

So we use the word plinth5 in much the same way as the socle was defined. The socle of a group
is the product of its minimal normal subgroups. The Oxford Dictionary defines the socle to be

“A low plain block or plinth serving as a pedestal to a statue, column, vase, etc.”

5It was drawn to the author’s attention by Dr. P. M. Neumann, that the word plinth has been used before

in group theory. James E. Roseblade defined a plinth in his 1973 paper (“On simple modules for group rings of

polycyclic groups”, J. Pure and App Algebra, pp. 307-328) as a free abelian normal subgroup of a group G which

has finite positive rank and which has no nontrivial subgroup of lower rank normal in any subgroup of finite index

in G. That is G and all its subgroups of finite index act rationally irreducibly on A. So an infinite abelian subgroup

of a polycyclic by finite group contains a plinth of a normal subgroup of finite index in G.
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In fact, it is in the study of primitive groups that the notion of the socle gained much use. In this
thesis, we do not study the socle explicitly, but note that the socle and plinth are equal for an
imprimitive quasiprimitive group6. We denote the socle of a group G by soc(G).

In many areas of mathematics, there is usually a way to distinguish between objects. For
example, in group theory the objects are considered the same if they are isomorphic. However in
permutation group theory, we would like a more discriminating equivalence relation than group
isomorphism. For example, the symmetric group on 3 letters may act naturally on 3 elements, but
may also act on {1, 2, 3, . . . , n} (where n > 3) by fixing every element of {4, . . . , n}, and acting
naturally on {1, 2, 3}. These actions are very different (only one of them is transitive), but the
group in question is the same.

Derek Robinson [68, pp. 32] calls the equivalence relation between two permutation groups
that we define below, a “similarity”, whereas Neumann, Stoy, and Thompson [53, pp. 32] and
Peter Cameron [20, pp. 3] call the same concept an “equivalence” and “G-space isomorphism”
respectively. We adopt a similar standard to that of Dixon and Mortimer [30, pp. 17].7

Definition 2.1.16. Let G be a group acting on a set Ω and let H be a group acting on a set ∆.
Then G on Ω is permutationally isomorphic to H on ∆ if there is an isomorphism θ : G→ H and
a bijection µ : Ω → ∆ such that for all g ∈ G and ω ∈ Ω, we have (ωg)µ = (ω)µ(g)θ. We call the
pair (θ, µ) a permutational isomorphism.

Ω

µ

��

g // Ω

µ

��
∆

(g)θ // ∆

Figure 2.1.1: A permutational isomorphism from G on Ω to H on ∆ is an isomorphism θ : G→ H

together with a bijection µ : Ω → ∆ such that the above diagram commutes (for each g ∈ G).

We also define the weaker notion of permutational transformation.

Definition 2.1.17. Let G be a group acting on a set Ω and let H be a group acting on a set
∆. Then (θ, µ) is a permutational transformation from G on Ω to H on ∆ if θ : G → H is a
group homomorphism and µ : Ω → ∆ is a function such that for all g ∈ G and ω ∈ Ω, we have
(ωg)µ = (ω)µ(g)θ.

So a permutational isomorphism is a permutational transformation (θ, µ) such that θ and µ

are each bijections. Note that in the above definition, if G acts faithfully on Ω, it may not be
true that (G)θ acts faithfully on (Ω)µ. The kernel of the action of (G)θ on (Ω)µ is the image of
{g ∈ G : (ωg)µ = (ω)µ, for all ω ∈ Ω} under θ. We say that (θ, µ) is a faithful permutational
transformation if {g ∈ G : (ωg)µ = (ω)µ, for all ω ∈ Ω} is equal to Ker θ. That is, (G)θ acts
faithfully on (Ω)µ. We have the following elementary result for permutational transformations.

6We will prove in a later section (Lemma 3.1.1) that an imprimitive quasiprimitive group has a unique minimal

normal subgroup.
7Dixon and Mortimer use the term permutation isomorphic, but in this thesis, we prefer to use the adjective

form permutationally isomorphic.
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Theorem 2.1.18 (The First “Permutational” Isomorphism Theorem). Let G be a group acting
on a set Ω and let H be a group acting on a set ∆, and suppose that (θ, µ) is a permutational
transformation from G on Ω to H on ∆. Then there is an action of G on ∆ defined by

δg := δ(g)θ

for all g ∈ G and δ ∈ ∆, with kernel of the action equal to Ker θ, and the permutation group
induced by this action is permutationally isomorphic to the action of (G)θ on ∆.

Proof. First we show that the action of G on ∆ defined above is indeed a group action with kernel
Ker θ. Now for all g1, g2 ∈ G and δ ∈ ∆, we have

δg1g2 = δ(g1g2)θ = δ(g1)θ(g2)θ = (δg1)g2 .

Also, δ1 = δ(1)θ = δ and hence the action defined above is indeed an action of G on ∆. An element
g ∈ G is in the kernel of the action if δ(g)θ = δ for all δ ∈ ∆. So it follows that the kernel of the
action of G on ∆ is Ker θ.

Note that the permutation group G∆ induced by the action of G on ∆ is isomorphic to G/Ker θ.
Now we show that this action is permutationally isomorphic to the action of (G)θ on ∆. Let
Θ : G∆ → (G)θ be the canonical isomorphism g∆ 7→ (g)θ and let ν be the identity map of ∆. So
for all g∆ ∈ G∆ and δ ∈ ∆, we have

(δg
∆
)ν = δg = δ(g)θ = (δ)ν(g∆)Θ

and hence (Θ, ν) is a permutational isomorphism from G∆ to (G)θ.

Note that in the above situation, there is also an induced action of (G)θ on (Ω)µ given by
the intertwining condition (ω)µ(g)θ = (ωg)µ. This action is transitive, if G acts transitively on
Ω. Moreover, if G is innately transitive and (θ, µ) is faithful, then (G)θ is innately transitive on
(Ω)µ. This observation will be important when we define the morphisms for the category of finite
permutation groups.

Lemma 2.1.19. Let G be a group acting on a set Ω and let H be a group acting on a set ∆, and
suppose that (θ, µ) is a faithful permutational transformation from G on Ω to H on ∆.

1. If G is transitive on Ω, then (G)θ is transitive on (Ω)µ;

2. If (G)θ is semiregular and θ is injective, then G is semiregular on Ω.

3. If G is innately transitive on Ω and (Ω)µ has more than one element, then (G)θ is innately
transitive on (Ω)µ.

Proof.
(1) Suppose G is transitive and let ω1, ω2 ∈ Ω. Since G is transitive, there exists g ∈ G such that
ωg1 = ω2. Hence (ω1)µ(g)θ = (ωg1)µ = (ω2)µ and (g)θ is transitive on (Ω)µ.

(2) Suppose (G)θ is semiregular and suppose ωg = ω for some g ∈ G and ω ∈ Ω. Then (ωg)µ = (ω)µ
and hence (ω)µ(g)θ = (ω)µ. Therefore (g)θ = 1 and g = 1. Thus G is semiregular.

(3) Suppose G is innately transitive on Ω with plinth K. Assume that (K)θ = 1 and fix a point
ω ∈ Ω. Since K is transitive, every element of Ω is of the form ωy for some y ∈ K. Hence every
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element of (Ω)µ is of the form (ωy)µ = (ω)µ(y)θ = (ω)µ and thus (Ω)µ has only one element – a
contradiction. Therefore (K)θ is a nontrivial normal subgroup of (G)θ (as K is a normal subgroup
of G). If M is a normal subgroup of (G)θ contained in (K)θ, then the preimage of M under θ is a
normal subgroup of G contained in K. It then follows that (K)θ is a minimal normal subgroup of
(G)θ. By (1), (K)θ is transitive on (Ω)µ and hence (G)θ is innately transitive on (Ω)µ with plinth
(K)θ.

Similarly, one can prove that 2-transitivity, quasiprimitivity, and primitivity are preserved by
permutational transformations and we leave this as an exercise for the reader. The following lemma
provides another way to view permutational isomorphism between two transitive permutation
groups.

Lemma 2.1.20. If two permutation groups G and H are both transitive, then they are permuta-
tionally isomorphic if and only if there is an isomorphism θ : G → H such that θ maps a point
stabiliser of G onto some point stabiliser of H.

Proof. Let G and H be permutation groups acting on the sets Ω and ∆ respectively. Suppose
first that these actions are permutationally isomorphic. Then there is an isomorphism θ : G→ H

and a bijection µ : Ω → ∆ such that for all g ∈ G and ω ∈ Ω, we have (ωg)µ = (ω)µ(g)θ. Let α ∈ Ω
and let g ∈ Gα. Then (α)µ(g)θ = (αg)µ = (α)µ and hence (g)θ ∈ H(α)µ. Let h ∈ H(α)µ. Since θ
is surjective, there exists g ∈ G such that (g)θ = h. Now (αg)µ = (α)µ(g)θ = (α)µh = (α)µ and
hence αg = α as µ is injective. Therefore g ∈ Gα and thus θ maps Gα onto the point stabiliser
H(α)µ.

Conversely, suppose there is an isomorphism θ : G → H such that θ maps a point stabiliser
Gα of G onto some point stabiliser Hδ of H. Define µ : Ω → ∆ by (αg)µ = δ(g)θ for all g ∈ G.
We show first that µ is well-defined. By transitivity of G, we may choose αg1 and αg2 to be two
arbitrary elements of Ω, for some g1, g2 ∈ G. Suppose αg1 = αg2 . Then g1g

−1
2 ∈ Gα and hence

(g1g2)−1θ ∈ Hδ. So δ = δ(g1g
−1
2 )θ = δ(g1)θ((g2)θ)

−1
and hence δ(g1)θ = δ(g2)θ. So µ is well-defined.

Next note that for all g ∈ G we have (αg)µ = δ(g)θ = (α)µ(g)θ and hence G acting on Ω is
permutationally isomorphic to H acting on ∆.

Let G have two transitive actions on a finite set Ω, and let Gα and Gβ be point stabilisers
for these respective actions. Note that these actions are permutationally isomorphic if there is an
automorphism τ of G such that (Gα)τ = Gβ . Some texts require that τ be an inner automorphism,
that is, these two actions of G are permutationally isomorphic if and only if Gα and Gβ are
conjugate. In this thesis, we will adopt the weaker definition as given by Definition 2.1.16. Now
S6 has two conjugacy classes of subgroups that are isomorphic to S5, so for some authors, S6 has
two primitive actions on 6 points. However, the union of these conjugacy classes forms an orbit
under the automorphism group of S6, and so we will regard S6 as having one primitive action on
6 points up to permutational isomorphism.

In general, for a group G and a subgroup H of G, there is a transitive action on the right cosets
of H defined by (Hg1)g2 = Hg1g2 for all g1, g2 ∈ G. We call this the right coset action of G on H.
The kernel of this action is called the core of H in G, and it is the intersection of all G-conjugates of
H. This is the largest normal subgroup of G contained in H and we write it as CoreG(H). We say
that H is core-free in G if CoreG(H) = 1. We have the following very important and well-known
result (see for example [53, Theorem 6.3]).
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Lemma 2.1.21. Let G be a group acting transitively on Ω. Then for all α ∈ Ω, the action of G
on Ω is permutationally isomorphic to the right coset action of G on [G : Gα].

Proof. Let α ∈ Ω. Note that the stabiliser of the trivial coset Gα in the right coset action of G,
is Gα. So since G is transitive on Ω and transitive on [G : Gα], then the respective actions are
permutationally isomorphic by Lemma 2.1.20.

Primitive groups play a crucial role in the study of maximal subgroups of abstract finite groups.
By the correspondence theorem, if N is a normal subgroup of G, then under the natural projection,
there is a one-to-one correspondence between the maximal subgroups of G containing N , and the
maximal subgroups of G/N . Let MN be the set of core-free maximal subgroups of G/N . It is
not difficult to prove that we can identify the set of all maximal subgroups of G with the disjoint
union

∐
NEGMN . So one may analyse maximal subgroups of finite groups via this reduction to

the study of core-free maximal subgroups of finite groups, which is no different than analysing
finite primitive groups as the following shows.

Proposition 2.1.22. Let G be a finite group. Then G has a non-trivial primitive permutation
representation if and only if it has a core-free maximal subgroup.

Proof. Suppose G is a finite primitive permutation group on a set Ω and let α ∈ Ω. Then by
Corollary 2.1.5, Gα is a maximal subgroup of G. Since G is transitive and faithful, we have
CoreG(Gα) = ∩{Ggα : g ∈ G} = ∩{Gω : ω ∈ Ω} = 1. Therefore G has a core-free maximal
subgroup. Conversely, suppose G has a core-free maximal subgroup H. By Lemma 2.1.21, G acts
transitively and faithfully on the right cosets [G : H] in the right coset action. Since the stabiliser
of the trivial coset in this action is H, it follows from Corollary 2.1.5 that G is primitive.

2.2 Some examples of innately transitive groups

In this section, we will give some instructive and thematic examples of innately transitive
groups. The first is quite a general construction.

Example 2.2.1. Let T be a nonabelian simple group, let k be a positive integer, and let K = T k.
Let K0 be a core-free subgroup of K. Note that such a subgroup K0 exists since the trivial subgroup
of K is core-free. Let Ω be the set of right cosets [K : K0] and let K act on Ω in the right coset
action. Recall that the kernel of this action is equal to CoreK(K0) = 1 and hence K acts faithfully
on Ω. Let G be any subgroup of NSym(Ω) (K) containing K. It will be shown in a later section
(Proposition 2.5.4) that G acts by conjugation on the simple direct factors of K. If we suppose
further that G is transitive on the simple direct factors of K, then we have an example of an
innately transitive group.

Example 2.2.2. Let K = A5, K1 = V4, and Ω = [K : K1]. Note that K1 is core-free in K. So by
the above example, we know that K acts faithfully in the right coset action on Ω. Let C = A4/V4

and let C act on Ω as follows:

(K1u)K1v = K1v
−1u.

It turns out that C ×K, with the combined actions on Ω, is innately transitive but not quasiprim-
itive, as C is intransitive on Ω. However, K acts as a quasiprimitive permutation group on Ω.
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Example 2.2.3. Let G be the full symmetry group of the icosahedron. So G = Z2 × A5 acting
transitively on the vertices of the icosahedron. The minimal normal subgroup K = A5 of G acts
transitively on the vertices, and the centraliser CG (K) = Z2 is an intransitive normal subgroup of
G. So G is innately transitive but not quasiprimitive. Now CG (K) is precisely the group generated
by the central reflection of the icosahedron. That is, given a vertex and the nontrivial element c of
CG (K), the image of this vertex under c is the vertex of the icosahedron antipodally opposite to c.

Figure 2.2.1: The icosahedron.

Example 2.2.4. Here we generalise examples 2.2.2 and 2.2.3. Let K be a nonabelian simple group
and let K0/K1 be a section of K where K1 is core-free in K. Let Ω = [K : K1] and let K act by
right coset multiplication on Ω. Let G be the direct product (K0/K1)×K and define the action of
K0/K1 on Ω by:

(K1u)K1v = K1v
−1u,

for all u ∈ K and v ∈ K0. It turns out that G is innately transitive on Ω. Moreover G is
quasiprimitive if and only if the section K0/K1 is trivial, that is K0/K1 is isomorphic to K or the
trivial group.

Example 2.2.5. Let k be a positive integer no less than 5, and note that Ak has an elementary
abelian 2-group Vk of order 2bk/4c. Let Gk be Vk × Ak, and let G act on Ak as in Example 2.2.4
where K = Ak, K0 = Vk, and K1 = 1. So Gk is innately transitive with plinth Ak. However, there
are 1 + (|Vk| − 1) = 2bk/4c minimal normal subgroups of Gk. As k tends to infinity, so does the
number of minimal normal subgroups of Gk.

2.3 The centraliser

The centraliser of a subset H in G, denoted CG (H), is the set of elements of G that commute
with every element of H. Note that if H E G, then the centraliser CG (H) is a normal subgroup of
G. We say that an element g ∈ G centralises H if g ∈ CG (H). Similarly, we say that a subgroup of
G centralises H if every element of it centralises H. If H is a permutation group on a set Ω, then
the full centraliser of H is the subgroup CSym(Ω) (H). We begin this section with an important
result concerning the image of a centraliser under an isomorphism.

Lemma 2.3.1. Let G and G′ be groups with normal subgroups K and K ′ respectively. Let θ
be an epimorphism from G onto G′ which restricts to an isomorphism of K onto K ′. Then
CG′ (K ′) = (CG (K))θ.
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Proof. Let g′ ∈ CG′ (K ′) and k′ ∈ K ′. Since θ is an epimorphism, g′ = (g)θ for some g ∈ G,
and since θ restricts to an isomorphism of K onto K ′, we have k′ = (k)θ for some k ∈ K. Since
g′ ∈ CG′ (K ′), we have 1 = (g′)−1(k′)−1g′k′ = (g−1k−1gk)θ and hence g−1k−1gk ∈ Ker θ ∩K = 1.
Since this holds for all k′ ∈ K ′, and hence for all k ∈ K, we conclude that g ∈ CG (K). Therefore
CG′ (K ′) ≤ (CG (K))θ. Now let g ∈ CG (K) and let k′ ∈ K ′. Then there exists k ∈ K such
that k′ = (k)θ and hence ((g)θ)−1k′(g)θ = (g−1kg)θ = (k)θ = k′. So (g)θ ∈ CG′ (K ′) and hence
CG′ (K ′) = (CG (K))θ.

Below we state a lemma that can be found in Wielandt’s classic text [75, Proposition 4.3 and
Ex.4.5] and in the contemporary text of Dixon and Mortimer [30, Ex.4.2.7]. This lemma will prove
to be one of the most important of the basic theory developed in this thesis.

Lemma 2.3.2 (The Centraliser Lemma). Let Ω be a finite set. Then

1. A subgroup of Sym(Ω) is semiregular if and only if its full centraliser is transitive.

2. Any group centralising a transitive subgroup of Sym(Ω) is semiregular.

Proof.
(1) LetK be a subgroup of Sym(Ω). Suppose CSym(Ω) (K) is transitive and let α, β ∈ Ω. Then there
exists an element c ∈ CSym(Ω) (K) such that αc = β. But for all y ∈ Kα, βy = αcy = αyc = αc = β.

Since β is arbitrary, Kα = 1 and hence K is semiregular.
Conversely, supposeK is semiregular. Let ∆1, . . . ,∆n be the orbits ofK, and let α1, . . . , αn ∈ Ω

be representatives of these orbits (respectively). Let δ ∈ Ω. Then δ ∈ ∆i for some i, and so δ = αyi
for some y ∈ K.

Let c∆1 : Ω → Ω and cΩ : Ω → Ω be defined as follows. For ω = αxj , where 1 ≤ j 6= n and
x ∈ K, define

(ω)c∆1 =

ω if j 6= 1

αyx1 otherwise,
and (ω)cΩ =

ω if j 6= 1

αyxi otherwise.

We will show now that these are well-defined permutations of Ω. Let ω1 = αx1
j1

and ω2 = αx2
j2

for
some j1, j2 and x1, x2 ∈ K. Then ω1 = ω2 if and only if j1 = j2 = j say and x1x

−1
2 fixes αj .

Since K is semiregular, this is equivalent to x1 = x2. Therefore c∆1 and cΩ are well defined and
injective. Clearly they are onto since K is transitive on each of its orbits. Therefore cΩ and c∆1

are permutations of Ω.
We will now show that they centralise K. Let t ∈ K and let ω = αxj be an arbitrary element

of Ω. If j = 1 then ωcΩt = ωt = ωtcΩ and similarly ωc∆1 = ωtc∆i , since ωt ∈ ∆j . If j 6= 1, then
ωcΩt = αyxti = ωtcΩ and similarly ωc∆1 t = αyxt1 = ωtc∆1 . Therefore c∆1 , cΩ ∈ CSym(Ω) (K). So
α
c∆icΩ
1 = αyi = δ and hence CSym(Ω) (K) is transitive on Ω.

(2) Let K be a transitive subgroup of Sym(Ω). Then K ≤ CSym(Ω)

(
CSym(Ω) (K)

)
and hence

CG (Sym(Ω)) CSym(Ω) (K) is transitive. So by part (1), CSym(Ω) (K) is semiregular (and hence any
subgroup of CSym(Ω) (K) is semiregular).

As you can see, the proof of this result is not immediate from the definitions. In both the text
of Wielandt and the book of Dixon and Mortimer, this result is given as an exercise. In Peter
Cameron’s important paper in 1981, he made the following slip (see [19, pp. 3]):
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“It can be shown that a permutation group is transitive if and only if its centraliser in
the symmetric group is semiregular, and vice versa (Wielandt [68], page 9).”

The converse of part (2) of Lemma 2.3.2 is false as the next example demonstrates. Let K be A4

as a subgroup of S5. Clearly K is intransitive on 5 points as 5 does not divide the order of K.
However, the centraliser of A4 in S5 is trivial and hence semiregular. Jin Zhi Chen in [26] described
examples of permutation groups which are counterexamples to Cameron’s claim.

2.4 Subdirect products and Scott’s Lemma

When studying natural objects such as topological spaces, modules, or permutation groups,
the sub-objects and product-objects are of special interest. In particular, we may be interested in
the sub-objects of a product-object and so the embedding and projection maps of a product-object
are of central importance. In this section, we revise some of the basic notions concerning certain
embeddings of finite groups into finite direct products.

For a subset H of G, the normaliser of H (in G) is NG (H) = {g ∈ G : gH = Hg}. Note
that for all H ≤ G, we have H E NG (H) ≤ G. We say that an element g ∈ G normalises H if
g−1Hg = H, that is if g ∈ NG (H). Similarly, a subgroup J of G normalises H if every element of
J normalises H. Let H =

∏
i∈I Hi be a direct product of groups. Given a subset J of I, we denote

the natural projection map from H to
∏
j∈J Hj by πJ . If J = {j}, then for brevity we write πj to

mean πJ .

Definition 2.4.1. A group G is a subdirect product of
∏
i∈I Hi if there is an embedding φ : G→∏

i∈I Hi such that φ ◦ πj : G→ Hj is an epimorphism for each j ∈ I.

1. In the case that G is a subgroup of
∏
i∈I Hi and φ is the inclusion map, we say that G is a

subdirect subgroup of
∏
i∈I Hi.

2. If G is a subgroup of
∏
i∈I Hi, we say that G is a diagonal subgroup of

∏
i∈I Hi if the

restriction of πj to G is injective for each j ∈ I.

3. We say that G is a full diagonal subgroup of
∏
i∈I Hi if G is both a subdirect and diagonal

subgroup of
∏
i∈I Hi.

In the latter case, when G is a full diagonal subgroup of
∏
i∈I Hi, the direct factors Hi are

isomorphic to a common group H and G ∼= H.

Lemma 2.4.2. Let G be a full diagonal subgroup of the direct product H1 × · · · ×Hn. Then there
exist isomorphisms {γi : G→ Hi | i ∈ {1, . . . n}}, such that

G = {((g)γ1, (g)γ2, . . . , (g)γn) : g ∈ G}.

Proof. Since G is a full diagonal subgroup of H := H1 × · · · ×Hn, each projection map πi is an
isomorphism. Now note that each element g ∈ G can be written as g = g1 · · · gn where each gi

is equal to (1, . . . , 1, (g)πi, 1, . . . , 1) (where (g)πi is in the i-th coordinate). Hence it follows that
G = {((g)π1, (g)π2, . . . , (g)πn) : g ∈ G}.

For every group H and integer n, the set {(h, h, . . . , h) : h ∈ H} is a full diagonal subgroup of
Hn called the the straight diagonal subgroup of Hn, which we will denote by Diag(Hn). Below is
a simple result which played a key role in Scott’s proof of Lemma 2.4.4(1).



2.4. Subdirect products and Scott’s Lemma 27

Lemma 2.4.3. A full diagonal subgroup of a direct product of nonabelian simple groups is self-
normalising.

Proof. Let K = T1 × · · · × Tk where the Ti are nonabelian simple groups and let J be a full
diagonal subgroup of K. Then there exist isomorphisms γ2 : T1 → T2, . . . , γk : T1 → Tk such
that J = {(t, (t)γ2, . . . , (t)γk) : t ∈ T1}. In particular, the Ti are all isomorphic so we may take
T1 = · · · = Tk = T and then γi ∈ Aut(T ) for each i.

Let (t1, . . . , tk) ∈ NK (J) and let (j, (j)γ2, . . . , (j)γk) ∈ J . Then (jt1 , ((j)γ2)t2 , . . . , ((j)γk)tk) ∈
J and hence ((j)γi)ti = (jt1)γi = (j)γ(t1)γi

i for 2 ≤ i ≤ k. So since γi is bijective and j is an
arbitrary element of J , (t1)γit−1

i ∈ Z(T ) for 2 ≤ i ≤ k. Now T is a nonabelian simple group, and
thus has trivial centre. Therefore ti = (t1)γi for 2 ≤ i ≤ k. So (t1, . . . , tk) ∈ J and NK (J) = J .

The first part of the following lemma appears in Scott’s paper (see [72, Lemma, p. 328]), and
the second result can be found in [38, Proposition 5.2.5(i)].

Lemma 2.4.4. Let K be a finite direct product
∏
i∈I Ti of finite nonabelian simple groups, and let

M be a subgroup of K.

1. If M is a subdirect subgroup of K, then M is the direct product
∏
Mj of full diagonal sub-

groups of subproducts
∏
i∈Ij Ti where the Ij form a partition of I.

2. If M is a normal subgroup of K, then M =
∏
j∈J Tj where J is a nonempty subset of I.

Proof. We prove (1) first. For all i ∈ I, let πi : K → Ti be the natural projection map. Now
there is a minimal subset S ⊆ I such that M intersects non-trivially with

∏
i∈S Ti. Let D be

this intersection. Note that D is normal in M (since
∏
i∈S Ti is normal in

∏
i∈I Ti), and so for all

j ∈ I, we have that (D)πj is normal in (M)πj . By minimality of S, the (D)πj are nontrivial, and
thus (D)πj = Tj for all j ∈ S, since each Tj is simple. Therefore, D is a subdirect subgroup of∏
j∈S Tj . But minimality of S also ensures that each πj is injective on D. Therefore D is in fact

a full diagonal subgroup of
∏
j∈S Tj .

Now let E be the projection of K on
∏
j∈S Tj . Then D is a normal subgroup of E, as noted

above, since D is its own projection on this subproduct. But a full diagonal subgroup of a product
of nonabelian simple groups is self-normalising by Lemma 2.4.3. Thus D = E and M is the
direct product D ×D′ where D′ = M ∩

∏
i∈I\S Ti. The result follows by repeating the argument

inductively to I\S and noting that D′ is a subdirect product of
∏
I\S Ti.

Now we prove (2). Since M is normal, (M)πi is normal in Ti for all i ∈ I. Because Ti is
simple, there exists a subset J of I such that M is a subdirect product of

∏
j∈J Tj . Note that

J is nonempty since M is nontrivial. Applying (1), we obtain that M is a direct product
∏
Mj

of full diagonal subgroups of subproducts of the Ti. Now going back to the argument used to
prove (1), we see that D is (under the assumption that M is normal) a normal subgroup of the
subproduct

∏
j∈S Tj , and hence equal to it, as D is self-normalising. Therefore, it follows that

M =
∏
j∈J Tj .

In some references, this result is known as “Scott’s Lemma” although it was probably known
to mathematicians, and perhaps to those with interests in universal algebra, long before his paper
was published. We will also name this result “Scott’s Lemma” for ease of reference.
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2.5 Minimal normal subgroups and characteristically simple groups.

The theme of this thesis is the study of finite permutation groups which have a transitive
minimal normal subgroup. So it would be useful to record some properties of minimal normal
subgroups. For example, any minimal normal subgroup K of a group G is characteristically
simple, since every characteristic subgroup of K is a normal subgroup of G. We now recall that a
characteristically simple group is a direct product of isomorphic simple groups, a classical result
which can be found in Robinson’s book [68, 3.3.15].

Lemma 2.5.1. A finite group is characteristically simple if and only if it is a direct product of
isomorphic simple groups.

Now we give a lemma that is intrinsic to our study of innately transitive groups.

Lemma 2.5.2. Let G be a group. Then

1. Any pair of distinct minimal normal subgroups of G intersect trivially.

2. Any pair of distinct minimal normal subgroups of G centralise each other.

Proof. Let M1 and M2 be distinct minimal normal subgroups of G.

(1) Since M1 and M2 are normal subgroups of G, we have that M1 ∩M2 is a normal subgroup of
G. Since M1 ∩M2 ≤M1 and M1 is minimal, either M1 ∩M2 = {1} or M1 ∩M2 = M1. Similarly,
as M1 ∩M2 ≤ M2 and M2 is minimal, either M1 ∩M2 = 1 or M1 ∩M2 = M2. So M1 ∩M2 = 1,
as otherwise M1 = M2, contradicting the hypothesis.

(2) For all m1 ∈ M , m2 ∈ M , we have m−1
1 m−1

2 m1m2 ∈ M1 and m−1
1 m−1

2 m1m2 ∈ M2, since
M1 and M2 are normal, and hence m−1

1 m−1
2 m1m2 = 1 as M1 ∩M2 = 1. Therefore m1 and m2

commute.

Recall from Lemma 2.4.4(2) that a normal subgroup of a finite nonabelian characteristically
simple group M is a direct product of some of the simple direct factors of M . A supplement of a
normal subgroup N of a group G is a subgroup H of G such that G = NH. We have the following
important consequence.

Lemma 2.5.3. Let G be a group and N be a normal subgroup of G. Suppose that N is a direct
product of nonabelian simple groups T1, T2, . . . , Tk. Then

1. G acts on {T1, T2, . . . , Tk} by conjugation;

2. G is transitive on {T1, T2, . . . , Tk} if and only if N is a minimal normal subgroup of G;

3. if G0 is a supplement of N in G, N0 = N ∩G0, and N is a minimal normal subgroup of G,
then the (N0)πi (1 ≤ i ≤ k) are pairwise isomorphic.

Proof.
(1) To see that G acts on {T1, . . . , Tk} by conjugation, let g ∈ G. Then for all i ∈ {1, . . . , k}, T gi
is a normal subgroup of Ng = N and hence by Lemma 2.4.4, T gi is equal to a direct product of
some of the T1, . . . , Tk. Since T gi is simple, it follows that T gi is equal to one of the T1, . . . , Tk. So
indeed, conjugation by G is a well-defined group action on {T1, . . . , Tk}.

(2) Suppose N is a minimal normal subgroup of G and suppose G is intransitive on {T1, . . . , Tk}.
So there exists an orbit of some Ti that is not equal to {T1, . . . , Tk}. Let M be the direct product
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of the elements in this orbit. Without loss of generality, let’s assume that M = T1 × T2 × . . .× Tj

where j < k. Then M is a proper subgroup of N . Let g ∈ G. Then for all i ≤ j, T gi ∈ {T1, . . . , Tj}
so T gi ≤M and thus Mg = M . So M is a non-trivial normal subgroup of G, which contradicts the
minimality of N . Hence G is transitive.

Conversely, suppose G is transitive on {T1, . . . , Tk} and let M be a normal subgroup of G
contained in N . By Lemma 2.4.4, M = T ′1 × T ′2 × . . . × T ′j where j ≤ k and {T ′1, T ′2, . . . , T ′j} ⊆
{T1, T2, . . . , Tk}. Without loss of generality, we may assume that T ′i = Ti for all i ∈ {1, . . . , j}.
Now since G is transitive on {T1, . . . , Tk}, there exists g ∈ G such that Tk = T g1 . But M is a
normal subgroup of G, and hence Tk ⊆ Mg = M . Therefore j = k and M = N , giving that N is
a minimal normal subgroup of G.

(3) Note that N ∩G0 is a normal subgroup of G0 as N is normalised by G0. Since N is a minimal
normal subgroup of G, by (2), G0 is transitive on the simple direct factors {T1, . . . , Tk} of N . Now
for each g ∈ G0, we have g−1(N0)πig = (g−1N0g)πj whenever g−1Tig = Tj , and hence G0 also
acts transitively on the (N0)πi by conjugation. So the (N0)πi are pairwise conjugate in G and thus
they are pairwise isomorphic.

Recall our first example of an innately transitive group (Example 2.2.1) where we let K be a
nonabelian characteristically simple group, K0 be a core-free subgroup of K, and G be a subgroup
of NSym([K:K0]) (K). So by the above lemma, K is indeed a minimal normal subgroup of G if and
only if G is transitive by conjugation on the simple direct factors of K – in this case, G is innately
transitive on [K : K0]. We have the following converse.

Proposition 2.5.4. Let G be finite innately transitive permutation group on a set Ω with non-
abelian plinth K, and let α ∈ Ω. Then G is permutationally isomorphic to a subgroup of
NSym([K:Kα]) (K) and G acts transitively by conjugation on the simple direct factors of K.

Proof. Let Ω = [K : Kα] and let g ∈ G. Note by Lemma 2.1.3, that g = uh for some u ∈ K and
h ∈ Gα. For all g ∈ G, define τg : Ω → Ω by

(Kαy)τg = Kαh
−1yuh

where g = uh, h ∈ Gα, and u ∈ K. It is not difficult to show that τg ∈ Sym(Ω) for all g ∈ G. Now
let θ : G → NSym(Ω) (K) be defined by (g)θ = τg for all g ∈ G, and let µ : Ω → Ω be the natural
bijection defined in the proof of Lemma 2.1.21, that is the map αy 7→ Kαy. We will show that
(θ, µ) defines a permutational isomorphism of G onto (G)θ.

Let g1, g2 ∈ G, let Kαy ∈ Ω, and suppose g1 = u1h1 and g2 = u2h2 for some u1, u2 ∈ K and
h1, h2 ∈ Gα. Note that g1g2 = u1h1u2h2 = u1(h1u2h

−1
1 )h1h2 and h1u2h

−1
1 ∈ K as K is normal in

G. Then

(Kαy)(g1g2)θ = (Kαy)τu1(h1u2h
−1
1 )h1h2

= Kα(h1h2)−1yu1(h1u2h
−1
1 )(h1h2)

= Kαh
−1
2 (h−1

1 yu1h1)u2h2 = (Kαh
−1
1 yu1h1)(g2)θ

= ((Kαy)(g1)θ)(g2)θ.

Therefore (g1g2)θ = (g1)θ ◦ (g2)θ and hence θ is a homomorphism. Now if u ∈ K, h ∈ Gα, and
uh ∈ Ker θ, then Kαh

−1yuh = Kαy for all u ∈ K. Since Gα normalises Kα, this implies that
u ∈ y−1Kαy for all y ∈ K. Now ∩y∈Ky−1Kαy = 1 as Kα is core-free in K. Therefore u = 1, from
which it follows that h ∈ Gα ∩CG (K) and hence h = 1 as CG (K) is semiregular by Lemma 2.3.2.
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Therefore Ker θ = 1 and hence θ is injective. So θ is an isomorphism from G onto (G)θ. Now we
check that θ and µ have the intertwining property of a permutational isomorphism. Let g ∈ G and
let ω ∈ Ω. Suppose that g = uh for some u ∈ K and h ∈ Gα, and suppose that ω = αv for some
v ∈ K. Then

(αg)µ = (αvuh)µ = (αhh
−1vuh)µ

= (αh
−1vuh)µ = Kαh

−1vuh

= (Kαv)τuh = (Kαv)τg )

= ((α)µ)(g)θ

Therefore, (θ, µ) is a permutational isomorphism from G on Ω to (G)θ on Ω. Since K is a
minimal normal subgroup of G, by Lemma 2.5.3, G acts transitively by conjugation on the simple
direct factors of K.

2.6 The holomorph of a group

In the study of groups, it is a common technique to represent a group as a linear group or
permutation group. In this section, we will be concerned with the representation of a group G as a
group of automorphisms of one of its normal subgroups. Let M be a normal subgroup of G. Then
G acts naturally on M by conjugation and there is an induced homomorphism Ψ : G → Aut(M)
where for all g ∈ G, (g)Ψ is the map m 7→ g−1mg. The kernel of this map is the centraliser CG (M).
Indeed, we could take M to be G, in which case the image Im Ψ is isomorphic to G/Z(G). Let
g ∈ G and let ιg : G → G be defined by (x)ιg = g−1xg for all x ∈ G. The map ιg is called an
inner automorphism of G, and the set of all ιg, denoted Inn(G), is called the inner automorphism
group of G. So Inn(G) is isomorphic to G/Z(G). For every group V and subgroup U , define
InnU V = {ιu ∈ Inn(V ) : u ∈ U}. Note that InnV V = Inn(V ).

A group is said to be almost simple if it has a nonabelian simple unique minimal normal
subgroup. If a group G has a normal subgroup K such that CG (K) = 1 (for example, if G is
almost simple with minimal normal subgroup K), then G can be embedded in Aut(K) such that
its image contains Inn(K). Below is a simple and useful lemma which can be found in [30, Theorem
4.2B].

Lemma 2.6.1. Let Ω be a finite set, let M be a transitive subgroup of Sym(Ω), let

Ψ : NSym(Ω) (M) → Aut(M)

be the homomorphism induced by the conjugation action of NSym(Ω) (M) on M , and let α ∈ Ω. If
τ ∈ Aut(M), then τ ∈ Im Ψ if and only if (Mα)τ is a point stabiliser for M .

Proof. Let τ ∈ Aut(M) and suppose τ ∈ Im Ψ. So there exists an element g ∈ NSym(Ω) (M)
such that τ = (g)Ψ. If m ∈ (Mα)τ then (m)τ−1 ∈ Mα, which implies that gmg−1 ∈ Mα. Hence
m ∈ Mαg , which is a point stabiliser for M . Conversely, suppose (Mα)τ is a point stabiliser for
M , that is, (Mα)τ = Mβ for some β ∈ Ω. So τ induces a permutational isomorphism of M onto
itself (see comments succeeding Definition 2.1.16) and so there exists an element t of Sym(Ω) such
that xt = txτ for all x ∈M . Thus t normalises M and hence τ = (t)Ψ ∈ Im Ψ as required.

Let g ∈ G and let the maps ρg : G→ G and λg : G→ G be defined by

(x)ρg = xg, (x)λg = g−1x
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for x ∈ G. It is simple to check that these maps are permutations of G. The right regular
representation of G is the subgroup of Sym(G) defined by

GR := {ρg : g ∈ G}.

Similarly, the left regular representation of G is the subgroup of Sym(G) defined by

GL := {λh : h ∈ G}.

Lemma 2.6.2. For any group G, we have GL = CSym(G) (GR) and GR = CSym(G) (GL).

Proof. Note for each g, h, x ∈ G that (x)(λg ◦ ρh) = g−1xh = (x)(ρg ◦ λh) and hence GL ≤
CSym(G) (GR). Let τ ∈ CSym(G) (GR). Then ρg ◦ τ = τ ◦ ρg for every g ∈ G. Further, for each
x ∈ G we have (x)(ρg ◦τ) = (x)(τ ◦ρg) and hence (g)τ = (1)τg. So τ = λz where z = ((1)τ)−1, and
therefore τ ∈ GL. Thus GL = CSym(G) (GR), and by a similar argument GR = CSym(G) (GL).

The holomorph of a finite group X is the subgroup of Sym(X) generated by XR and Aut(X).
Note that for all x ∈ X, we have λx ◦ ρx = ιx. So we can write any element of 〈XL,Aut(X)〉
as an element of 〈XR,Aut(X)〉, and vice-versa. Therefore Hol(X) is also generated by XL and
Aut(X). In particular, Hol(X) can be written as a semidirect product of either of the two pairs of
generating subgroups given above.

Proposition 2.6.3. For any group X, the holomorph of X is the semidirect product of XR with
Aut(X), with the natural action of Aut(X) on XR.

Proof. First note that by definition, XR and Aut(X) are both subgroups of Hol(X). Next we
will show that XR is a normal subgroup of Hol(X). Let ρx ∈ XR. Then for all ρg ∈ XR and all
σ ∈ Aut(X),

σ−1 ◦ ρx ◦ σ = ρ(x)σ ∈ XR,

ρ−1
g ◦ ρx ◦ ρg = ρg−1xg ∈ XR.

So it follows that Hol(X) normalizes XR. So XR is a normal subgroup of Hol(X). We will show
now that Hol(X) = Aut(X)XR. In fact, it suffices to show that Hol(X) ≤ Aut(X)XR since
Aut(X)XR ≤ 〈XR,Aut(X)〉. Notice that for all α, β ∈ Aut(X) and ρx, ρy ∈ XR that,

α ◦ ρx ◦ β = (α ◦ β) ◦ ρxβ , and

ρx ◦ α ◦ ρy = α ◦ ρxαy.

Hence Hol(X) = Aut(X)XR. It remains to show that XR ∩ Aut(X) = 1. Suppose ρg ∈ Aut(X)
for some g ∈ X. Since ρg is an automorphism, we have that ((g)ρ)−1 = (g−1)ρg = 1 and hence
g = 1. Therefore XR ∩Aut(X) = 1.

Lemma 2.6.4. For every group X, we have Hol(X) = NSym(X) (XR).

Proof. By Proposition 2.6.3, Hol(X) ≤ NSym(X) (XR) and so it suffices to show that NSym(X) (XR)
is a subgroup of Hol(X). Let τ be an element of NSym(X) (XR). Then for all x ∈ X, there is a
unique element x′ ∈ X such that τ−1ρxτ = ρx′ . This property defines an automorphism σ of X
which maps an arbitrary element x ∈ X to an element x′ ∈ X as above. Now for all g ∈ X, we have
(τσ−1)−1ρg(τσ−1) = στ−1ρgτσ

−1 = σρ(g)σσ
−1 = ρg and hence τσ−1 centralises XR. Recall that

CSym(X) (XR) = XL and Hol(X) = XL o Aut(X). Thus τ ∈ Hol(X) and NSym(X) (XR) ≤ Hol(X)
as required.
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Let G be an innately transitive group acting on a set Ω with plinth K, and suppose that K acts
regularly on Ω. So the action of K on Ω is permutationally isomorphic to the action of K on the
cosets of the trivial group. This action in turn is permutationally isomorphic to the action of K on
itself by right multiplication. The next lemma shows that G on Ω is permutationally isomorphic
to a subgroup of Hol(K) acting naturally on K.

Lemma 2.6.5. Let K be a permutation group acting regularly on a finite set Ω. Then there is a
permutational isomorphism (θ, µ) with θ : NSym(Ω) (K) → Hol(K) and µ : Ω → K such that

1. (K)θ = KR,

2. (CSym(Ω) (K))θ = KL, and

3. if K has trivial centre, then (CSym(Ω) (K)×K)θ = KR o Inn(K).

Proof. Since K acts regularly on Ω, for a fixed α ∈ Ω, the map αg 7→ g is a bijection from Ω to K.
Let µ be this map and let θ : NSym(Ω) (K) → Hol(K) be the map where, for all τ ∈ NSym(Ω) (K),
we have (τ)θ = µ−1 ◦ τ ◦ µ. We will show first that Im θ ≤ Hol(K). Let τ ∈ NSym(Ω) (K). Then
(τ)θ ∈ Sym(Ω) and, for all ρg ∈ KR, we have that

((τ)θ)−1 ◦ ρg ◦ (τ)θ = µ−1 ◦ τ−1 ◦ µ ◦ ρg ◦ µ−1 ◦ τ ◦ µ

= µ−1 ◦ (τ−1gτ) ◦ µ

= ρτ−1gτ

∈ KR.

Hence θ maps NSym(Ω) (K) into NSym(K) (KR) = Hol(K). Therefore Im θ ≤ Hol(K).
Now θ is clearly a bijection (as the map τ 7→ µ ◦ τ ◦ µ−1 is an inverse for θ) and so we now

show that θ is a homomorphism. Let τ1, τ2 ∈ NSym(Ω) (K). Then (τ1 ◦ τ2)θ = µ−1 ◦ (τ1 ◦ τ2) ◦ µ =
(µ−1 ◦ τ1 ◦ µ)(µ−1 ◦ τ2 ◦ µ) = (τ1)θ ◦ (τ2)θ. Therefore θ is an isomorphism from NSym(Ω) (K) onto
Hol(K). By definition of θ, for all ω ∈ Ω and g ∈ K, we have (ωg)µ = (ω)µ(g)θ, and hence (θ, ω)
is a permutational isomorphism.

Let g ∈ K. Then (g)θ = µ−1 ◦ g ◦ µ and for each x ∈ K, we have

x(g)θ = (x)(µ−1 ◦ g ◦ µ) = ((αx)g)µ = (αxg)µ = xg.

Hence (g)θ = ρg for all g ∈ K. So (K)θ ≤ KR, and by reversing the argument, we see that θ maps
K onto KR and hence (K)θ = KR and property (1) is proved.

By Lemma 2.3.1, (CSym(Ω) (K))θ = (CNSym(Ω)(K) (K))θ = CHol(K) (KR) = CSym(K) (KR) = KL

and hence property (2) holds.
Finally, suppose K has trivial centre, so 〈KL,KR〉 = KL × KR. Now KR ∩ Inn(K) = 1

as the only automorphism in KR is the identity, and hence KR Inn(K) = KR o Inn(K). Also,
Inn(K) ≤ KR×KL since for all g ∈ K, we have ιg = ρg ◦ λg. It remains to show that KR×KL ≤
KR o Inn(K). Let ρg ◦ λh ∈ KR × KL. A simple calculation shows that ρg ◦ λh = ρh−1g ◦ ιh.
Therefore, KR ×KL = KR o Inn(K) and we have proved property (3).

Let G be an innately transitive group on a finite set Ω with plinth K. If K is regular, then by
Lemma 2.6.5, G can be identified with a subgroup of the holomorph of K with the inherited action
of Hol(K) on K. So this is one way to describe innately transitive groups with a regular plinth.
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For the rest of this section, we offer a second way which gives more information for the abstract
group theoretic structure of an innately transitive group with a regular plinth – via the so-called
twisted wreath product construction.

Twisted wreath products were first defined and studied by B. H. Neumann (see [51]) in the
early 1960’s. We take the approach given by Suzuki and Baddeley (see [74] and [5] respectively).
Our ingredients for the twisted wreath product are a group T , a group P , a subgroup Q of P , and
a homomorphism φ : Q → Aut(T ). The set Fun(P, T ) of functions from P to T forms a group
under point-wise multiplication, i.e., f1f2 is the map f1f2 : x 7→ (x)f1(x)f2. Define the base group
B as the subgroup of Fun(P, T ) given by

B := {f : P → T | (pq)f = (p)f (q)φ for all p ∈ P, q ∈ Q}.

Now we define an action of P on B by letting fp be the map defined by

fp : x 7→ (px)f.

Then the twisted wreath product of T by P (via φ) is the semi-direct product

T twrφ P := B o P.

We call P the top group of the twisted wreath product and we get the usual wreath product when
φ is trivial (see the next section). Any twisted wreath product has an action on its base group in
which the base group itself acts by right multiplication and the top group by conjugation. We call
this the base group action of the twisted wreath product. Below is a lemma that is attributed to
Bercov and Lafuente ([13] and [44]).

Lemma 2.6.6 (R. Bercov 1967, and J. Lafuente 1984). Let G be a group with a normal subgroup
M complemented by a subgroup P . Suppose that T is a subgroup of M such that for some p1 =
1, p2, . . . , pk ∈ P we can write M = T p1 × · · · × T pk , where conjugation by P permutes the T pi

amongst themselves, that is, {T p1 , . . . , T pk} is the set of P -conjugates of T . Set Q = NP (T ) and
let φ : Q→ Aut(T ) be the map induced by the conjugation action of Q on T . Then there exists an
isomorphism G→ T twrφ P which maps M to the base group and P to the top group of the twisted
wreath product.

We prove now that an innately transitive group with a regular plinth is permutationally iso-
morphic to a twisted wreath product acting in base group action.

Lemma 2.6.7. Let G be an innately transitive group on a finite set Ω, let K be the plinth of
G, and let α ∈ Ω. Suppose also that K is nonabelian and acts regularly on Ω. Then G is
permutationally isomorphic to the twisted wreath product T twrφGα in its base group action, where
φ : NGα (T ) → Aut(T ) is the map induced by the conjugation action of NGα (T ) on T .

Proof. First, note that Gα is a complement for K in G as G = KGα (by Lemma 2.1.3), K is
normal in G, and Gα ∩ K = 1 as K is regular on Ω. Since K is a minimal normal subgroup of
G, by Lemma 2.5.1 we have that K = T1 × · · · × Tk where each Ti is isomorphic to a nonabelian
simple group T . By Lemma 2.5.3, Gα acts transitively by conjugation on {T1, . . . , Tk}. Let
φ : NGα (T ) → Aut(T ) be the map induced by conjugation of NGα (T ) on T . So by Lemma 2.6.6,
there is an isomorphism from G to T twrφGα which maps K to the base group and Gα to the top
group. Since the top group Gα is a point stabiliser for the base group action, G is permutationally
isomorphic to T twrφGα (by Lemma 2.1.20).
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By the following lemma, if G is innately transitive with a regular and nonabelian plinth K,
then the setwise stabiliser in K of the CG (K)-orbit ∆ containing α can be identified with the set
of right translations ρx such that λx ∈ CG (KR).

Lemma 2.6.8. Let K be a group and suppose that G is a subgroup of Sym(K) containing KR.
Let ∆ be the orbit of 1 under CG (KR). Then

(KR)∆ = {ρx : λx ∈ CG (KR)} ∼= CG (KR) .

Proof. By Lemma 2.6.2, it follows that the CG (KR)-orbit of the identity is equal to ∆ = {y−1 ∈
K : λy ∈ CG (KR)}. Thus, ρx ∈ (KR)∆ if and only if, for every y−1 ∈ K with λy ∈ CG (KR),
we have (y−1)ρx = y−1x ∈ ∆, that is, λx−1y ∈ CG (KR). Therefore ρx ∈ (KR)∆ if and only if
λx ∈ CG (KR).

2.7 Wreath products and product action

Let A and B be two finite groups and suppose B acts on the set N := {1, 2, . . . , n}. We define
the wreath product of A and B with respect to this action, to be

AwrB := An oB

where the top group B acts on the base group An by

(a1, a2, . . . , an)b
−1

= (a1b , a2b , . . . , anb)

for all (a1, a2 . . . , an) ∈ An and b ∈ B. We must be careful at this point to see that this is indeed
an action. Let (a)i denote the i-th coordinate of an element a in the base group of AwrB, and let
b, c ∈ B. Then for all a in the base group An, we have by definition, that

(abc)i = (a)ic−1b−1 .

We also have (
(ab)

)c
i

= (ab)ic−1 = (a)ic−1b−1

and hence we do indeed have an action of the top group on the base group.

Now suppose that A acts on a set Ω. There are two important actions of AwrB that we should
recognise. The first is called the imprimitive action of AwrB on Ω×N , defined by

(ω, i)(a1,...,an)b = (ωai , ib)

for all (ω, i) ∈ Ω×N and all (a1, . . . , an)b ∈ AwrB. Note that the fibre {(ω, 1) : ω ∈ Ω} of Ω×N
is a block of imprimitivity for AwrB on Ω×N . According to Bhattacharjee, Macpherson, Möller,
and Neumann (see [14, pp.72]),

“one of the most important properties of wreath products is their universality as em-
bedding groups for imprimitive groups.”

They then prove an embedding theorem [14, Theorem 8.5] for an imprimitive permutation group
(see also [52]) in a wreath product. We recast this well-known result below.
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Lemma 2.7.1. Let G be any transitive imprimitive permutation group on a set Ω and let P be a
G-invariant partition of Ω. Let Γ be an element of P and let C be the permutation group induced
by the action of GΓ on Γ. Let D be the group of permutations induced by G on P. Then Ω may be
identified with Γ× P in such a way that G can be embedded into the wreath product W = C wrD
in imprimitive action.

If G is a transitive but imprimitive group on a finite set Ω, then by the above lemma, we can
embed G into the wreath product GΓ

Γ wrSk acting in imprimitive action, where Γ is a block for G,
GΓ

Γ is the group induced by the action of the setwise stabiliser GΓ on Γ, and k is the size of the
orbit of Γ under G (see also [20, Theorem 1.8]). If GΓ

Γ is also imprimitive, then we can embed GΓ
Γ

into a wreath product in a similar manner to that above. Since Ω is finite, we can continue this
process until we have an embedding of G into an iterated wreath product of primitive groups. So
we can think of the primitive groups as the building blocks for transitive permutation groups.

The second action to recognise, is the so-called product action of AwrB on Ωn, defined by

(ω1, . . . , ωn)(a1,...,an)b−1
= (ωa1b

1b
, . . . , ω

a
nb

nb
)

for all a1, . . . , an ∈ A, ω1, . . . , ωn ∈ Ω, and b ∈ B. Wreath products in product action naturally
arise as the block stabilisers of partitions of some finite set.

For 1 ≤ i ≤ n, let pi : Ωn → Ω be the natural projection map (ω1, . . . , ωn) 7→ ωi. Then
Ωi = {(ω)p−1

i : ω ∈ Ω} is a partition of Ωn, and it is well-known (see for example [20, pp. 103])
that Sym(Ω)wrSn in product action, is the full stabiliser in Sym(Ωn) of the set {Ωi : 1 ≤ i ≤ n}.
We will make frequent use of the following simple result (see [30, Exercise 4.3.9]).

Lemma 2.7.2. Let T be a nonabelian simple group and k be a positive integer. Then Aut(T k) ∼=
Aut(T ) wrSk.

Proof. First note that the full stabiliser in Sym(T k) of the set P of simple direct factors of T k, is
Sym(T ) wrSk. By Scott’s Lemma (2.4.4), the only normal subgroups of T k of order T are these
elements of P (this is where we have used the fact that T is nonabelian). So Aut(T k) preserves
P, and hence is a subgroup of Sym(T ) wrSk. It is not difficult to see that the intersection of
Sym(T ) wrSk with Aut(T k) is Aut(T ) wrSk.

Below is a classical result concerning the product action of a wreath product (see [30, Lemma
2.7A]).

Proposition 2.7.3. Suppose A and B are finite groups where A acts on a set Ω and B acts on a
set of n elements. The wreath product AwrB acts primitively in product action on Ωn if and only
if B is transitive and A is primitive and not regular on Ω.

The “only if” part of the above result was stated without proof in Peter Cameron’s paper [19,
Proposition 3.2]. According to Dixon and Mortimer [30, pp. 64] (and in turn Peter M. Neumann),
a special case of this result was proved by Manning early in the 20th century. In the Ph. D. thesis
of M.H. Klin [39] in 1974, there is a proof of the “if” part of Proposition 2.7.3. Its sufficiency
was proved by Scott in [72, Proposition]. See also [36, Concluding Remarks, Corollary 2] for more
details.

Dr. Csaba Schneider, in personal communication with the author, showed that Proposition
2.7.3 also holds if we replace “primitive” with “quasiprimitive”. Before we prove the following
generalisation, we note that it is a simple exercise (see [75, Exercise 8.8’]) that an innately transitive
group with an abelian plinth is primitive.
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Theorem 2.7.4. Suppose A and B are finite groups where A acts on a set Ω (where |Ω| > 1)
and B acts on a set of n elements. The wreath product AwrB is innately transitive in product
action on Ωn with plinth contained in the base group, if and only if A is innately transitive and
not regular on Ω and B is transitive on n elements.

Proof. Suppose first that AwrB is innately transitive in product action on Ωn with plinth N

contained in the base group An. If AwrB is primitive, then our conclusion follows from Proposition
2.7.3. So assume that AwrB is imprimitive.

We will show that B is transitive by contradiction. Suppose B is intransitive. Then there
exists an orbit of B that has size less than n. Without loss of generality, let {1, 2, . . . , l} be this
orbit where l < n. So Al = A1 × · · · × Al is a normal subgroup of AwrB and hence Al ∩ N is
a normal subgroup of AwrB. By minimality, Al ∩ N = 1 or N ≤ Al. The latter case implies
that N is intransitive on Ωn and hence we get a contradiction. So suppose Al ∩ N = 1. Then
N ≤ CAn

(
Al
)

= Z(A)l × An−l and hence Z(A) is transitive on Ω. If N were nonabelian, then
N ≤ An−l, which is a contradiction as An−l is intransitive on Ωn. If N were abelian, then N is
regular and hence (N)πi acts regularly on Ω (for all i). So N = Z(A)n and N ∩ Al 6= 1, which is
a contradiction. Therefore, B is transitive.

Let πi be the natural projection of N onto the i-th factor of An, and let α, β ∈ Ω. Since
N is transitive on Ωn, there exists (x1, . . . , xn) ∈ N such that (α, . . . , α)(x1,...,xn) = (β, . . . , β).
Therefore, αxi = β for all i and hence (N)πi is transitive on Ω for all i. Note that there is an induced
action of B on the set {(N)πi : i = 1, . . . , n} where for each b ∈ B, we have ((N)πi)b

−1
= (N)πib .

Since B is transitive on {(N)πi : i = 1, . . . , n}, it follows that there is a subgroup M of A such that
(N)πi ∼= M for all i. So N ≤Mn. Since N is a normal subdirect subgroup of Mn, it follows from
Scott’s Lemma (2.4.4) that N = Mn. We will show now that M is a minimal normal subgroup of
A. Suppose there is a normal subgroup L of A such that L ≤ M . Then Ln is normal in An and
is contained in Mn = N . Since N is minimal normal, Ln = N or Ln = 1. This implies that either
L = M or L = 1 and hence M is minimal normal in A. Therefore A is innately transitive.

Conversely suppose B is transitive and A is innately transitive on Ω. We may assume that A is
imprimitive, otherwise we apply the known result for primitive wreath products noted above. Let
K be the plinth of A. So necessarily, K is nonabelian. We will show that Kn is a plinth of AwrB.
Now K = T l for some nonabelian simple group T and positive integer l, and A is transitive on the
simple direct factors of K. Label the simple direct factors of Kn by T(i,m) where i ∈ {1, . . . , l} and
m ∈ {1, . . . , n}. So A is transitive on {T(1,m), . . . , T(l,m)} for all m ∈ {1, . . . , n}. Now by definition
of product action, and because B is a transitive subgroup of Sn, we may choose the labeling so that
B is transitive on {T(i,1), . . . , T(i,n)} for all i ∈ {1, . . . , l}. So it follows that AwrB is transitive
on the simple direct factors of Kn. Therefore Kn is a minimal normal subgroup of AwrB. Let
ω ∈ Ω. The stabiliser (Kn)(ω,...,ω) = (Kω)n and hence |Kn : (Kn)(ω,...,ω)| = |K : Kω|n = |Ω|n.
Therefore Kn is transitive on Ωn and AwrB is innately transitive on Ωn.

We will need a slightly stronger statement than Lemma 2.7.1 for application to subgroups of
wreath products in product action, but first we will define some important objects associated with
a wreath product. Let Γ be a finite set, let n be a positive integer, and let W := Sym(Γ)wrSn
acting in product action. Let µ : W → Sn be the natural projection map. One can think of µ as
a permutation representation of W . Let Wi be the point stabiliser of i in the induced action of
W on {1, . . . , n}. Note that W1 can be factorised as Sym(Γ) × (Sym(Γ) wrSn−1). Let ν be the
natural projection map of W1 onto the first factor Sym(Γ), and let G be a subgroup of W such
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that (G)µ is transitive. The component of G is defined as the subgroup (G ∩W1)ν of Sym(Γ).
Note that transitivity of (G)µ implies that the component of G is independent of the choice of
stabiliser G ∩Wi (1 ≤ i ≤ n) up to conjugacy in G. The following lemma is a restatement of a
result of L. G. Kovács [42, (2.2)].

Lemma 2.7.5 (Kovács, 1989). Let W = Sym(Γ)wrSn, let G be a subgroup of W such that
(G)µ is transitive, and let V be the component of G. Then G is conjugate by an element of
Sym(Γ)n ∩Ker ν = 1× Sym(Γ)n−1 to a subgroup of V wrSn in product action.

Proof. 8 Let {t1, . . . , tn} be a set of elements of G such that (ti)µ maps i to 1. Such a subset
exists since (G)µ is transitive. Note that this subset is a transversal for W1 in W . Now each ti can
be written in the form (b(i)1, . . . , b(i)n)(ti)µ where b(i)j denotes the j-th base group component
of ti for all i.

Let w be defined by
w = (b(1)−1

1 , . . . , b(n)−1
n ).

We will show that w−1gw is an element of V wrSn for all g ∈ G. Let g ∈ G. Then g = (a1, . . . , an)π
for some (a1, . . . , an) ∈ Sym(Γ)n and π ∈ Sn. Now

w−1gw = (b(1)1a1, . . . , b(n)nan)π(b(1)−1
1 , . . . , b(n)−1

n )π−1π

= (b(1)1a1, . . . , b(n)nan)(b(1)−1
1π , . . . , b(nπ)−1

nπ)π

= (b(1)1a1b(1π)−1
1π , . . . , b(n)nanb(nπ)−1

nπ)π.

It remains to show that each b(i)iaib(i)−1
iπ−1 is an element of V . So for each i, we must find an

element xi ∈ G ∩W1 such that (xi)ν = b(i)iaib(iπ)−1
iπ . Choose

xi = t−1
i gtiπ

for all i ∈ {1, . . . , n}. Note that for each i, xi is a product of elements of G and (xi)µ =
(t−1
i )µπ (tiπ)µ fixes 1 in Sn (since (t−1

i )µ maps 1 to i, π maps i to iπ, and (tiπ)µ maps iπ to
1). Therefore xi ∈ G ∩W1 for each i. It suffices to show that (xi)ν = b(i)iai(ti)b(iπ)−1

iπ for each i.
Now for each i,

xi =(b(i)−1

1(t−1
i )µ

, . . . , b(i)−1

n(t−1
i )µ

)(t−1
i )µ (a1, . . . , an)π (b(iπ)1, . . . , b(iπ)n)(tiπ)µ

=(b(i)−1

1(t−1
i )µ

a1(t−1
i )µ, . . . , b(i)

−1

n(t−1
i )µ

an(t−1
i )µ) (t−1

i )µπ (b(iπ)1, . . . , b(iπ)n)(tiπ)µ

=(b(i)−1

1(t−1
i )µ

a1(t−1
i )µ, . . . , b(i)

−1

n(t−1
i )µ

an(t−1
i )µ) (b(iπ)1, . . . , b(iπ)n)π

−1(ti)µ(t−1
i )µπ(tiπ)µ

=(b(i)−1

1(t−1
i )µ

a1(t−1
i )µ, . . . , b(i)

−1

n(t−1
i )µ

an(t−1
i )µ) (b(iπ)1, . . . , b(iπ)n)π

−1(ti)µ(xi)µ

=(b(i)−1

1(t−1
i )µ

a1(t−1
i )µb(iπ)1(t−1

i )µπ, . . . , b(i)
−1

n(t−1
i )µ

an(t−1
i )µb(iπ)nπ(t−1

i )µ) (xi)µ

and hence
(xi)ν = b(i)−1

1(t−1
i )µ

a1(t−1
i )µb(iπ)1(t−1

i )µπ = b(i)−1
i aib(iπ)iπ.

Therefore each b(i)iaib(iπ)−1
iπ−1 is an element of V and w−1gw ∈ V wrSn. So Gw is a subgroup of

V wrSn.
8The author thanks Dr. Kovács for providing a proof of this result. In his proof, he uses the function space

representation of the base group of a wreath product, which avoids messy subscripts and strings of tuples. We have

adapted his proof here for consistency of notation, hence forsaking a cleaner proof.
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The following lemma shows us that we can sometimes extend a transitive action of a normal
subgroup to one for the group.

Lemma 2.7.6. Let G be a group, let K be a normal subgroup of G, and let Y be a supplement of
K in G. Then G has a well-defined transitive action on [K : K ∩ Y ] given by

((K ∩ Y )x)vy = (K ∩ Y )y−1xvy (∗)

for all x, v ∈ K and y ∈ Y . Further if K = T k for some nonabelian simple group T and integer
k ≥ 1, and K ∩Y = Uk for some U < T , then the permutation group induced by G on [K : K ∩Y ]
is permutationally isomorphic to a subgroup of Sym([T : U ]) wrSk in product action.

Proof. Note that G = KY (by Lemma 2.1.3) and hence every element of [G : Y ] is of the form
Y x for some element x of K. Thus the map µ : [G : Y ] → [K : K ∩ Y ] defined by Y x 7→ (K ∩ Y )x
is well-defined and surjective. Suppose that (K ∩ Y )x1 = (K ∩ Y )x2 for some x1, x2 ∈ K. Then
x1x

−1
2 ∈ Y and hence Y x1 = Y x2. So µ is injective. So there is an action of G on [K : K ∩ Y ]

induced by µ, namely ((K ∩ Y )x)g = ((((K ∩ Y )x)µ−1)g)µ for all x ∈ K and g ∈ G. That is, the
action of G on [G : Y ] is permutationally isomorphic to the action of G on [K : K ∩Y ] induced by
the map µ, which is precisely the action given by (∗).

Now suppose K = T k 6= 1 for some nonabelian simple group T and integer k ≥ 1, and suppose
K ∩ Y = Uk for some U < T . Let Γ = [T : U ]. Note that we can identify [K : Uk] with Γk via the
bijection η : Uk(x1, . . . , xk) 7→ (Ux1, . . . , Uxk). Let G act on Γk by

(Ux1, . . . , Uxk)g =
((

(Ux1, . . . , Uxk)η−1
)g)

η

for all (Ux1, . . . , Uxk) ∈ Γk and g ∈ G. Clearly this action is well-defined and faithful. By
definition, the action of G on [K : Uk] is permutationally isomorphic to the action of G on Γk. It
remains to show that the subgroup of Sym(Γk) induced by the action of G on Γk, is contained in
Sym(Γ) wrSk (in product action). Note that Sym(Γ) wrSk (in product action) is the full stabiliser
in Sym(Γk) of the set of partitions P = {{(x)p−1

i : x ∈ Γ} | 1 ≤ i ≤ k} where pi : Ω → Γ is
the natural projection map (Ux1, . . . , Uxk) 7→ Uxi. By Lemma 2.5.3, G acts on the simple direct
factors of K by conjugation, and so it follows that G stabilises P. Therefore G is permutationally
isomorphic to a subgroup of Sym(Γ) wrSk in product action.

2.8 Conclusion

In this chapter we gave some basic background theory that underlies the work in this thesis.
The transitive finite permutation groups contain subclasses of groups that are closed under per-
mutational transformations: the k-transitive groups, primitive groups, quasiprimitive groups, and
innately transitive groups, and this sequence gives an ordering for their inclusion (eg; all primitive
groups are quasiprimitive). We saw some examples of innately transitive groups that will be used
to highlight the properties of innately transitive groups. The action of the holomorph of a group,
and the product action of a wreath product, will be fundamental concepts in our analysis and
study, and ultimately, for a description and characterisation of the innately transitive groups.

We summarise three of the most important results needed to study innately transitive groups
that appeared in this chapter.

The Centraliser Lemma (2.3.2)

The full centraliser of a transitive subgroup of Sym(Ω) is semiregular.
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Scott’s Lemma (2.4.4)

Let K be a finite direct product T1 × · · · × Tk of finite nonabelian simple groups, and
let M be a subgroup of K.

1. If M is a subdirect subgroup of K, then M is the direct product of full diagonal
subgroups of subproducts of K.

2. If M is a normal subgroup of K, then M is a direct product of some of the Ti.

“Minimality of a Characteristic Subgroup” Lemma (2.5.3)

Let G be a group and let N be a normal subgroup of G such that N is a direct product
of nonabelian simple groups T1, T2, . . . , Tk. Then G acts on {T1, T2, . . . , Tk} by con-
jugation. Moreover, G is transitive on {T1, T2, . . . , Tk} if and only if N is a minimal
normal subgroup of G.
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Primitive and Quasiprimitive Groups

Figure 3.0.1: A primitive and quasiprimitive group.

Recall that a finite permutation group G is quasiprimitive if every nontrivial normal subgroup of
G is transitive. Equivalently, G is quasiprimitive if every minimal normal subgroup ofG is transitive
(since overgroups of transitive groups are transitive). In this chapter, we concentrate on the
structure of quasiprimitive groups. In the process, we will gain insight into the structure of primitive
groups that can be described in a similar way to the quasiprimitive groups. Innately transitive
groups, on the other hand, can be quite different in structure. For example, quasiprimitive groups
have at most two minimal normal subgroups, but innately transitive groups can have many more1.
We shall explore quasiprimitive groups according to the properties of a given transitive minimal
normal subgroup – the plinth.

3.1 When an innately transitive group is quasiprimitive

As mentioned earlier, we can choose any of at most two transitive minimal normal subgroups
for a plinth. The following lemma justifies this claim.

Lemma 3.1.1. Every finite permutation group G on Ω has at most two distinct transitive minimal
normal subgroups. Moreover, if K1 and K2 are distinct transitive minimal normal subgroups of G,
then

1. G is primitive,

2. CG (K1) = K2 and CG (K2) = K1, and

3. there is an involution of NSym(Ω) (G) that interchanges K1 and K2, and which centralises a
point stabiliser of G.

Proof. Suppose G has three distinct transitive minimal normal subgroups K1, K2, and K3. Then
each pair of the Ki intersect trivially and hence any two of them are contained in the centraliser
of the third. For example K2,K3 ≤ CG (K1). However, by Lemma 2.3.2, CG (K1) is semiregular
and it follows that K2, K3, and CG (K1) are regular and hence equal, which is a contradiction.
Therefore, there are at most two distinct transitive minimal normal subgroups of G.

Suppose now that K1 and K2 are distinct transitive minimal normal subgroups of G. As was
noted above, K1 = CG (K2) and K2 = CG (K1), and they are both regular on Ω. Let K = K1. By

1Recall Example 2.2.5 where we had a method for constructing an innately transitive group with an arbitrarily

large number of minimal normal subgroups.
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Lemma 2.6.5, NSym(Ω) (K) on Ω is permutationally isomorphic to Hol(K) on K via an isomorphism
θ such that (K)θ = KR. Let G = (G)θ. Now K2 = CG (K) is mapped by θ to CG (KR) = KL.
Let γ be the involution x 7→ x−1 (x ∈ K) in Sym(K). Then a simple calculation shows that γ
centralises Aut(K), and λγy = ρy for all y ∈ K. Thus, γ interchanges KL and KR. Therefore, if
G1 is the point stabiliser of G in its action on K, then G1 is a subgroup of Aut(K) and hence
is centralised by γ. So G

γ
= (KRG1)γ = KLG1 = G and hence γ ∈ NSym(K)

(
G
)
. The element

(γ)θ−1 ∈ NSym(Ω) (G) has the required properties.

Let L be a subgroup of G containing G1. For the rest of this proof, we will identify G with its
corresponding subgroup of Hol(K). Since L ≤ Hol(K), we must have that L = NR oH for some
NR ≤ KR and H ≤ Aut(K). So the orbit 1L consists of elements of the form yτ where y ∈ N and
τ ∈ H. Suppose yτ11 , y

τ2
2 ∈ 1L. Then their product is yτ11 y

τ2
2 = τ−1y1τ1τ

−1
2 y2τ2 = (yτ1τ

−1
2

1 y2)τ2 =

1y
τ1τ

−1
2

1 y2.τ2 ∈ 1L. Also, if yτ ∈ L, then (1yτ )−1 = (y−1)τ = 1y
−1τ ∈ 1L and hence 1L is a subgroup

of K.

Recall that in the Holomorph of K, we have the point stabilisers (KL ×KR)1 = Inn(K) and
Hol(K)1 = Aut(K). So since KL ×KR ≤ G ≤ Hol(K), we have Inn(K) ≤ G1 ≤ Aut(K). Note
that 1L is G1-invariant as 1L is a block for G containing 1 (by Theorem 2.1.4). So 1L is Inn(K)-
invariant and hence 1L is normal in K. Hence 1L is a normal subgroup of G (as G = G1K)
contained in K and therefore 1L = 1 or 1L = K. It follows that L = G or L = G1. Therefore, by
Corollary 2.1.5, G is primitive.

The following proposition gives us necessary and sufficient conditions for an innately transitive
group to be quasiprimitive.

Proposition 3.1.2. Let G be a finite innately transitive permutation group on a set Ω with plinth
K. Then G is quasiprimitive if and only if CG (K) is transitive or CG (K) = 1.

Proof. First suppose that K is abelian. Then K ≤ CG (K). Since K is transitive and CG (K)
is semiregular by Lemma 2.3.2, K and CG (K) are both regular and hence equal. Recall from
Lemma 2.5.2 that each minimal normal subgroup of G distinct from K intersects K trivially and
hence is contained in CG (K). Thus, K is the unique minimal normal subgroup of G and hence G
is quasiprimitive.

Suppose now that K is nonabelian. Since K is a minimal normal subgroup of G, we have
CG (K) ∩K = 1. Thus, if CG (K) = 1, then K is the unique minimal normal subgroup of G and
hence G is quasiprimitive.

Suppose CG (K) is transitive. By Lemma 2.3.2(1), K is semiregular and hence regular as
K is transitive. By Lemma 2.3.2(2), CSym(Ω) (K) is semiregular, implying that CG (K) is also
semiregular and consequently CG (K) = CSym(Ω) (K). Let α ∈ Ω. Now K is regular, so by Lemma
2.6.5, there is an isomorphism from NSym(Ω) (K) onto Hol(K) which maps K, and CG (K) onto
KR and KL respectively. Let G be the image of G in Sym(K).

Then G contains KL ×KR = KR o Inn(K) and hence G = KR o G0 where Inn(K) ≤ G0 ≤
Aut(K) = Aut(T )wrSk. Since KR is a minimal normal subgroup of G, by Lemma 2.5.3, G0

induces a transitive subgroup of Sk, and hence G0 permutes the simple direct factors of KR, KL,
and Inn(K) transitively (and these actions are pairwise permutationally isomorphic). In particular,
KL is a minimal normal subgroup of G (by Lemma 2.5.3), so CG (K) is a minimal normal subgroup
of G.
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If M is any minimal normal subgroup of G distinct from K, then M ≤ CG (K) and hence
M = CG (K). Since CG (K) and K are transitive on Ω, it follows that G is quasiprimitive. Finally,
suppose that CG (K) is non-trivial and intransitive. Now CG (K) is a normal subgroup of G, and
so G is not quasiprimitive.

Let G be a finite innately transitive permutation group on a set Ω with plinth K. Suppose that
G is not quasiprimitive. Then there exists an intransitive normal subgroup N of G. So K ∩N = 1
and hence N centralises K. So CG (K) is the “largest” intransitive normal subgroup of G and
so it stands to reason that the orbits of CG (K) are of interest when studying non-quasiprimitive
innately transitive groups. The following lemma shows that the point stabiliser Kα is a normal
subgroup of the set-wise stabiliser of αCG(K) in K. We will need this lemma to prove the succeeding
proposition.

Lemma 3.1.3. Let G be a finite innately transitive permutation group on a set Ω with plinth K,
let α ∈ Ω, and let ∆ = αCG(K). Then Kα is a normal subgroup of K∆, and |K∆ : Kα| = |CG (K) |.

Proof. Let x ∈ Kα and y ∈ K∆. Then there exists c ∈ CG (K) such that αy = αc. So αy
−1xy =

αc
−1xy = αxc

−1y = αc
−1y = αy

−1y = α. Therefore y−1xy ∈ Kα and hence Kα is normal in K∆.
By the Orbit-Stabiliser Theorem 2.1.1, |K : Kα| = |Ω| and |K : K∆| = |Ω|/|CG (K) |. Therefore
|K∆ : Kα| = |CG (K) |.

The next result shows that the members of a significant family of innately transitive groups are
quasiprimitive.

Proposition 3.1.4. Let G be a finite innately transitive permutation group on Ω with nonabelian
and nonsimple plinth K, and let α ∈ Ω. If Kα is a subdirect subgroup of K, then G is quasiprimi-
tive.

Proof. Let K = T1×· · ·×Tk where each Ti is a nonabelian simple group and k ≥ 2. Suppose first
that Kα is a subdirect subgroup of K and let ∆ = αCG(K). By Lemma 2.4.4, Kα = D1 × · · · ×Dl

where l ≤ k and for all i, Di is a full diagonal subgroup of a subproduct Ki =
∏
j∈Ii Tj and

the Ii form a partition of {1, . . . , k}. So clearly, NK (Kα) =
∏l
i=1 NKi (Di). By Lemma 2.4.3,

NKi (Di) = Di for all i and hence NK (Kα) = Kα. Now Lemma 3.1.3 implies that Kα = K∆ and
hence CG (K) = 1. Thus G is quasiprimitive by Proposition 3.1.2.

3.2 The structure theorems for primitive and quasiprimitive groups

As told in the introduction, the first major breakthrough in the study of the structure of
primitive groups came with Michael O’Nan and Leonard Scott’s theorem presented at the Santa
Cruz conference on “Finite Groups” in 1979. Fourteen years later, Cheryl E. Praeger developed
a similar theorem for quasiprimitive groups. Below we give a subdivision of the quasiprimitive
groups that is similar to the one given by Praeger [59, Theorem 1].

In the following, G is a permutation group on a finite set Ω with K a normal subgroup of G
and α ∈ Ω. We will suppose K = T k where T is a finite simple group and k is a positive integer.
Cheryl Praeger’s structure theorem for quasiprimitive groups states that every finite quasiprimitive
group belongs to the following list of types. The divisions in the list are disjoint and exhaustive,
and every group G that belongs to the list, is quasiprimitive with plinth K.
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Abelian Plinth: Here Ω is a k-dimensional vector space over a field of prime order p, that
is, Ω = Zkp and G = K o G0 where K is the group of all translations and G0 is an irreducible
subgroup of GL(k, p) (the group of automorphisms of the additive group of Ω). So G is contained
in the holomorph of K, that is, G ≤ K o GL(k, p) = AGL(k, p). The subgroup K is regular on Ω
and elementary abelian. In this case, G is primitive.

Simple Plinth: In this case, K is a nonabelian simple group, G = KGα, and Gα 6≥ K. There
are two subtypes:

• Holomorph of a Simple Group
We let Ω = K and Inn(K) ≤ Gα ≤ Aut(K). So G is contained in the holomorph of K, that
is, K o Inn(K) ≤ G ≤ K o Aut(K) = Hol(K). In this case, G is primitive.

• Almost Simple
We have CG (K) = 1 and K ∼= Inn(K) ≤ G ≤ Aut(K), that is, G is almost simple. For
primitivity, we require that a point stabiliser Gα be a maximal subgroup of G. Note that
if G has a regular plinth, then it is a consequence of Schreier’s Conjecture2 that G must be
imprimitive.

Regular Plinth: In this case, K is nonabelian, nonsimple, and Ω = K. Here G = K o Gα

where Gα ≤ Aut(K) = Aut(T ) wrSk and Gα projects onto a transitive subgroup of Sk. So G is
contained in the holomorph of K, that is, G ≤ K o Aut(K). Moreover, G is conjugate in Sym(K)
to a subgroup of V wrSk in product action, where V is quasiprimitive with regular plinth T . In
particular, we have two subtypes:

• Twisted Wreath Type
Here CG (K) is trivial, V is of Almost Simple type, and K is the unique minimal normal
subgroup of G. Now G can be identified as the twisted wreath product T twrφGα acting in
base group action where φ : NGα (T ) → Aut(T ) is the map induced by the conjugation action
of Gα. Also, G is primitive if and only if Inn(T ) ≤ (NGα (T ))φ and φ cannot be extended to
a larger subgroup of Gα.

• Holomorph of a Compound Group
For this case, CG (K) is regular and isomorphic to K, V is of Holomorph of a Simple Group
type, and G is primitive.

Product Action Type: There is a G-invariant partition Ψ of Ω and Ψ is the Cartesian
product of k copies of a set Ψ0. Also there is a quasiprimitive group A on Ψ0 of Almost Simple
type with non-regular plinth T . Choose ψ0 ∈ Ψ0 and set U := Tψ0 . For ψ = (ψ0, . . . , ψ0) ∈ Ψ, we
have Kψ = Uk, and for α ∈ ψ, the point stabiliser Kα is a subdirect subgroup of Uk with index
the size of a cell in Ψ. Replacing G by a conjugate in Sym(Ω) if necessary, we may assume that
G ∼= GΨ ≤ AwrSk ≤ Sym(Ψ0) wrSk. The point stabiliser Gα projects onto a transitive subgroup
of Sk.

2Schreier’s Conjecture (1926): For every simple group T , the outer automorphism group of T is solvable. All

known proofs of this conjecture use the Classification of Finite Simple Groups (see [30, pp. 133]).
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Diagonal Type: In this case, K is nonsimple, non-regular, a stabiliser Kα is a subdirect
subgroup of K, and CG (K) = 1. We have Ω = ∆l and K = T k ≤ G ≤ B wrSl ≤ Sym(∆)wrSl, in
product action, for some proper divisor l of k where B is a quasiprimitive permutation group on ∆
with plinth T k/l, and G projects onto a transitive subgroup of Sl. In particular, G is quasiprimitive
and we have two subtypes:

• Simple Diagonal Type
Here l = 1 and Kα is a full diagonal subgroup of K. Also Ω can be identified with T k−1 and
T k ≤ G ≤ A where

A = {(a1, . . . , ak)π : π ∈ Sk, a1 ∈ Aut(T ), ai ∈ Inn(T )a1}

and the action of A on T k−1 is given by the following action of A on Inn(T )k−1:

(t2, . . . , tk)(a1,...,ak) = (a−1
1 t2a2, . . . , a

−1
1 tkak)

(t2, . . . , tk)π
−1

= (t−1
1π t2π, . . . , t

−1
1π tkπ)

for all (a1, . . . , ak)π ∈ A and (t2, . . . , tk) ∈ Inn(T )k−1 where t1 = 1. Also, G acts transitively
on the simple direct factors of K, and is primitive if and only if G acts primitively on the
simple direct factors of K.

• Compound Diagonal Type
In this case, l > 1 and B is of Simple Diagonal type. Also, G is primitive if and only if B is
primitive.

Theorem 3.2.1 (Praeger, 1993). Every finite quasiprimitive permutation group is permutationally
isomorphic to a quasiprimitive group of one of the eight types described above.

Recall that if G is innately transitive with nonabelian plinth K, and a point stabiliser Kα is
a subdirect subgroup of K, then G is quasiprimitive. We see from the above structure theorem
for quasiprimitive groups that G is in fact of Diagonal type in this situation. We also have the
following structure theorem for primitive groups (see [2, 19, 46]).

Theorem 3.2.2 (Aschbacher, Cameron, Kovács, Liebeck, O’Nan, Praeger, Saxl, Scott). Every
finite primitive permutation group is permutationally isomorphic to a primitive group of one of the
eight types described above.

3.3 Some examples of quasiprimitive groups

Here we give some examples of quasiprimitive groups of each type given in the previous section,
and they will generally be of the smallest degree possible, except for the Abelian Plinth type where
the smallest case has degree 2.

Example 3.3.1. Recall from Burnside’s Theorem 2.1.7 that every 2-transitive group is primitive
and either of Abelian Plinth or Almost Simple type. For an example of the former, let G =
AGL(d, p), for some prime p and positive integer d, acting naturally on a d-dimensional vector
space over Zp. Suppose the point stabiliser G0 ≤ GL(d, p) of G contains SL(d, p). Then G is
2-transitive with an elementary abelian plinth K ∼= Zdp.
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Example 3.3.2. The smallest degree possible for a quasiprimitive group of Almost Simple type is
5, an example being A5 acting on 5 points. In fact A5 is primitive and the smallest possible degree
for an imprimitive quasiprimitive group is 12, which is attained by the actions of A5 and S5 on 12
points.

Example 3.3.3. The smallest degree of a primitive group of Holomorph of a Simple group type
is 60, namely G = A5 ×A5 as a subgroup of Hol(A5). The smallest degree of a primitive group of
Holomorph of a Compound group type is 602; for example, GwrS2 acting in product action.

Example 3.3.4. The smallest degree of a quasiprimitive group of Twisted Wreath type is 602,
which is attained by A5 wrS2 acting in product action on A2

5 (where the base group acts regularly).
Let G be a primitive group of Twisted Wreath type with plinth K = T k (where T is a nonabelian
simple group and k is a positive integer). Then a point stabiliser G1 is a maximal subgroup of
G and therefore does not have a nontrivial solvable normal subgroup (see [30, Theorem 4.7B]).
It follows from Schreier’s Conjecture that G1 acts faithfully by conjugation on the simple direct
factors of K and hence k ≥ 6. The smallest possible G is (A6

5) oA6 of degree 606.

Example 3.3.5. The group S5 wrS2 in product action is quasiprimitive on 25 points with plinth
A2

5. This is the smallest degree for a quasiprimitive group of Product Action type.

Example 3.3.6. The smallest degree of a quasiprimitive group of Simple Diagonal type is 60 as
the following example demonstrates. Let T = A5 and let

A = {(a1, a2)π : π ∈ S2, a1 ∈ Aut(T ), a2 ∈ Inn(T )a1}

as in the description of Simple Diagonal Type in the previous section. This group is quasiprimitive
of Simple Diagonal type and the group AwrS2 in product action on 602 points, is quasiprimitive
of Compound Diagonal type.

3.4 Conclusion

As noted in the introduction to this chapter, the structure of innately transitive groups can vary
considerably from the known structure of quasiprimitive groups. Let G be an innately transitive
group on a finite set Ω with plinth K, that is not quasiprimitive. Then by Lemma 3.1.1, G must
have a unique transitive minimal normal subgroup. By Proposition 3.1.2, the centraliser CG (K)
is nontrivial and intransitive, and by Lemma 2.3.2, CG (K) is semiregular. So we know that the
order of CG (K) is strictly smaller than the order of K (by Corollary 2.1.2). Furthermore, for every
α ∈ Ω, the point stabiliser Kα is not a subdirect subgroup of K by Proposition 3.1.4. That is,
the projection of Kα onto a simple direct factor T of K, is a proper subgroup of T . Later we will
analyse non-quasiprimitive innately transitive groups with these properties in mind.

We saw in this chapter that the primitive groups and their actions were described in terms of
their plinth (or equivalently, their socle) in light of their group theoretic properties (like that of
being abelian or simple), the behaviour of the action (such as a regular action), or a combination
of the two (for example, the property that the point stabiliser of the plinth is a subdirect subgroup
of the plinth). Similarly, the quasiprimitive groups have an analogous structure theorem which
came fourteen years after O’Nan and Scott gave the aforementioned result for primitive groups.

We introduced some examples of quasiprimitive and primitive groups and saw that we had
small examples, in terms of order and degree, for each of the types. Below we summarise the
smallest possible degrees and orders for each of the quasiprimitive types:
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Type Smallest possible degree Smallest possible order

Abelian Plinth 2 2
Almost Simple 5 60
Product Action 25 7,200

Holomorph of a Simple Group 60 3,600
Simple Diagonal 60 7,200
Twisted Wreath 3,600 7,200

Holomorph of a Compound Group 3,600 25,920,000
Compound Diagonal 3,600 51,840,000

Table 3.4.1: The smallest possible degrees and orders of quasiprimitive groups of different types.

Let e(x) be the number of integers n no greater than x such that there exists a quasiprimitive
group of degree n that is not Sn or An. We saw some examples of quasiprimitive groups which
were not almost simple, and it seems that there are plenty of them, but according to a density
result of Praeger and Shalev [34], the proportion e(x)/x tends to 0 as x tends to infinity. It turns
out that the same is true of innately transitive groups, and this will be proved later in the thesis.



48 Chapter 3. Primitive and Quasiprimitive Groups



49CHAPTER 4

Category Theory

Figure 4.0.1: Eilenberg and Mac Lane visit the publicist.

In this chapter we review some of the basic notions of category theory – the study of classes of
mathematical objects and their structure preserving operations. For example, the class of all groups
form a category together with the group homomorphisms of these objects as structure preserving
operations. Many classes of objects form categories; modules, posets, topological spaces, are some
to name a few – and a category is an abstraction of these structures. We will be using category
theory in the succeeding chapter as it provides a language and framework for a characterisation of
the innately transitive groups.

4.1 Definitions

The definitions here are standard and can be found in the texts of Mac Lane [48], Birkhoff and
Mac Lane [47], Herrlich and Strecker [35], and Schubert [71]. We denote by U the class of all sets.

Definition 4.1.1 (Category). A category C consists of the following:

1. a class O whose elements are called objects;

2. a function assigning to each ordered pair of objects (X,Y ) of O a set hom(X,Y ) whose
elements are called the morphisms from X to Y ;

3. a function assigning to each triple of objects (A,B,C) of O, a map hom(A,B)×hom(B,C) →
hom(A,C). For f ∈ hom(A,B) and g ∈ hom(B,C), this function is written as (f, g) 7→ f ◦g,
and the morphism f ◦ g is called the composition of g with f .

For C to be a category, we must also have the following two axioms:

(a) Associatitivity: If f ◦ g and g ◦ h are both defined, then (f ◦ g) ◦ h = f ◦ (g ◦ h) holds and
parentheses are not needed.

(b) Identity: For each object A, there exists a morphism 1A ∈ hom(A,A), known as the identity

morphism, for which
1B ◦ f = f and g ◦ 1B = g

holds whenever the left-hand side is defined.
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We will mainly be considering what are known as concrete categories, which are categories
whose objects are sets and morphisms are functions. If A,B are objects of the category C, and
f ∈ hom(A,B), then the domain and codomain of f are A and B respectively.

Definition 4.1.2 (Subcategory). A category C1 is a subcategory of the category C2 if the following
conditions are satisfied:

1. Every object of C1 is an object of C2;

2. Every morphism of C1 is a morphism of C2;

3. For every morphism f of C1, the domain and codomain of f are objects in C1;

4. For every triple of objects A,B,C in C1, if f ∈ hom(A,B) and g ∈ hom(B,C) then f ◦ g ∈
hom(A,C). That is, composition is closed in C1;

5. Every identity morphism of C1 is an identity morphism of C2.

We say that C1 is a full subcategory of C2 if for any two objects A,B in C1, all C2-morphisms
from A to B are also C1-morphisms.

The class of all sets U together with all functions between them forms the category Set. For
an object A, the identity morphism is the identity map 1A : x 7→ x on A. The class of all groups
together with group homomorphisms forms the category Grp. The class of finite groups together
with homomorphisms forms a full subcategory FGrp of Grp. One can also define subcategories out
of the class of abelian groups, simple groups, and other structurally restricted classes of groups.
Also, one can create a category out of a single group. Let G be a group and let C consist of the
binary operation of G as the single object, and the elements of G as morphisms. One can check
that C fulfills the axioms of a category.

Definition 4.1.3 (Functor). Let C1 and C2 be categories. A functor F from C1 to C2 consists
of an object function F which assigns to each object c of C1 an object (c)F of C2, and an arrow
function, also denoted F , which is a mapping from the morphisms of C1 to the morphisms of C2

satisfying the following:

1. F preserves identities (ie; (1c)F = 1(c)F for every object c in C1),

2. F preserves composition (ie; (f ◦ g)F = (f)F ◦ (g)F for every pair of morphisms f and g in
C2 for which f ◦ g is defined).

We say, that F is full (resp. faithful) if the induced map

hom(A,B) 7→ hom((A)T, (B)T )

is surjective (resp. injective) for each pair of objects A and B in C1.

Some texts require that a functor consist only of an arrow function, since there is a one-
to-one correspondence between identity morphisms of objects and the objects themselves (namely
1A 7→ A) which induces a unique function from the objects of C1 to the objects of C2. For pragmatic
reasons, we will think of a functor as consisting of two functions – the object function and arrow
function with the properties defined above. The identity functor on a category C consists simply of
an identity object function on C and an identity arrow function on C. We will denote this functor
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1C . If C1 is a subcategory of C2, then the identity functor on C1 extends to the inclusion functor
from C1 to C2.

The forgetful functor is the functor from a concrete category C to Set where the image of an
object is just the underlying set of that object, and the image of a morphism f : A → B is just
the induced mapping of f from the underlying set of A to the underlying set of B. In particular,
the forgetful functor U from Grp to Set consists of an object function which maps a group G to the
underlying set of G, and an arrow function which maps a group homomorphism f : G→ G′ to the
function induced by f from the underlying set of G to the underlying set of G′. The image of Grp

under U is an example of a subcategory of Set that is not full, since not every function between
two groups is a homomorphism. In fact, the image of a full functor S : C1 → C2 is a subcategory
of C2, and a subcategory of a category is full if and only if the inclusion functor is full.

The abelianisation functor from Grp to the subcategory Ab of abelian groups has as object
function the mapping G 7→ G/G′ (where G′ denotes the derived group of G). Its arrow function
maps a group homomorphism f : G→ H of Grp to the group homomorphism

G/G′ → H/H ′ : G′g 7→ H ′(g)f.

A functor whose codomain is equal to its domain, is called an endofunctor , and the abelianisation
functor can be extended naturally to an endofunctor on Grp. There is a functor F from Set to Grp

where for each set X, the image (X)F is the free group generated by X. The free groups form a
subcategory FreeG of Grp.

One can create a “category of categories” where the objects are (small1) categories and the
morphisms are functors. For example, each finite group is a single-object category (often called a
monoid) and the class of all these finite groups, together with the functors (group homomorphisms)
between them, is a category of categories.

Given two categories C1 and C2, one can define a functor category Func(C1, C2) where the objects
are the functors from C1 to C2, and the morphisms are the natural transformations of these functors
which we define below.

Definition 4.1.4 (Natural Transformation). Let S : C → D and T : C → D be functors where C
and D are categories. A natural transformation η : S → T is a map which assigns to every
object A of C a morphism ηA : (A)S → (A)T in D such that for every object B in C and morphism
f : A → B, we have ηA ◦ (f)T = (f)S ◦ ηB. In other words, η is a natural transformation if for
every object A and morphism f : A→ B the following diagram commutes:

(A)S

(f)S

��

ηA // (A)T

(f)T

��
(B)S

ηB // (B)T

The natural transformation η is called a natural isomorphism if for every object A of C, ηA
is an isomorphism. We write S ∼= T if there exists a natural isomorphism from S to T .

So a natural transformation can be thought of as a morphism of functors. Two categories C and
D are said to be equivalent if there exist functors F : C → D and G : D → C such that F ◦G ∼= 1C
and G ◦ F ∼= 1D. Now we give an example of a natural transformation.

1A category C is small if C is a set.
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Example 4.1.5. Let G be a group. The object function of the abelianisation functor, the projection
pG : G → G/G′, defines a natural transformation from the identity endofunctor on Grp to the
abelianisation endofunctor on Grp. Formally, let S be the identity functor on Grp and let T be the
abelianisation functor on Grp.

A

f

��

pA // A/A′

(f)T

��
B

pB // B/B′

Then for every object A in Grp, the map pA is the morphism from (A)S = A to (A)T = A/A′

defined by the projection a 7→ A′a, for all a ∈ A. Now if f is a morphism in Grp from a group A
to a group B, then it is not difficult to see that pA ◦ f = f ◦ pB and hence pA ◦ (f)T = (f)S ◦ pB.
Therefore p is a natural transformation from S to T .

A functor S : C1 → C2 is called dense if each object B ∈ C2 is isomorphic to (A)S for some
object A ∈ C1. Below we provide a way to determine when two categories are equivalent. The
proof of this lemma can be found in [48, Theorem 1, p.91].

Lemma 4.1.6. Let C1 and C2 be categories. Then C1 is equivalent to C2 if and only if there exists
a functor S : C1 → C2 that is full, faithful, and dense.

4.2 The category of transitive permutation groups of finite degree

The important category for this thesis is the category Perm of finite transitive permutation
groups. The objects are the set of all finite transitive permutation groups and for any pair of
objects G and H, the morphisms hom(G,H) are the set of permutational transformations from G

to H (see Definition 2.1.17). So the “isomorphisms” of our category are precisely the permutational
isomorphisms.

Given a finite group G thought of as a single-object category, the functor category Func(G,Set)
is equivalent to the class of all permutation representations of G, where the natural isomorphisms
are the permutational isomorphisms between permutation representations. So the category of finite
transitive permutation groups can be thought of as a “category of functor categories” where the
objects are the functor categories Func(G,Set) and the morphisms are the functors between them.

Recall by Lemma 2.1.21, that given an innately transitive group G on a set Ω with plinth K,
the action of G on the right cosets of a point stabiliser Gα is permutationally isomorphic to the
action of G on Ω. Conversely, given a finite group G, a minimal normal subgroup K of G, and a
core-free subgroup G0 of G such that G = KG0, there arises an innately transitive group induced
by the right coset action of G on [G : G0]. So we can identify the class of innately transitive groups
with a set G of triples as follows:

Definition 4.2.1. Let G be the set of all triples (G,K,G0) where G is a finite group, K is a minimal
normal subgroup of G, the subgroup G0 of G is core-free, and G = KG0. For all (G,K,G0)
and (G′,K ′, G′

0) in G, let hom((G,K,G0), (G′,K ′, G′
0)) be the set of all group homomorphisms

φ : G→ G′ such that (G0)φ is contained in a conjugate of G′
0 in G′.

Theorem 4.2.2. The set G together with the map hom form a category G where the objects are
the elements of G and the morphisms are given by hom.
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Proof. For any object (G,K,G0) of G, there exists an identity morphism 1(G,K,G0) which is just
the identity automorphism of G. Let (G,K,G0), (G′,K ′, G′

0), and (Ĝ, K̂, Ĝ0) be elements of G, and
let φ1 be a morphism from (G,K,G0) to (G′,K ′, G′

0) and let φ2 be a morphism from (G′,K ′, G′
0)

to (Ĝ, K̂, Ĝ0). We will show that φ1 ◦ φ2 is a morphism from (G,K,G0) to (Ĝ, K̂, Ĝ0). Clearly
φ1 ◦ φ2 is a group homomorphism from G to Ĝ. Now (G0)φ1 is contained in some conjugate of
G′

0, which is in turn contained in some conjugate of Ĝ0, and therefore φ1 ◦ φ2 is a morphism from
(G,K,G0) to (Ĝ, K̂, Ĝ0). So the set G together with the morphisms defined by hom, forms a
category.

Note that our morphisms are defined so that they are compatible with the “category of functor
categories” view of finite permutation groups, that is, the permutational isomorphisms are precisely
the bijective morphisms defined here.

Lemma 4.2.3.
(1) If (G,K,G0) ∈ G, then G is innately transitive on [G : G0] in its right coset action, with plinth
K. Moreover, for every g ∈ G, we have that (G,K,G0) is isomorphic to (G,K,Gg0).

(2) If G is innately transitive on a finite set Ω with plinth K, then for all α, β ∈ Ω, we have
(G,K,Gα), (G,K,Gβ) ∈ G and (G,K,Gα) is isomorphic to (G,K,Gβ). Moreover, if G has an-
other transitive minimal normal subgroup K ′ distinct from K, then (G,K,Gα) is isomorphic to
(G,K ′, Gα).

Proof.
(1) Let (G,K,G0) ∈ G. By definition of G, we already have that K is a minimal normal subgroup
of G. In the coset action of G on [G : G0], we have that G0 is a point stabiliser. The condition
G = KG0 implies that K is transitive in this action. Thus G is innately transitive on [G : G0] with
plinth K. Now the identity automorphism on G is an isomorphism on (G,K,G0) and therefore
(G,K,G0) is isomorphic to (G,K,Gg0) for all g ∈ G.

(2) Let G be an innately transitive group on a finite set Ω with plinth K. Let α, β ∈ Ω. Then K

is a minimal normal subgroup of G and we have G = KGα = KGβ , so Gα and Gβ are core-free
subgroups of G (as G acts faithfully on Ω). Therefore (G,K,Gα), (G,K,Gβ) ∈ G. Since G is
transitive on Ω, there exists g ∈ G such that αg = β and hence Gβ is a conjugate of Gα in G

Therefore (G,K,Gα) is isomorphic to (G,K,Gβ).

Suppose G has a second transitive minimal normal subgroup K ′ 6= K. Then by Lemma 3.1.1,
there exists an involution g ∈ NSym(Ω) (G) that interchanges K and K ′ and centralises Gα for
some α ∈ Ω. Let θ be the automorphism of G induced by conjugating by g. Now g centralises Gα
and hence (Gα)θ = Gα. Therefore, we have that (G,K,Gα) is isomorphic to (G,K ′, Gα). By the
previous paragraph, it follows that this holds for all points α ∈ Ω.

Let ITPerm be the category of finite innately transitive permutation groups, where the mor-
phisms hom(G,H) are permutational transformations. In what follows, we will write GΩ to stress
that G acts on Ω, and if G has an action on a set Γ, we will denote by gΓ the permutation of Γ
induced by the group element g ∈ G.

Proposition 4.2.4. The category of finite innately transitive permutation groups is equivalent to
the category G.
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Proof. Let T : G → ITPerm consist of an object function from G to ITPerm, defined by

(G,K,G0) 7→ GΩ

where (G,K,G0) ∈ G, Ω = [G : G0], and G acts by right coset multiplication on Ω. Note
that this map is well-defined by Lemma 4.2.3(1). Let the arrow function of T map a morphism
f : (G,K,G0) → (G,K,G0) of G to the permutational transformation (f, ν) where ν : Ω → Ω is
the map G0g 7→ (G0g)f = (G0)f(g)f .

We will show that T is well-defined, full, faithful, and dense. Since f is a group homomorphism
from G to G, to show that (f)T is a permutational transformation it suffices to show that ν is a
well-defined function and that we have the intertwining property in Definition 2.1.17. First note
that ν is well-defined as f maps G0 into a conjugate of G0, which is a point stabiliser for the action
of G on Ω (see Lemma 2.1.20). Suppose g, h ∈ G. Then

(G0gh)ν = (G0)f(gh)f = (G0g)f(h)f = (G0g)ν(h)f

and hence (f, ν) is a permutational transformation from G on Ω to G on Ω. Next we show that T
is full.

Let (G,K,G0), (G,K,G0) be objects of G and let (θ, ν) be a permutational transformation
from (G,K,G0)T to (G,K,G0)T . Let Ω = [G : G0] and Ω = [G : G0]. Now θ is a homomorphism
from G to G and if g ∈ G0, then (G0)ν(g)θ = (G0g)ν = (G0)ν, and hence (G0)θ stabilises (G0)ν.
So (G0)θ is contained in some conjugate of G0 in G and thus θ is a morphism from (G,K,G0) to
(G,K,G0). It is clear by the definition of T that (θ)T = (θ, ν) and hence T is a full functor.

Now let f1, f2 ∈ hom((G,K,G0), (G,K,G0)) and suppose that (f1)T = (f2)T . Then it follows
from the definition of T that f1 = f2. So T is a faithful functor.

Let GΩ be a finite innately transitive group on a set Ω with plinth K, and let α ∈ Ω. By
Lemma 2.1.21, (G,K,Gα)T is permutationally isomorphic to GΩ, and hence T is dense. We
have now satisfied all the criteria given in Lemma 4.1.6, therefore, the category of finite innately
transitive permutation groups is equivalent to the category G.

So we have the following corollary.

Corollary 4.2.5. Two objects (G,K,G0) and (G′,K ′, G′
0) of G are isomorphic if and only if the

action of G on [G : G0] is permutationally isomorphic to the action of G′ on [G′ : G′
0].

From now on, we will consider only those permutational transformations which preserve plinths
and stabilisers.

Definition 4.2.6. For all (G,K,G0) and (G′,K ′, G′
0) in G, define hom((G,K,G0), (G′,K ′, G′

0))
to be the set of all group homomorphisms φ : G → G′ such that (G0)φ is contained in G′

0, and
(K)φ = K ′.

If no ambiguity arises, we will use the same label G for the set G and also for the category
arising from it and the function hom defined in Definition 4.2.6. Clearly G is a subcategory of
G, with the same class of objects and the same class of isomorphisms. However, G is not a full
subcategory of G. For the remainder of this thesis, we will identify the innately transitive groups
with this category above. Later we will show that the category G just defined, is equivalent to a
category consisting of objects called innate triples. For practical reasons, we have restricted our
morphisms to those permutational transformations which map the plinth of the domain onto the
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plinth of the codomain. The condition (G0)φ ≤ G′
0 induces a congruence2 on the morphisms of

the category G, which yields what is known as a quotient category , from which G is derived.

4.3 Conclusion

As pointed out by Herrlich and Strecker [35], the four main reasons for studying category theory
are

• it provides a new language, commonality, and abstraction,

• the duality principle,

• it affords a way to translate difficult problems into easier ones, and

• universal and natural concepts are made precise.

In general, the reason for the use of category theory in the next chapter comes from the first
property above. In some respects, the third and fourth properties also arise, but we do not use
any duality results, although there may be scope to do so.

In this chapter, we have defined the basic concepts of category theory, including: category,
subcategory, functor, natural transformation, and equivalence of categories. We have not defined
other common notions of category theory, such as those of an adjoint, a universal, and a limit, as
we will be using nothing more than the machinery we have developed thus far.

In [12], the innately transitive groups were equipped with an equivalence relation of permuta-
tional isomorphism, and it was found that there is a class of objects called innate triples (which we
introduce in the next chapter) and an equivalence relation on this class, whose equivalence classes
are in bijection with the permutational isomorphism classes of innately transitive groups. So up to
permutational isomorphism, we have a characterisation of innately transitive groups. Of course,
this is just to say that the category of innate triples, where the class of morphisms are restricted
to just the isomorphisms, is equivalent to the category of innate triples with isomorphisms induced
by its equivalence relation.

In this thesis, we generalise this characterisation by showing that the category of innately
transitive groups is equivalent to a category with the innate triples as objects, and suitably defined
morphisms. This better highlights the character of innately transitive groups and fulfills the first
and fourth properties above – that is, it provides an explicit view of structure preservation and the
inner workings and relationships within the class of innately transitive groups.

2This congruence is defined by φ ∼ φ′ ⇐⇒ φ = φ′ ◦ ιh for some h in the common codomain of φ and φ′. So we

identify those morphisms which differ by an inner automorphism.
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The Character of Innately Transitive Groups

“Our character is what we do when we think no one is looking.”

– H. Jackson Brown, Jr.

In this chapter, we characterise innately transitive groups. To do so, we use the language of
category theory to highlight the aspects of the characterisation that are most important. Recall
that if a permutation group G on a finite set Ω is transitive, then G is permutationally isomorphic
to the action of G on the right cosets of a point stabiliser Gα. Conversely, given a core-free
subgroup G0 of G, the action of G on the right cosets of G0 is faithful and transitive. So one can
parameterise a transitive action by two pieces of information: the group G itself and a core-free
subgroup G0 of G. Similarly, the condition that a finite transitive permutation group G on a finite
set Ω is innately transitive with plinth K, is equivalent to the assertion that the triple (G,K,G0)
lies in the category G defined in Definition 4.2.6. We shall use such triples to denote innately
transitive groups. We show in this chapter that we can parameterise an innately transitive group
(G,K,G0), that is, summarise important information about it, by properties of the plinth K and
a group of automorphisms of K. In particular, we show that the category of innately transitive
groups is equivalent to a category of triples (K,ϕ,L) where K is a characteristically simple group,
ϕ corresponds to a section of K, and L is a group of automorphisms of K.

5.1 Three things we get from an innately transitive group

The first important object we obtain from a given finite innately transitive group G, as signifi-
cant information about its structure, is its plinth K. Recall that K is characteristically simple and
hence is a direct product of simple groups (by Lemma 2.5.1). We have seen three important corner
stones given in Chapter 2, namely the “Centraliser Lemma” (2.3.2), “Scott’s Lemma” (2.4.4), and
the “Minimality of a Characteristic Subgroup” Lemma (2.5.3). We now give another which is cen-
tral to the study of innately transitive groups, which can be viewed as a generalisation of Lemma
3.1.3.

Lemma 5.1.1. Let (G,K,G0) ∈ G, let Ω = [G : G0], let α = G0 ∈ Ω, and let ∆ := αCG(K).

1. For all u ∈ K∆, there exists a unique element cu ∈ CG (K) such that cu u ∈ Gα.
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2. The map ϕ : u 7→ cu is an epimorphism from K∆ onto CG (K) with kernel Kα. In particular,
Kα is a normal subgroup of K∆ and K∆/Kα is isomorphic to CG (K).

Proof.
(1) Let u ∈ K∆. Then αu ∈ ∆ and hence there exists cu ∈ CG (K) such that αu = αc

−1
u , that is

αucu = α. Since CG (K) is semiregular on Ω by Lemma 2.3.2, there is a unique such cu.

(2) Let ϕ : K∆ → CG (K) be the mapping u 7→ cu. Let k1, k2 ∈ K∆. So (k1)ϕk1 and (k2)ϕk2

are elements of (CG (K) ×K)α and hence (k1)ϕ(k2)ϕk1k2 ∈ (CG (K) ×K)α. Since k1k2 ∈ K∆,
we have also that (k1k2)ϕk1k2 ∈ (CG (K)×K)α. By the uniqueness established in (1), (k1k2)ϕ =
(k1)ϕ (k2)ϕ and so ϕ is a homomorphism. Let c ∈ CG (K). Since K∆ is transitive on ∆, there
exists x ∈ K∆ such that αx = αc. Therefore ϕ is surjective. By the definition of ϕ, the kernel of
ϕ is equal to Kα. So Kα is a normal subgroup of K∆, and by the First Isomorphism Theorem,
CG (K) ∼= K∆/Kα.

It is the epimorphism ϕ which we point out as the second important object associated with
an innately transitive group. Now we present another property of innately transitive groups, the
importance of which will be made clearer in Section 5.2. For L ≤ Aut(K), we say that K is
L-simple if the only L-invariant normal subgroups of K are 1 and K. This definition has been
used, for example, in Aschbacher’s book [1, p.23]. So K is simple if and only if K is 1-simple, and
K is characteristically simple if and only if K is Aut(K)-simple. Also, if L ≤ L′ ≤ Aut(K) and
K is L-simple, then K is L′-simple. Recall that, for M ≤ K, InnM (K) is the subgroup of inner
automorphisms of K induced by M .

Proposition 5.1.2. Let (G,K,G0) ∈ G, let Ω = [G : G0], let α = G0 ∈ Ω, and let ∆ := αCG(K).
Let L be the subgroup of Aut(K) induced by the conjugation action of G0 on K. Then L ∼= G0,
K is L-simple, and L ∩ Inn(K) = InnK∆(K). In particular, if K is abelian, then K is elementary
abelian and L is an irreducible subgroup of GL(K).

Proof. Let J be a proper L-invariant normal subgroup ofK. Since J is L-invariant, J is normalised
by Gα = G0. Now G = KGα (since K is transitive) and hence J is normalised by G. But since K
is a minimal normal subgroup of G, and J is a proper subgroup of K normalised by G, we have
that J must be trivial. Therefore, there are no nontrivial proper L-invariant normal subgroups
of K. Let γ : G → Aut(K) be the natural map induced by the conjugation action of G on K.
Note that Ker γ = CG (K), G∆ = CG (K)Gα, and L = (Gα)γ = (G∆)γ. Since G∆ ∩ K = K∆,
we have L ∩ Inn(K) = (G∆)γ ∩ (K)γ ⊇ (G∆ ∩ K)γ = (K∆)γ = InnK∆(K). So it suffices to
show that (G∆)γ ∩ (K)γ ⊆ (G∆ ∩ K)γ. Let x ∈ K and suppose that (x)γ ∈ (G∆)γ = (Gα)γ.
Then there exists g ∈ Gα such that (x)γ = (g)γ. This implies that xg−1 ∈ Ker γ and hence
x ∈ CG (K)Gα = G∆. Therefore x ∈ G∆ ∩K and (G∆)γ ∩ (K)γ ⊆ (G∆ ∩K)γ.

Now suppose K is abelian. Since K is minimal normal, it is elementary abelian and so is the
additive group of a vector space with automorphism group GL(K). Since K is L-simple, it follows
by definition that L is irreducible.

The automorphism group L defined in Proposition 5.1.2 is the third special item of information
we obtain from an innately transitive group. Notice that the epimorphism ϕ from Lemma 5.1.1
and the automorphism group L depend only on K (and subgroups of it). It turns out that the
properties of the epimorphism ϕ and the automorphism group L are critical for characterising
innately transitive groups. We abstract these entities in the next section.
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5.2 Innate triples

In this section, we define an object called an innate triple which is an abstraction of the “three
things” that arise from any given innately transitive group. We prove that the innate triples form
a category when allied with suitably defined morphisms, and that there is an apt correspondence
(or in categorical language, a functor) from the innately transitive groups to the innate triples.

Definition 5.2.1. A triple (K,ϕ,L) satisfying the three conditions below is called an innate triple.

1. K ∼= T k where T is a simple group (possibly abelian),

2. ϕ is an epimorphism with domain a subgroup K0 of K, with kernel core-free in K, and if K
is abelian, then K0 = K,

3. L is a subgroup of Aut(K) such that K is L-simple, Kerϕ is L-invariant, and L∩ Inn(K) =
InnK0(K).

We denote by D the set of all innate triples.

Note that if K is elementary abelian, then condition (2) implies that Kerϕ = 1 and ϕ has
domain K so that Imϕ ∼= K. We bring together the results of Lemma 5.1.1 and Proposition 5.1.2
for the following construction of innate triples from arbitrary innately transitive groups.

Construction 5.2.2. Let (G,K,G0) ∈ G, let α = G0 ∈ [G : G0], let ∆ = αCG(K), and let
ϕ : K∆ → CG (K) be the map where for each u ∈ K∆, (u)ϕ is the unique element of CG (K) such
that (u)ϕu ∈ G0. Let L be the subgroup of Aut(K) induced by the conjugation action of G0 on K.
Then (K,ϕ,L) is the innate triple associated to (G,K,G0).

That (K,ϕ,L) is an innate triple follows from Lemma 5.1.1 and Proposition 5.1.2. Here we
give some examples of innate triples which arise from innately transitive groups.

Example 5.2.3. Let G be the full symmetry group of the icosahedron (as in Example 2.2.3).
Then G is isomorphic to Z2 × A5 where A5 is the subgroup of rotations of the icosahedron, and
its centraliser C = Z2 is generated by the central reflection of the icosahedron which maps a given
vertex to its antipodal vertex. The group G is innately transitive on the vertices of the icosahedron
with plinth K = A5. For a vertex v, Kv

∼= Z5 and hence NK (Kv) ∼= D10. There is a section
of K isomorphic to C, namely NK (Kv) /Kv, and so there is an epimorphism ϕ : NK (Kv) → C

with kernel Kv. Since K is simple, it is clear that Kerϕ is core-free and K is L-simple for all
L ≤ Aut(K). So ϕ satisfies property 2 of Definition 5.2.1. The group induced by the conjugation
action of the stabiliser Gv (for some vertex v) on the plinth K, turns out to be precisely the inner
automorphisms of K induced by NK (Kv) ∼= D10. Also note that Kerϕ is invariant under L as
Kerϕ = Kv is normal in NK (Kv). So we have an automorphism group L = InnD10(K) ≤ Aut(K)
satisfying property 3 of Definition 5.2.1, and hence (K,ϕ,L) is an innate triple.

Example 5.2.4. Let T = A5, U0 = A4 ≤ A5, U1 = V4 C A4, L = InnU (T ), and let ϕ : U0 →
U0/U1 be the natural quotient map. Then Kerϕ = U1 which is core-free in A4. Note also that T
is L-simple and L ∩ Inn(T ) = InnU (T ). Hence (T, ϕ, L) is an innate triple. In fact, this innate
triple arises from the innately transitive group given in Example 2.2.2.

We will show that the innate triples form a category, and to do so, we must identify the
underlying sets of the innate triples and define a class of structure preserving maps on D.
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Definition 5.2.5. The underlying set of an innate triple (K,ϕ,L) is the external direct product
Imϕ×K. For any given pair of innate triples (K1, ϕ1, L1) and (K2, ϕ2, L2), define

hom((K1, ϕ1, L1), (K2, ϕ2, L2))

to be the set of all pairs of homomorphisms θ : K1 → K2 and Θ : Imϕ1 → Imϕ2 such that

1. (Domϕ1)θ ≤ Domϕ2,

2. θ|Domϕ1 ◦ ϕ2 = ϕ1 ◦Θ, and

3. for every τ1 ∈ L1, there exists τ2 ∈ L2 such that θ ◦ τ2 = τ1 ◦ θ.

Domϕ1

ϕ1

��

θ // Domϕ2

ϕ2

��
Imϕ1

Θ // Imϕ2

K1

τ1

��

θ // K2

τ2

��
K1

θ // K2

Figure 5.2.1: Above are the commutative diagrams which correspond to properties (2) and (3)
respectively.

Notice that for any pair of innate triples (K1, ϕ1, L1) and (K2, ϕ2, L2), the pair of trivial
homomorphisms θ : x 7→ 1 and Θ : y 7→ 1 belongs to hom((K1, ϕ1, L1), (K2, ϕ2, L2)) and thus the
set is nonempty. For every innate triple (K,ϕ,L), there is a unique identity morphism idImϕ×K

which consists of the pair of identity automorphisms of K and Imϕ. Also note that there is a
function hom from D ×D → U defined by

((K1, ϕ1, L1), (K2, ϕ2, L2)) 7→ hom((K1, ϕ1, L1), (K2, ϕ2, L2)).

It turns out that hom defines a class of morphisms for D.

Theorem 5.2.6. The set of innate triples D together with the map hom forms a category.

Proof. It suffices to prove parts 5 and 6 of Definition 4.1.1. Let (K,ϕ,L) ∈ D and let θ : K → K

and Θ : Imϕ → Imϕ be the identity automorphisms of K and Imϕ respectively. Then the pair
(θ,Θ) is the identity morphism for (K,ϕ,L) and we have proved part 5.

To prove part 6, let (K1, ϕ1, L1), (K2, ϕ2, L2), (K3, ϕ3, L3) ∈ D and let

(θ12,Θ12) ∈ hom((K1, ϕ1, L1), (K2, ϕ2, L2)),

(θ23,Θ23) ∈ hom((K2, ϕ2, L2), (K3, ϕ3, L3)),

and let θ13 = θ12◦θ23 and Θ13 = Θ12◦Θ23. Then clearly θ13 is a homomorphism from K1 to K3 and
Θ23 is a homomorphism from Imϕ1 to Imϕ3. Note that θ13 maps Domϕ1 into Domϕ3. Now for
all x ∈ Domϕ1, (x)θ13 ◦ϕ3 = (x)θ12 ◦θ23 ◦ϕ3 = (x)θ12 ◦ϕ2 ◦Θ23 = (x)ϕ1 ◦Θ12 ◦Θ23 = (x)ϕ1 ◦Θ13.
Therefore θ13 ◦ ϕ3 = ϕ1 ◦Θ13 on Domϕ1.

Let τ1 ∈ L1. Since (θ12,Θ12) ∈ hom((K1, ϕ1, L1), (K2, ϕ2, L2)), there exists τ2 ∈ L2 such that
θ12 ◦τ2 = τ1 ◦θ12. Similarly, since (θ23,Θ23) ∈ hom((K2, ϕ2, L2), (K3, ϕ3, L3)), there exists τ3 ∈ L3

such that θ23 ◦ τ3 = τ2 ◦ θ23. Therefore θ13 ◦ τ3 = θ12 ◦ θ23 ◦ τ3 = θ12 ◦ τ2 ◦ θ23 = τ1 ◦ θ12 ◦ θ23 =
τ1◦θ13. Hence (θ13,Θ13) ∈ hom((K1, ϕ1, L1), (K3, ϕ3, L3)) and we have proven part 6 of Definition
4.1.1.



5.2. Innate triples 61

If a morphism (θ,Θ) of D is such that θ and Θ are each bijections, then what we have is an
isomorphism of D. Therefore there is an induced equivalence relation on innate triples where two
elements (K1, ϕ1, L1) and (K2, ϕ2, L2) of D are equivalent if and only if there exists an isomorphism
from one onto the other.

By Construction 5.2.2, given an innately transitive group there is an associated innate triple.
In order for this association to provide a characterisation, two permutationally isomorphic groups
should correspond to a pair of equivalent innate triples. More generally, this phenomenon can best
be described in categorical language, by a functor from G to D.

Definition 5.2.7. Let F : G → D consist of an object function and an arrow function where for
each (G,K,G0) ∈ G, the image (G,K,G0)F is the innate triple associated to (G,K,G0), and if f
is a morphism from (G,K,G0) to (G′,K ′, G′

0) in G, we define

(f)F = (f |K , f |CG(K)).

Lemma 5.2.8. The map F defined above is well-defined.

Proof. First note that the object function of F is well-defined since by Construction 5.2.2, the
innate triple associated with an arbitrary element (G,K,G0) ∈ G is uniquely defined.

Now we show that the arrow function of F is well-defined. Let f be a morphism from (G,K,G0)
to (G′,K ′, G′

0) in G. Let (K,ϕ,L) and (K ′, ϕ′, L′) be the innate triples associated with (G,K,G0)
and (G′,K ′, G′

0) respectively. We will show that (f |K , f |CG(K)) is a morphism from (K,ϕ,L) to
(K ′, ϕ′, L′). By Definition 4.2.6, f |K is a group homomorphism from K to K ′ and f |CG(K) is a
group homomorphism from Imϕ to Imϕ′.

We will show first that (Domϕ)f |K ≤ Domϕ′ and hence prove part 1 of Definition 5.2.5. Let
x ∈ Domϕ. Then x ∈ K∆, where ∆ is the CG (K)-orbit of the trivial coset G0 in [G : G0]. Let
ω = G′

0 ∈ [G′ : G′
0] and let ∆′ be the CG′ (K ′)-orbit of ω. Now (x)f ∈ K ′, and for all c′ ∈ CG′ (K ′),

we have
(ωc

′
)(x)f = ωc

′(x)f = ω(x)fc′ = (ω(x)f )c
′
.

Since x ∈ K∆, there exists c ∈ CG (K) such that G0x = G0c. So (xc−1)f ∈ G′
0 and hence

G′
0(x)f = G′

0(c)f . By Lemma 2.3.1, (c)f ∈ CG′ (K ′) and hence (ω(x)f )c
′

= G′
0(x)fc

′ ∈ ∆′.
Therefore (x)f ∈ K ′

∆′ = Domϕ′ and hence (Domϕ)f |K ≤ Domϕ′.
Now we verify the second property of Definition 5.2.5. Let x ∈ Domϕ. By definition, (x)ϕ

is the unique element of CG (K) such that (x)ϕx ∈ G0. Now (x)f ∈ Domϕ′ and by definition,
((x)f)ϕ′ is the unique element of CG′ (K ′) such that ((x)f)ϕ′ (x)f ∈ G′

0. Since (G0)f ≤ G′
0

and f is a homomorphism, we have that ((x)ϕ)f (x)f ∈ G′
0. By uniqueness, it follows that

((x)ϕ)f = ((x)f)ϕ′. So on Domϕ, we have

f |K ◦ ϕ′ = ϕ ◦ f |CG(K).

Let τ ∈ L. We must find τ ′ ∈ L′ such that f |K ◦ τ = τ ′ ◦ f |K and hence show that property
3 of Definition 5.2.5 is satisfied. Let γ : G → Aut(K) and γ′ : (G)f → Aut((K)f) be the maps
induced by the conjugation actions of G on K and (G)f on (K)f respectively. Since τ ∈ L, there
exists g ∈ G0 such that τ = (g)γ. Let τ ′ = ((g)f)γ′. Then for all y ∈ K,

(y)(f |K ◦ τ ′) = ((g)f)−1(y)f(g)f = (g−1yg)f |K = (y)(τ ◦ f |K)

and hence f |K ◦ τ = τ ′ ◦ f |K . Therefore (f)F is a morphism from (K,ϕ,L) to (K ′, ϕ′, L′).
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Theorem 5.2.9. The map F defined in Definition 5.2.7 is a functor from G to D.

Proof. First we show that F preserves the identity morphism. Let 1(G,K,G0) denote the identity
morphism of an element (G,K,G0) ∈ G. Now (1(G,K,G0))F is equal to (idK , idCG(K)) which is
precisely the identity morphism of the innate triple (K,ϕ,L) associated with (G,K,G0).

It remains to show that morphism composition is preserved. Let (G,K,G0), (G′,K ′, G′
0),

(Ĝ, K̂, Ĝ0) ∈ G and let f ∈ hom((G,K,G0), (G′,K ′, G′
0)) and f ′ ∈ hom((G′,K ′, G′

0), (Ĝ, K̂, Ĝ0)).
Then (f ◦ f ′)F = ((f ◦ f ′)|K , (f ◦ f ′)|CG(K)) = (f |K ◦ f ′, f |CG(K) ◦ f ′) = (f |K ◦ f ′|K′ , f |CG(K) ◦
f ′|CG′ (K′)) = (f)F ◦ (f ′)F. Therefore F is a functor from G to D.

5.3 Constructing innately transitive groups from innate triples

Recall that from an innately transitive group, there arises an innate triple whose entries depend
on the plinth of the innately transitive group. So in some sense, we have cut down the innately
transitive group into pieces which are defined in terms of a minimal normal subgroup of the group.
This process is reversible, that is, we can construct an innately transitive group from an innate
triple. Recall that the graph of a homomorphism ϕ : B → A is the subgroup of A×B defined by
Graph(ϕ) := {((b)ϕ, b) : b ∈ B}.

Construction 5.3.1. Let (K,ϕ,L) be an innate triple and let X := (Imϕ×K) oL where L acts
on Imϕ×K by

((u)ϕy)τ = (uτ )ϕyτ

for all u ∈ Domϕ, y ∈ K, and τ ∈ L. Let X0 = Graph(ϕ) o L and let X act by right coset
multiplication on Ω := [X : X0].

Note that the action of L on Imϕ is well-defined since Kerϕ is L-invariant by property (3) of
Definition 5.2.1.

Proposition 5.3.2. The kernel of the action of X on Ω (as described above) is

Z := {(x)ϕx ιx−1 : x ∈ K0},

and X/Z is innately transitive and faithful on Ω (in its induced action) with plinth KZ/Z ∼= K,
that is (X/Z,KZ/Z,X0/Z) ∈ G. Moreover Z is centralised by Imϕ × K, and CX/Z (KZ/Z) =
ImϕZ/Z ∼= Imϕ.

Proof. Since K is centralised by Imϕ in X and K is L-simple (by Definition 5.2.1(3)), it follows
that K is a minimal normal subgroup of X. The kernel of the action of X on Ω is CoreX(X0),
a normal subgroup of X. Thus K ∩ CoreX(X0) is also normal in X, and K ∩ CoreX(X0) ≤
K∩X0 = K∩Graph(ϕ) = Kerϕ which is a proper subgroup of K by Definition 5.2.1(2). Therefore
K ∩ CoreX(X0) = 1. It is also true that L intersects CoreX(X0) trivially, as the following shows.
Suppose τ ∈ L ∩ CoreX(X0) and y ∈ K. Then y−1yτ

−1
τ = y−1τy ∈ CoreX(X0) and hence

y−1yτ
−1 ∈ K ∩ CoreX(X0) = 1. Therefore yτ

−1
= y for all y ∈ K and so τ = 1. Thus L ∩

CoreX(X0) = 1.
Let u, x ∈ K0 (the domain of ϕ), let y ∈ K, and let τ ∈ L. By Definition 5.2.1(3), K0

is L-invariant and hence xτ ∈ K0. Thus ((x)ϕxιx−1)τ = (xτ )ϕxτ ι(xτ )−1 ∈ Z, and hence Z is
L-invariant. Since

((x)ϕxιx−1)y = (x)ϕy−1xιx−1y = (x)ϕy−1xyxιx−1 = (x)ϕxιx−1 ,
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Z is centralised by K. Also since

(u−1)ϕ (x)ϕxιx−1(u)ϕ = (u−1x)ϕx(ux)ϕιx−1 = (u−1xux)ϕxιx−1 = (x)ϕxιx−1 ,

it follows that Z is centralised by Imϕ. Thus Z is normal in X and centralised by Imϕ×K. Since
Z ≤ X0, it follows that Z ≤ CoreX(X0).

Now let (u)ϕyτ ∈ CoreX(X0) where u ∈ K0, y ∈ K, and τ ∈ L. Then (u)ϕyτ ∈ X0 and
hence (u)ϕy ∈ Graph(ϕ), whence y ∈ K0 and (u)ϕ = (y)ϕ. Also, (y)ϕyιy−1 ∈ Z ≤ CoreX(X0),
so ((y)ϕyιy−1)−1(y)ϕyτ = ιyτ ∈ L ∩ CoreX(X0) = 1. So τ = ιy−1 and (u)ϕyτ = (y)ϕyιy−1 ∈ Z.
Thus CoreX(X0) = Z.

Therefore X/Z acts faithfully on Ω, and since X = KX0, the normal subgroup KZ/Z of X/Z
is transitive. Moreover, since K is a minimal normal subgroup of X, it follows that KZ/Z ∼= K is
a minimal normal subgroup of X/Z, so X/Z is innately transitive with plinth KZ/Z. By Lemma
2.3.1, CX/Z (KZ/Z) = CX (K) /Z, so we need to determine CX (K). Since Imϕ centralises K,
we have CX (K) = (Imϕ)CKL (K). Let yτ ∈ CKL (K) where y ∈ K and τ ∈ L. Then for all
v ∈ K, (v)τ = yvy−1 = (v)ιy−1 , that is, τ = ιy−1 ∈ L ∩ Inn(K), which by Definition 5.2.1(3),
is equal to InnK0(K). Note that y ∈ K0 in both cases where K is abelian or not, and hence
yτ = (y−1)ϕ((y)ϕyιy−1) ∈ (Imϕ)Z. Therefore CX (K) ≤ (Imϕ)Z, and we have already seen that
Imϕ and Z centralise K, so CX (K) = (Imϕ)Z as required.

For an innate triple (K,ϕ,L), we call (X/Z,KZ/Z,X0/Z) the innately transitive group asso-
ciated with (K,ϕ,L).

5.4 Characterising innately transitive groups

We endeavour to prove that every innately transitive group arises from an innate triple, and
that two innately transitive groups are permutationally isomorphic if and only if their innate triples
are isomorphic. In categorical language, we would like there to be a bijective functor between the
categories G and D. The best we can do however, is find two functors; one from G to D which we
already have (namely F) and another from D to G which are in a sense mutually inverse functions
on the isomorphism classes of the objects. In what follows, we show that there is indeed a functor
from D to G and we show that these categories are equivalent.

Definition 5.4.1. Let G : D → G consist of an object function and an arrow function where
for each (K,ϕ,L) ∈ D, the image ((K,ϕ,L))G is the innately transitive group associated with
(K,ϕ,L), and if (θ,Θ) is a morphism from (K,ϕ,L) to (K ′, ϕ′, L′), we set

(θ,Θ)G = Φ

where for all u ∈ Domϕ, y ∈ K, and τ ∈ L, we have (Z(u)ϕy τ)Φ = Z ′((u)θ)ϕ′ (y)θ τ ′ for an
element τ ′ ∈ L′ such that τ ◦ θ = θ ◦ τ ′. (Note that such an element τ ′ exists by Definition 5.2.5.)

Lemma 5.4.2. The map G defined above is well-defined.

Proof. By Construction 5.3.1 and Proposition 5.3.2, the object function of G is well-defined.
We will show now that the arrow function of G is well-defined. Let (θ,Θ) be a morphism
from an innate triple (K,ϕ,L) to another innate triple (K ′, ϕ′, L′). Let (X/Z,KZ/Z,X0/Z) and
(X ′/Z ′,K ′Z ′/Z ′, X ′

0/Z
′) be the innately transitive groups associated to (K,ϕ,L) and (K ′, ϕ′, L′)
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respectively (see Construction 5.3.1 and Proposition 5.3.2). Let Φ be the map from G to G′ defined
by

(Z(u)ϕy τ)Φ = Z ′((u)θ)ϕ′ (y)θ τ ′

for all u ∈ Domϕ, y ∈ K, and τ ∈ L. Note that τ ′ exists by criterion 3 of Definition 5.2.5.
Moreover, for each y ∈ K, (y)(θ ◦ τ ′) = (y)(τ ◦ θ) and hence Φ is independent of the choice of τ ′.

First we will show that Φ is a well-defined group homomorphism. Suppose Z(u1)ϕy1 τ1 =
Z(u2)ϕy2 τ2 for some u1, u2 ∈ Domϕ, y1, y2 ∈ K, and τ1, τ2 ∈ L. Then

Z(u−1
2 )ϕy2Z(u1)ϕy1 τ1τ−1

2 = Z

and hence (u−1
2 u1)ϕy−1

2 y1 τ1τ
−1
2 ∈ Z. Therefore y−1

2 y1 ∈ Domϕ, (u−1
2 u1)ϕ = (y−1

2 y1)ϕ, and
τ1τ

−1
2 = ιy−1

1 y2
. So(

((u2)θ)−1(u1)θ
)
ϕ′ = (u−1

2 u1)(θ ◦ ϕ′)

= (u−1
2 u1)(ϕ ◦Θ) = (y−1

2 y1)(ϕ ◦Θ)

= (y−1
2 y1)(θ ◦ ϕ′) =

(
((y2)θ)−1(y1)θ

)
ϕ′.

Now there exist τ ′1, τ
′
2 ∈ L′ such that τ1 ◦ θ = θ ◦ τ ′1 and τ2 ◦ θ = θ ◦ τ ′2. So θ ◦ (τ ′1(τ

′
2)
−1) =

τ1 ◦ θ ◦ (τ ′2)
−1 = (τ1τ−1

2 ) ◦ θ = ιy−1
1 y2

◦ θ. Let x′ ∈ K ′. Then x′ = (x)θ for some x ∈ K and

(x′)(τ ′1(τ
′
2)
−1) = (x)(θ ◦ (τ ′1(τ

′
2)
−1)) = (x)ιy−1

1 y2
◦ θ

= (y−1
2 y1xy

−1
1 y2)θ = ((y−1

1 y2)θ)−1(x)θ(y−1
1 y2)θ

= (x′)ι(y−1
1 y2)θ

.

So τ ′1(τ
′
2)
−1 = ι(y−1

1 y2)θ
and hence(

((u2)θ)−1(u1)θ
)
ϕ′ ((y2)θ)−1(y1)θ τ ′1(τ

′
2)
−1 ∈ Z.

Therefore (Z(u1)ϕy1 τ1)Φ = Z ′((u1)θ)ϕ′ (y1)θ τ ′1 = Z ′((u2)θ)ϕ′ (y2)θ τ ′2 = (Z(u2)ϕy2 τ2)Φ and
Φ is well-defined. Now we will show that Φ is a group homomorphism. Let u1, u2 ∈ Domϕ,
y1, y2 ∈ K, and τ1, τ2 ∈ L such that there exist τ ′1, τ

′
2 ∈ L′ with τ1 ◦ θ = θ ◦ τ ′1 and τ2 ◦ θ = θ ◦ τ ′2.

Then

((u1)ϕy1 τ1) ((u2)ϕy2 τ2) = (u1)ϕy1 τ1(u2)ϕτ−1
1 τ1y2τ

−1
1 τ1τ2

= (u1)ϕy1 (uτ
−1
1

2 )ϕyτ
−1
1

2 τ1τ2

= (u1u
τ−1
1

2 )ϕy1y
τ−1
1

2 τ1τ2

and so

(Z(u1)ϕy1 τ1 (u2)ϕy2 τ2) Φ = Z ′((u1)θ(u
τ−1
1

2 )θ)ϕ′ (y1)θ(y
τ−1
1

2 )θ τ ′ (5.4.1)

where τ ′ is some element of L such that τ1τ2 ◦ θ = θ ◦ τ ′. On the other hand,

(Z(u1)ϕy1 τ1)Φ = Z ′((u1)θ)ϕ′ (y1)θ τ ′1

(Z(u2)ϕy2 τ2)Φ = Z ′((u2)θ)ϕ′ (y2)θ τ ′2

and hence

(Z(u1)ϕy1 τ1)Φ (Z(u2)ϕy2 τ2)Φ = Z ′((u1)θ)ϕ′ (y1)θ τ ′1 ((u2)θ)ϕ′ (y2)θ τ ′2

= Z ′((u1)θ(u
τ−1
1

2 )θ)ϕ′ (y1)θ(y
τ−1
1

2 )θ τ ′1τ
′
2. (5.4.2)
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To show that Φ is a homomorphism, we must show that the right hand sides of equations 5.4.1 and
5.4.2 are equal, that is, Zτ ′ = Zτ ′1τ

′
2. Let x′ ∈ K ′. Then there exists x ∈ K such that x′ = (x)θ.

So

(x′)τ ′1τ
′
2 = (x)(θ ◦ τ ′1 ◦ τ ′2) = (x)(τ1 ◦ θ ◦ τ ′2)

= (x)(τ1 ◦ τ2 ◦ θ) = (x)(θ ◦ τ ′)

= (x′)τ ′

and hence τ ′ = τ ′1τ
′
2 and Φ is a group homomorphism.

Finally, we must show that (KZ/Z)Φ = K ′Z ′/Z ′ and (X0/Z)Φ ≤ (X ′
0/Z

′
0)Φ (see Definition

4.2.6). Now for all y ∈ K, we have that (Zy)Φ = Z ′(y)θ. Since (K)θ = K ′, it follows that
(KZ/Z)Φ = K ′Z ′/Z ′. Let u ∈ Domϕ and τ ∈ L. Then there exists τ ′ ∈ L′ such that τ ◦θ = θ◦τ ′.
Now (Z(u)ϕu τ)Φ = Z((u)θ)ϕ′ (u)θ τ ′ where τ ′ is some element of L′ such that τ ◦ θ = θ ◦ τ ′.
Since ((u)θ)ϕ′ (u)θ τ ′ ∈ Graph(ϕ′) oL′ = X ′

0, we have that (X0/Z)Φ ≤ (X ′
0/Z

′
0)Φ. Therefore Φ is

a morphism of G and G is well-defined.

Theorem 5.4.3. The map G defined in Definition 5.4.1 is a functor from D to G.

Proof. First we show that G preserves identity morphisms. Let (id|K , id|Imϕ) denote the identity
morphism of an innate triple (K,ϕ,L) and let (X/Z,KZ/Z,X0/Z) be the innately transitive group
associated with (K,ϕ,L). Then, for all Z(u)ϕy τ ∈ X/Z, we have that (id|K , id|Imϕ)G maps this
element to Z((u)id|K)ϕ (y)id|K τ ′, where τ ′ is some element of L such that τ ◦ id|K = id|K ◦τ . Now
clearly Z((u)id|K)ϕ (y)id|K τ ′ = Z(u)ϕy τ , and hence (id|K , id|Imϕ)G is the identity morphism on
(X/Z,KZ/Z,X0/Z).

It remains to show that morphism composition is preserved. Let (K,ϕ,L), (K ′, ϕ′, L′), (K̂, ϕ̂, L̂)
be innate triples and let (θ,Θ) and (θ′,Θ′) be morphisms from (K,ϕ,L) to (K ′, ϕ′, L′) and
(K ′, ϕ′, L′) to (K̂, ϕ̂, L̂) respectively. Let (X/Z,KZ/Z,X0/Z), (X ′/Z ′,K ′Z ′/Z ′, X ′

0/Z
′), and

(X̂/Ẑ, K̂Ẑ/Ẑ, X̂0/Ẑ) be the innately transitive groups associated with (K,ϕ,L), (K ′, ϕ′, L′), and
(K̂, ϕ̂, L̂) respectively. Then ((θ,Θ) ◦ (θ′,Θ′))G = ((θ ◦ θ′,Θ ◦Θ′))G = Φ, where Φ : X/Z → X̂/Ẑ

is the map Z(u)ϕy τ 7→ Ẑ((u)(θ ◦θ′))ϕ̂ (y)(θ ◦θ′) τ̂ , and τ̂ is an element of L̂ such that τ ◦ (θ ◦θ′) =
(θ ◦ θ′) ◦ τ̂ . Let Φ1 = ((θ,Θ))G, let Φ2 = ((θ′,Θ′))G, and let u ∈ Domϕ, y ∈ K, and τ ∈ L. Then

(Z(u)ϕy τ)(Φ1 ◦ Φ2) = (Z ′((u)θ)ϕ′ (y)θ τ ′)Φ2

where τ ′ is an element of L′ such that τ ◦ θ = θ ◦ τ ′. So

(Z(u)ϕy τ)(Φ1 ◦ Φ2) = Ẑ(((u)θ)θ′)ϕ̂ ((y)θ)θ′ τ ′′ = Ẑ((u)(θ ◦ θ′)ϕ̂ (y)(θ ◦ θ′) τ ′′

where τ ′′ is the element of L̂ such that τ ′ ◦ θ′ = θ′ ◦ τ ′′. Let x̂ ∈ K̂. Then there exists an element
x ∈ K such that x̂ = (x)(θ ◦ θ′). So

(x̂)τ ′′ = (x)(θ ◦ θ′ ◦ τ ′′) = (x)(θ ◦ τ ′ ◦ θ′) = (x)(τ ◦ θ ◦ θ′) = (x)(θ ◦ θ′ ◦ τ̂) = (x̂)τ̂

and hence τ ′′ = τ̂ . Therefore (θ,Θ)G ◦ (θ′,Θ′)G = (θ ◦ θ′,Θ ◦ Θ′)G and thus G is a functor from
D to G.

Recall that to show that G and D are equivalent categories, one needs to show that there
are two functors, one from G to D and one from D to G, such that the two composite functors
arising from these are naturally isomorphic to the respective identity functors. We prove now that
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F◦G ∼= 1G . Recall that for every innately transitive group (G,K,G0), the image (G,K,G0)(F◦G) is
the innately transitive group (X/Z,KZ/Z,X0/Z) as defined in Construction 5.3.1 and Proposition
5.3.2.

Lemma 5.4.4. Let η be the map from the objects of G to the morphisms of G which assigns to
every object (G,K,G0) the map η(G,K,G0) from (G,K,G0) to (G,K,G0)(F ◦G)

((u)ϕy g)η(G,K,G0) = Z(u)ϕy (g)γ

where (K,ϕ,L) is the innate triple associated with (G,K,G0), (X/Z,KZ/Z,X0/Z) is the innately
transitive group associated with (K,ϕ,L) (as given by Construction 5.3.1 and Proposition 5.3.2),
u ∈ Domϕ, y ∈ K, γ : G→ Aut(K) is the map induced by the conjugation action of G on K, and
g ∈ G0. Then η is a natural isomorphism from 1G onto F ◦G and so F ◦G ∼= 1G.

Proof. First we show that η(G,K,G0) is well-defined. Let u1, u2 ∈ Domϕ, y1, y2 ∈ K, and g1, g2 ∈
G0 and suppose that (u1)ϕy1 g1 = (u2)ϕy2 g2. Then y−1

2 (u−1
2 )ϕ(u1)ϕy1 = g2g

−1
1 and hence

(u−1
2 u1)ϕy−1

2 y1 ∈ (CG (K) × K) ∩ G0. By definition of ϕ, (CG (K) × K) ∩ G0 = Graph(ϕ)
and hence y−1

2 y1 ∈ Domϕ and (u−1
2 u1)ϕ = (y−1

2 y1)ϕ. Since Ker γ = CG (K), we have that
(y1g1)γ = (y2g2)γ and hence (g1g−1

2 )γ = (y−1
1 y2)γ. So

(u−1
2 u1)ϕy−1

2 y1 (g1g−1
2 )γ = (y−1

2 y1)ϕy−1
2 y1 (y−1

1 y2)γ ∈ Z

and hence Z(u−1
2 u1)ϕy−1

2 y1 (g1g−1
2 )γ = Z. Therefore Z(u1)ϕy1 (g1)γ = Z(u2)ϕy2 (g2)γ and

η(G,K,G0) is well-defined.
In order to show that η is well-defined, we must show that η(G,K,G0) is a morphism. Again, let

(u1)ϕy1 g1, (u2)ϕy2 g2 ∈ X, where u1, u2 ∈ K0, y1, y2 ∈ K, and g1, g2 ∈ G0. Then

(u1)ϕy1 g1 (u2)ϕy2 g2 = (u1)ϕy1 g1(u2)ϕg−1
1 g1y2g

−1
1 g1g2

= (u1g1u2g
−1
1 )ϕy1g1y2g−1

1 g1g2

and so,

((u1)ϕy1 g1 (u2)ϕy2 g2) η(G,K,G0) =
(
(u1g1u2g

−1
1 )ϕy1g1y2g−1

1 g1g2
)
η(G,K,G0)

= Z(u1g1u2g
−1
1 )ϕy1g1y2g−1

1 (g1g2)γ

= Z(u1)ϕy1 (g1u2g
−1
1 )ϕg1y2g−1

1 (g1g2)γ

= Z(u1)ϕy1 [(g1)γ (u2)ϕ (g−1
1 )γ] [(g1)γ y2 (g−1

1 )γ] (g1g2)γ

= Z(u1)ϕy1 (g1)γ (u2)ϕy2 (g2)γ

= ((u1)ϕy1 g1) η(G,K,G0) ((u2)ϕy2 g2) η(G,K,G0).

Therefore η(G,K,G0) is a group homomorphism from (G,K,G0) to (G,K,G0)(F ◦ G). Clearly
(K)η(G,K,G0) = KZ/Z. Recall that X0 = Graph(ϕ) o L and hence L ≤ X0. So for all g ∈ G0,
we have (g)η(G,K,G0) = Z(g)γ ∈ X0/Z. Therefore η(G,K,G0) is a morphism from (G,K,G0) to
(G,K,G0)(F ◦G) by Definition 4.2.6.

It is clear that η(G,K,G0) is a surjection. We will show now that η(G,K,G0) is injective. Let
u ∈ Domϕ, y ∈ K, and g ∈ G0, and suppose that (u)ϕy g ∈ Ker η(G,K,G0). Then (u)ϕy (g)γ ∈ Z
and so y ∈ Domϕ, (u)ϕ = (y)ϕ, and (g)γ = (y−1)γ. Thus uy−1 ∈ Kerϕ and gy ∈ Ker γ = CG (K).
So g ∈ (CG (K) ×K) ∩ G0 = Graph(ϕ) and hence there exists v ∈ Domϕ such that g = (v)ϕv.
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Since (v)γ = (g)γ = (y−1)γ, it follows that v = y−1 and thus g = (u−1)ϕy−1. So (u)ϕy g = 1 and
hence Ker η(G,K,G0) = 1. Therefore η(G,K,G0) is injective and η(G,K,G0) is an isomorphism.

It remains to show that η is natural, that is, for every object (G′,K ′, G′
0) ∈ G and morphism

f from (G,K,G0) to (G′,K ′, G′
0), we have η(G,K,G0) ◦ (f)(F ◦G) = f ◦ η(G′,K′,G′

0)
.

(G,K,G0)

f

��

η(G,K,G0) // (G,K,G0)(F ◦G)

(f)(F◦G)

��
(G′,K ′, G′

0)
η(G′,K′,G′0)

// (G′,K ′, G′
0)(F ◦G)

Let (G′,K ′, G′
0) ∈ G and let f be a morphism from (G,K,G0) to (G′,K ′, G′

0). Let (u)ϕy g ∈
(G,K,G0). By Definition 4.2.6 and Lemma 2.3.1, f maps K to K ′, G0 to G′

0, and CG (K) to
CG′ (K ′). So we have:

((u)ϕ)(f ◦ η(G′,K′,G′
0)

) = Z ′((u)ϕ)f,

(y)(f ◦ η(G′,K′,G′
0)

) = Z ′(y)f,

(g)(f ◦ η(G′,K′,G′
0)

) = Z ′((g)f)γ.

Note that (f)(F ◦G) is the morphism from (G,K,G0)(F ◦G) to (G′,K ′, G′
0)(F ◦G) which maps an

element Z(u)ϕy (g)γ of (G,K,G0)(F ◦G) to Z ′((u)f)ϕ (y)f τ ′ where τ ′ satisfies (g)γ ◦ f = f ◦ τ ′.
So

((u)ϕ)(η(G,K,G0) ◦ (f)(F ◦G)) = Z ′((u)f)ϕ′,

(y)(η(G,K,G0) ◦ (f)(F ◦G)) = Z ′(y)f,

(g)(η(G,K,G0) ◦ (f)(F ◦G)) = Z ′τ ′ where (g)γ ◦ f = f ◦ τ ′.

We will show that ((u)ϕ)f = ((u)f)ϕ and τ ′ = ((g)f)γ. Recall that on Domϕ, we have

f |K ◦ ϕ′ = ϕ ◦ f |CG(K)

(see proof of Lemma 5.2.8) and hence ((u)ϕ)f = ((u)f)ϕ. Let y′ ∈ K ′. Then there exists y ∈ K

such that (y)f = y′. So

(y′)τ ′ = ((y)f)τ ′ = (y)((g)γ ◦ f) = (g−1yg)f = ((g)f)−1y′(g)f = (y′)((g)f)γ

and hence τ ′ = ((g)f)γ. Therefore

((u)ϕy g)(η(G,K,G0) ◦ (f)(F ◦G)) = ((u)ϕy g)(f ◦ η(G′,K′,G′
0))

and hence η(G,K,G0) ◦ (f)(F ◦ G) = f ◦ η(G′,K′,G′
0)

as required. Thus η is a natural isomorphism
from 1G onto F ◦G, and F ◦G ∼= 1G .

Now we prove a similar lemma to that above, but now in the opposite direction.

Lemma 5.4.5. Let ζ be the map from the objects of D to the morphisms of D which assigns to
every object (K,ϕ,L) the map ζ(K,ϕ,L) from (K,ϕ,L) := (K,ϕ,L)(G ◦ F) to (K,ϕ,L) consisting
of the pair θ : K → K and Θ : Imϕ→ Imϕ defined by

(Zy)θ = y for all y ∈ K,

(Z(u)ϕ)Θ = (u)ϕ for all u ∈ Domϕ,

where K = KZ/Z and Imϕ = (Imϕ)Z/Z. Then ζ is a natural isomorphism from G ◦ F onto 1D
and G ◦ F ∼= 1D.
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Proof. Clearly θ and Θ are well-defined isomorphisms by the Second Isomorphism Theorem. We
will show now that (θ,Θ) is a morphism from (K,ϕ,L) onto (K,ϕ,L).

Note that Domϕ = (Domϕ)Z/Z and by Proposition 5.3.2, Imϕ = CX/Z (KZ/Z) = (Imϕ)Z/Z.
So (Domϕ)θ ≤ Domϕ and we have satisfied condition (1) of Definition 5.2.5. For all x ∈ Domϕ,
(Zx)ϕZx = Z((x)ϕx) ∈ ZGraph(ϕ). By the definition of Θ, (x)(ϕ ◦ Θ) = Z((x)ϕ), and by the
definition of θ and ϕ, (x)(θ ◦ ϕ) = (Zx)ϕ = Z((x)ϕ). Thus ϕ ◦Θ = θ ◦ ϕ on Domϕ and condition
(2) of Definition 5.2.5 is satisfied. Let τ ∈ L. Then the map τ : K → K defined by (Zy)τ = Z(y)τ
is an automorphism of K and it is clear that θ ◦ τ = τ ◦ θ. Therefore condition (3) of Definition
5.2.5 holds and hence ζ(K,ϕ,L) is a morphism from (K,ϕ,L) onto (K,ϕ,L). Moreover, ζ(K,ϕ,L) is
an isomorphism since θ and Θ are bijections.

It remains to show that ζ is natural, that is, for every object (K ′, ϕ′, L′) ∈ D and morphism
(θ,Θ) from (K,ϕ,L) to (K ′, ϕ′, L′), we have ζ(K,ϕ,L) ◦ (θ,Θ) = (θ,Θ)(G ◦ F) ◦ ζ(K′,ϕ′,L′).

(K,ϕ,L)(G ◦ F)

(θ,Θ)(G◦F)

��

ζ(K,ϕ,L) // (K,ϕ,L)

(θ,Θ)

��
(K ′, ϕ′, L′)(G ◦ F)

ζ(K′,ϕ′,L′)// (K ′, ϕ′, L′)

Let (K ′, ϕ′, L′) ∈ D and let (θ,Θ) be a morphism from (K,ϕ,L) to (K ′, ϕ′, L′). Let Zy ∈ KZ/Z
and Z(u)ϕ ∈ Imϕ. Then

(Zy)(ζ(K,ϕ,L) ◦ (θ,Θ)) = (y)θ

= (Z ′(y)θ)ζ(K′,ϕ′,L′)

= (Zy)[(θ,Θ)(G ◦ F) ◦ ζ(K′,ϕ′,L′)]

and

(Z(u)ϕ)(ζ(K,ϕ,L) ◦ (θ,Θ)) = ((u)ϕ)Θ = ((y)θ)ϕ

= (Z ′((u)θ)ϕ)ζ(K′,ϕ′,L′)

= ((Z(u)ϕ)(θ,Θ)(G ◦ F)) ζ(K′,ϕ′,L′)

= (Z(u)ϕ)((θ,Θ)(G ◦ F) ◦ ζ(K′,ϕ′,L′))

Therefore ζ(K,ϕ,L) ◦ (θ,Θ) = (θ,Θ)(G ◦ F) ◦ ζ(K′,ϕ′,L′) and thus ζ is a natural isomorphism from
G ◦ F onto 1D, and G ◦ F ∼= 1D.

So we have the following corollary of Lemmas 5.4.4 and 5.4.5.

Theorem 5.4.6. The categories G and D are equivalent.

We have now shown that the innately transitive groups can be represented by innate triples,
and that permutational isomorphism in the former category carries over to isomorphism of corre-
sponding innate triples. We see here that in categorical language, we have an elegant and beautiful
result. An alternative theorem could be that there exists a bijection from the isomorphism classes
of G to the isomorphism classes of D (see [12, Proposition 7.4]), but this is not as general as the
result we have here. After all, an isomorphism class is just an equivalence class and does not
indicate that there are other morphisms one can define on innate triples which reflect the structure
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preserving maps of innately transitive groups1. However, formal and precise as this exercise has
been, it is important to recast this categorical result in the language of permutation group theory.
We have developed in this chapter the first major result of this thesis:

Theorem 5.4.7. Every finite innately transitive permutation group is permutationally isomorphic
to an innately transitive group given by Construction 5.3.1, and every permutation group given by
this construction is innately transitive.

Proof. Let (G,K,G0) be an innately transitive group. By Lemma 5.4.4, (G,K,G0) is permuta-
tionally isomorphic to (G,K,G0)(F◦G). So (G,K,G0) is permutationally isomorphic to an innately
transitive group constructed by Construction 5.3.1. By Proposition 5.3.2, every permutation group
constructed by Construction 5.3.1 is innately transitive.

In Section 6.5, we will show that the innately transitive groups can be described by structural
properties of permutation groups such as whether the plinth is abelian, regular, simple, or has trivial
centraliser. So in characterising finite innately transitive permutation groups as innate triples, it is
useful to translate group theoretic properties of innately transitive groups to properties of innate
triples.

Lemma 5.4.8. Let (K,ϕ,L) be an innate triple and let (G,K,G0) = (K,ϕ,L)G and Ω = [G : G0].
Then

1. K is regular on Ω if and only if Kerϕ = 1,

2. CG
(
K
)

= 1 if and only if Imϕ = 1, and

3. CG
(
K
)

is transitive on Ω if and only if Domϕ = K and Kerϕ = 1.

Proof. First recall that G = X/Z, K = KZ/Z, Ω = [X : X0], and G0 = X0/Z with X, Z,
X0 as given in Construction 5.3.1. We know already from Proposition 5.3.2 that CG

(
K
)

=
ImϕZ/Z ∼= Imϕ and it is simple to calculate that the stabiliser in K of the point α = X0 is equal
to KerϕZ/Z ∼= Kerϕ. So (1) and (2) follow. For (3), observe that since CG

(
K
)

is semiregular, it
is transitive if and only if K is regular (see Lemma 2.3.2), that is |CG

(
K
)
| = |K|. However by

Lemma 5.1.1, |CG
(
K
)
| = |Domϕ|/|Kerϕ| and hence |CG

(
K
)
| = |K| if and only if Domϕ = K

and Kerϕ = 1.

Recall that K is isomorphic to KZ/Z and so properties of the plinth such as being abelian
or simple are also known from the innate triple. Define an innate triple (K,ϕ,L) to be primitive
(resp. quasiprimitive) if (K,ϕ,L)G is primitive (resp. quasiprimitive). We have the following
corollary to Lemma 5.4.8.

Corollary 5.4.9. An innate triple (K,ϕ,L) is quasiprimitive if and only if either Domϕ = Kerϕ,
or Domϕ = K and Kerϕ = 1.

Proof. Follows from Lemma 5.4.8 and Lemma 3.1.2.

Recall that a transitive permutation group G is primitive, on a set of more than one element,
if every point stabiliser of G is a maximal subgroup of G. By Construction 5.3.1, we have the
following:

1A category in which every morphism is an isomorphism is called a groupoid . In [12], the innately transitive groups

were essentially considered as a groupoid since, restricting attention to the equivalence relation, “permutationally

isomorphic” amounts to discarding those morphisms that are not isomorphisms.
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Corollary 5.4.10. An innate triple (K,ϕ,L) is primitive if and only if Graph(ϕ)oL is a maximal
subgroup of (Imϕ×K) o L.

5.5 Conclusion

Since the study of 2-transitive groups in the late 19th century, subcategories of the transitive
permutation groups which contain the 2-transitive groups have gained much attention. We have
seen that the primitive groups, quasiprimitive groups, and innately transitive groups comprise a
spectrum between the highly structured 2-transitive groups and the wilder transitive groups, and
one can also colour the innate triples in a similar way. Consider the following conditions on a triple
(K,ϕ,L):

1. K is a finite group,

2. ϕ is an epimorphism with domain a subgroup K0 of K with kernel core-free in K, and if K
is abelian, then K0 = K,

3. L is a subgroup of Aut(K) such that L ∩ Inn(K) = InnK0(K) and Kerϕ is L-invariant.

4. K is characteristically simple,

5. K is L-simple,

6. either Domϕ = Kerϕ, or Domϕ = K and Kerϕ = 1.

7. Graph(ϕ) o L is a maximal subgroup of (Imϕ×K) o L.

Lemma 5.5.1. A finite permutation group G with a transitive normal subgroup K, satisfies the
first three properties above. Conversely, if we construct a finite permutation group via Construction
5.3.1 from a triple (K,ϕ,L) with the properties 1, 2, and 3, we will obtain a finite transitive
permutation group.

Proof. First we prove the forward direction. Let G be a finite permutation group on a set Ω
with a transitive normal subgroup K. Certainly, G is a transitive normal subgroup of G and so
we can set K = G. Choose α ∈ Ω and let K0 = Z(G)Gα. Let ϕ be the natural quotient map
from K0 onto K0/Gα, and let L = InnGα(K). Clearly (K,ϕ,L) satisfies property 1. Note that
if K is abelian, then K0 = K. Now the kernel of ϕ is K0 ∩ Gα = Gα which is core-free in K as
G acts faithfully on Ω. Therefore property 2 is satisfied. Note that Kerϕ = Gα is L-invariant
and L ∩ Inn(K) = L = InnK0(K) and hence property 3 is satisfied. Therefore (K,ϕ,L) satisfies
properties 1, 2, and 3.

Conversely, suppose a triple (K,ϕ,L) satisfies 1, 2, and 3. Note that Construction 5.3.1 can
still be applied to (K,ϕ,L) (although it may not be an innate triple) as Kerϕ is L-invariant. Now
Construction 5.3.1 yields the group X = (Imϕ×K) o L where L acts on Imϕ×K by

((u)ϕy)τ = (uτ )ϕyτ

for all u ∈ Domϕ, y ∈ K, and τ ∈ L. Let X0 = Graph(ϕ) o L and let X act by right coset
multiplication on Ω := [X : X0]. Recall that the kernel of this action is Z = {(x)ϕx ιx−1 :
x ∈ Domϕ}. So X/Z acts transitively and faithfully on [X : X0] (in its projective action) as
required.
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The subcategories of the finite transitive permutation groups that we mentioned above, corre-
spond as follows:

Subcategory Properties of (K,ϕ,L)

transitive groups 1,2,3
groups with a transitive normal characteristically simple subgroup 1,2,3,4

innately transitive groups 1,2,3,4,5
quasiprimitive groups 1,2,3,4,5,6

primitive groups 1,2,3,4,5,6,7

Table 5.5.1: The subcategories of the finite transitive permutation groups corresponding to certain
triples (K,ϕ,L).

In this chapter, we proved a characterisation theorem (Theorem 5.4.7) which is in essence what
is known to category theorists as an adjoint situation. The reader who knows what an adjoint
is can see that what we have achieved in this chapter amounts to finding a left adjoint, which is
simultaneously a right adjoint, for the functor which maps an innately transitive group (G,K,G0)
to its associated innate triple (K,ϕ,L). It is said that adjoint situations occur so frequently in
mathematics, that they may be regarded the most useful of categorical notions. However, we have
here not only an adjoint situation, but an equivalence of categories, which is a stronger condition
than an adjunction. Appendix 2 contains a self-contained proof that G is equivalent to D, using
Lemma 4.1.6.
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The Structure of Innately Transitive Groups

Figure 6.0.1: The plinth of G is a transitive minimal normal subgroup of G.

In this chapter, we prove Theorem 6.5.1 which is a structure theorem for innately transitive groups.
First we outline the strategy used to analyse the non-quasiprimitive innately transitive groups,
and then proceed to describe subclasses of these permutation groups. In particular, we will prove
Theorem 6.3.20, which is analogous to Cameron’s structure theorem for primitive groups [20,
Theorems 4.6 and 4.7]. As well as describing non-quasiprimitive innately transitive groups, we
will also give a method for describing all innately transitive groups (and hence all quasiprimitive
groups) of Product Action type. Recall from the introduction (Section 1.2, see also Section 6.3)
that the “blow-up” construction for quasiprimitive groups does not yield all quasiprimitive groups
of Product Action type, and Theorem 6.3.19 will provide a remedy for this problem.

6.1 A strategy for a description

To describe innately transitive groups in the same fashion as was achieved for primitive and
quasiprimitive groups, it suffices to describe those innately transitive groups that are not quasiprim-
itive. Let (G,K,G0) be a non-quasiprimitive innately transitive group. Then by Proposition 3.1.2,
CG (K) is nontrivial and intransitive, and by Proposition 3.1.4, K∩G0 is not a subdirect subgroup
of K. So necessarily K is nonabelian, as otherwise CG (K) = K which contradicts the fact that
CG (K) is intransitive. We split the non-quasiprimitive innately transitive groups into four types
below.

Definition 6.1.1. Let (G,K,G0) ∈ G, Ω = [G : G0], α ∈ Ω, and ∆ = αCG(K). Suppose that K
is nonabelian, CG (K) is nontrivial and intransitive, and Kα is not subdirect in K. We have the
following possible types for G:

1. Almost Simple Quotient type: K is simple.

2. Product Quotient type: K is nonsimple, Kα = 1, and K∆ is not subdirect in K.

3. Diagonal Quotient type: K is nonsimple, Kα = 1, and K∆ is subdirect in K.

4. Product Action type: K is nonsimple and Kα 6= 1.

In general, an innately transitive (possibly quasiprimitive) group which has a nonabelian and non-
simple plinth such that Kα is nontrivial and not subdirect in K, is of Product Action type.
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In many investigations involving a transitive permutation group G, the normal quotient actions
of G play an important role (see for example [65]). These are the transitive actions of G on the
orbit sets of intransitive normal subgroups. The following lemma states that the quotient action
of G on the orbits of the centraliser of its plinth, is quasiprimitive. This result provides a method
for analysing innately transitive groups by their quasiprimitive quotient action, which we will use
in later chapters.

Lemma 6.1.2. Let G be a finite innately transitive permutation group on a set Ω with plinth K,
and let C be the set of orbits of CG (K). Then GC is quasiprimitive with plinth KC ∼= K. Moreover,
if G is not quasiprimitive, then the possible types for G and GC correspond as indicated below.

Type for G Type for GC

Almost Simple Quotient Almost Simple
Diagonal Quotient Diagonal
Product Quotient Product Action
Product Action Product Action

Table 6.1.1: The quasiprimitive type of GC corresponding to the innately transitive type of G.

Proof. If K is abelian, then G is primitive and hence G acts faithfully on C. So there is nothing to
prove in this case. Now assume that K is nonabelian. Let Φ be the natural projection epimorphism
from G to GC , where (g)Φ is the permutation of C induced by g ∈ G. Note that Φ induces a
permutational transformation from G on Ω to GC on C, and the kernel of Φ is equal to CG (K). So
by Lemma 2.1.19, GC is innately transitive on C with plinth KC = (K)Φ. Suppose now that N is
a minimal normal subgroup of GC distinct from KC . Then N centralises KC by Lemma 2.5.2, and
so N ≤ CGC

(
KC). However, by Lemma 2.3.1, CGC

(
KC) = (CG (K))Φ = 1 and therefore we get a

contradiction. So KC is the unique minimal normal subgroup of GC . Hence GC is quasiprimitive
on C.

Suppose G is not quasiprimitive and that K = T1 × · · · × Tk where each Ti is isomorphic
to a nonabelian simple group T . By Definition 6.1.1, G is of Almost Simple Quotient, Diagonal
Quotient, Product Quotient, or Product Action type. By their features, we will ascertain what
the type for GC must be. Let ∆ be the CG (K)-orbit αCG(K).

G is of Almost Simple Quotient type: In this case, K is nonabelian simple and hence KC is
nonabelian simple (as K ∼= KC). Therefore, it follows from Theorem 3.2.1 that GC is of
Almost Simple type. Moreover, the converse is true. If GC is of Almost Simple type, then G
has a simple plinth and hence must be of Almost Simple Quotient type.

G is of Diagonal Quotient type: By Definition 6.1.1, we see that K∆ is subdirect in K and
hence GC is of Diagonal type by Theorem 3.2.1, and conversely.

G is of Product Quotient type: By Definition 6.1.1, we see that K∆ is nontrivial and not sub-
direct in K and hence by Theorem 3.2.1, GC is of Product Action type.

G is of Product Action type: By Definition 6.1.1, we see that K∆ is nontrivial as 1 6= Kα ≤
K∆. So GC is not of Twisted Wreath type. By Lemma 3.1.4, Kα is not subdirect in K (as
G is not quasiprimitive). Suppose K∆ is subdirect in K. By Scott’s Lemma (2.4.4), K∆ is a
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direct product
∏
Mj of full diagonal subgroups of subproducts

∏
i∈Ij Ti where the Ij form a

partition of {1, . . . , k}. Note that K∆ is a product of nonabelian simple groups as each Mj is
isomorphic to T . Since Kα is a nontrivial normal subgroup of K∆, we have by Lemma 2.4.4,
that Kα is a product of some of the Mj . However, by Lemma 2.5.3, Gα normalises Kα and
acts transitively on {T1, . . . , Tk} (by conjugation), and hence every Mj must be contained in
Kα. So it follows that Kα = K∆, which is a contradiction. Therefore K∆ is not subdirect in
K and thus GC is of Product Action type by Theorem 3.2.1.

The names of the types given in Definition 6.1.1 emanate from the quasiprimitive types of the
normal quotients.

6.2 Innately transitive groups with a simple plinth

We will first deal with the case that K is a simple group. We have the following tautological
description of the Almost Simple Quotient type.

Description 6.2.1 (Almost Simple Quotient type). Let G be a finite permutation group on a set
Ω, let α ∈ Ω, and let K be a nonabelian simple normal subgroup of G such that G = KGα and
Gα 6≥ K. We suppose that CG (K) 6= 1 and G 6= CG (K)Gα.

Proposition 6.2.2. An innately transitive group (G,K,G0) is of Almost Simple Quotient type if
and only if G, K, CG (K), and Ω := [G : G0] satisfy Description 6.2.1.

Proof. Let (G,K,G0) ∈ G. Suppose firstly that (G,K,G0) is of Almost Simple Quotient type.
Then by definition, K is simple and G = KG0 by Definition 4.2.6. Note that G acts nontrivially
on [G : G0] and hence G0 6≥ K. Since G is not quasiprimitive, we have that CG (K) is nontrivial
and intransitive. By Lemma 2.1.3, G 6= CG (K)Gα.

The converse is trivial since a simple normal subgroup ofG is clearly a minimal normal subgroup
of G.

The description of Almost Simple Quotient type is similar to the description of quasiprimitive
groups of Almost Simple type, as neither yields any extra information about the actions of these
groups. Recall, that to classify quasiprimitive groups of Almost Simple type requires one to know
the subgroup structure (up to conjugacy) of every nonabelian simple group. Similarly, to classify
innately transitive groups of Almost Simple Quotient type requires not only knowledge of the
conjugacy classes of subgroups of nonabelian simple groups, but also of their sections. This is
indeed a very difficult problem.

We can also characterise an innately transitive group possessing a simple plinth by observing
the following simplification of the conditions for (K,ϕ,L) to be an innate triple when K is a
nonabelian simple group.

Lemma 6.2.3. Let K be a finite non-abelian simple group, let ϕ be an epimorphism from a
subgroup K0 of K onto a finite group, and let L ≤ Aut(K). Then (K,ϕ,L) is an innate triple if
and only if Kerϕ 6= K, L ∩ Inn(K) = InnK0(K), and Kerϕ is L-invariant.

Proof. The second condition of Definition 5.2.1 is that ϕ is an epimorphism from a subgroup K0

of K onto a finite group such that Kerϕ is core-free in K. Now the core of Kerϕ is a normal
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subgroup of K, so since K is simple, Kerϕ is core-free if and only if CoreK(Kerϕ) 6= K. Note that
CoreK(Kerϕ) 6= K is equivalent to Kerϕ 6= K.

The third condition of Definition 5.2.1 is that K is L-simple, L ∩ Inn(K) = InnK0(K), and
Kerϕ is L-invariant. Since K is simple, clearly K has no proper nontrivial L-invariant normal
subgroups, and K is automatically L-simple.

Example 6.2.4 (An innately transitive group of Almost Simple Quotient type).
The examples 2.2.2 and 2.2.3 are innately transitive groups of Almost Simple Quotient type. More-
over, if we let K be simple in Example 2.2.4, we have a large family of such innately transitive
groups. The smallest example of an innately transitive group of this type is precisely the full sym-
metry group of the icosahedron given in Example 2.2.3. It has order 120 and degree 12.

6.3 Innately transitive groups preserving Cartesian decompositions

In this section, we characterise innately transitive groups (G,K,G0) where K is nonabelian,
nonsimple, and Kα := K ∩G0 is not a subdirect subgroup of K (including the case when Kα = 1).
Of course (G,K,G0) may be quasiprimitive, but can only be of Holomorph of a Compound Group,
Twisted Wreath, or Product Action type. As mentioned in the introduction, there was until now,
no general construction method that produced all quasiprimitive groups of Product Action type.
Let G be finite transitive permutation group on a set Ω, and suppose Ω is the Cartesian power
Γk of a set Γ. Let pi : Ω → Γi be the projection of Ω onto the i-th Cartesian factor Γi, and let
Ωi = {(ω)p−1

i : ω ∈ Ω} for all i. The collection of Ωi is called a Cartesian decomposition1 of Ω.
We say that G preserves this Cartesian decomposition if each Ωi is a block for G. Note that the
Ωi partition Ω and the full stabiliser of this partition in Sym(Ω) is isomorphic to Sym(Γ) wrSk (as
each Ωi has the cardinality of Γ).

As defined in Cameron’s book [20], a primitive group G is basic if it cannot be embedded
into a wreath product H wrSk (k ≥ 2) acting in product action. So primitive groups of Simple
Diagonal and Holomorph of a Simple Group type are examples of basic primitive groups. Very
rarely are primitive groups of Almost Simple type non-basic, and they have been fully classified
by Baddeley, Praeger, and Schneider in [9, Theorem 1.1]. If G is a primitive group of Abelian
Plinth type on a vector space V , then G is basic if and only if the stabiliser G0 of the 0-vector of V
preserves no direct sum decomposition of V (see [20, 4.4]). One can represent non-basic primitive
groups, that include primitive groups belonging to the Abelian Plinth, Holomorph of a Compound
Group, Compound Diagonal, Twisted Wreath, and Product Action types (and the exceptional
almost simple ones), as subgroups of wreath products H wrSk acting in product action where H
is primitive and basic (see [20, Theorem 4.7]). So essentially, a non-basic group is a “blow-up” of
a basic group.

Laci Kovács introduced the blow-up construction of a primitive group in his paper [42]. To
define the blow-up of a primitive group, we first must recall some definitions that we introduced
in Section 2.7. Let A be a permutation group on a finite set Γ, let n be a positive integer, and let
W := AwrSn acting in product action. Let

• µ : W → Sn be the natural projection map,

• W1 be the point stabiliser of 1 via the permutation representation µ,

1There is a more general concept of “Cartesian decomposition” which can be found in [9], which we do not

explore here.
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• ν be the natural projection map of W1 = A× (AwrSn−1) onto the first factor A, and

• G be a subgroup of W such that (G)µ is transitive.

Recall that the component of G is defined as the subgroup (G ∩W1)ν of A. A subgroup B of W
is called large if (B)µ is transitive (as a subgroup of Sn) and (B ∩W1)µ = A.

Definition 6.3.1 (Blow-up). Let G be a primitive group with socle M , and let B be a large
subgroup of (G/M) wrSn with n > 1. The blow-up of G by B is the preimage of B in GwrSn
under the natural homomorphism

GwrSn → (G/M)wrSn : (g1, . . . , gn)π 7→ (Mg1, . . . ,Mgn)π.

A subgroup G of a wreath product W := AwrSn acting in product action, is a blow-up of A
if G is a large subgroup of W and soc(A)n is contained in G. So we have the following structure
theorem for primitive groups (see [42, 2.1 and 2.4]).

Theorem 6.3.2 (Kovács 1989). If G is a primitive subgroup of W on Γn and G contains the
socle of W , then G is a blow-up of B = (G ∩Q1)µ on Γ, B is primitive, and soc(G) = soc(W ) =
(soc(B))n.

In general, a blow-up may not be primitive, and many imprimitive constructions were given by
Kovács of blow-ups of primitive groups of Abelian Plinth type. However, blow-ups work beautifully
if one considers primitive groups B whose socles are not regular.

Lemma 6.3.3 (Kovács [42, Theorem 1]). All blow-ups of a primitive group B are primitive if
and only if the socle of B is not regular. In that case, the socles of the blow-ups of B are also
nonregular.

One can readily deduce from the O’Nan–Scott Theorem (3.2.2) the following (see also [58,
Section 3]:

• Primitive groups of Holomorph of a Compound Group type are blow-ups of primitive groups
of Holomorph of a Simple Group type,

• Primitive groups of Compound Diagonal type are blow-ups of primitive groups of Simple
Diagonal type,

• Primitive groups of Product Action type are blow-ups of primitive groups of Almost Simple
type.

In a recent paper by R. Baddeley and C. E. Praeger [6], a generalisation of the blow-up con-
struction was defined for quasiprimitive groups (see [6, Section 4.6]). This construction produces
quasiprimitive groups of Product Action type that preserve a Cartesian decomposition of the un-
derlying set. However not all quasiprimitive groups of Product Action type can be constructed by
this method.

Example 6.3.4. Let G = T wrSk where T is a nonabelian simple group and k > 1. Let U be a
proper subgroup of T whose order is not a proper power, and let G0 = Diag(Uk).Sk. Note that G0

is core-free in G and so the right coset action of G on [G : G0] is quasiprimitive with plinth K = T k

(it is not difficult to see that CG (K) = 1). Moreover, since K0 = G0 ∩ K = Diag(Uk) is not a
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subdirect subgroup of K, we have that G is of Product Action type. However, the degree of G is
equal to |T |k/|U |, and since |U | is not a proper power, G cannot be embedded into a wreath product
acting in product action. Hence G does not preserve a Cartesian decomposition. The smallest
degree example occurs for T = A5, U = A4, and k = 2, where the degree of G is 300.

Baddeley, Praeger, and Schneider [9], studied innately transitive groups G ≤ Sym(Ω) pre-
serving Cartesian decompositions and gave a complete description of the G-invariant Cartesian
decompositions in the case that G has a nonabelian simple plinth. They also showed that for a
fixed α ∈ Ω, the set of G-invariant Cartesian decompositions of Ω is in one-to-one correspondence
with the set of Gα-invariant Cartesian systems of subgroups of K. For more on Cartesian systems
and Cartesian decompositions, we suggest you read [9] or [7].

By specialising a method we use later to construct innately transitive groups of Product Action
type (Construction 6.3.15), we obtain a general construction for quasiprimitive groups of Product
Action type. Below we summarise Theorem 6.3.19, which we will formally state and prove later in
this section.

Theorem 6.3.19 (informal version):
Let G be a quasiprimitive group on a finite set Ω with plinth K, let α ∈ Ω, and
let (K,ϕ,L) be the innate triple associated to (G,K,Gα). Then G is of Product
Action type if and only if there exists a special kind of innate triple (K̃, ϕ̃, L̃) such
that (K,ϕ,L) is obtained by Construction 6.3.15 applied to (K̃, ϕ̃, L̃), with suitable
parameter restrictions.

Recall that non-basic primitive permutation groups can be described as subgroups of wreath
products H wrSk in product action where H is a basic primitive permutation group. We need a
different notion of basic for quasiprimitive groups. The non-basic finite quasiprimitive groups G
are those which act (faithfully) on a G-invariant point partition as a subgroup of a wreath product
in product action.

One can extend this notion to innately transitive groups. However the quotient action of G
on the point partition need not be faithful in this case. In Construction 6.3.7, we show how to
define this possibly unfaithful quotient of a non-basic innately transitive group. The quotient is a
subgroup of a wreath product of basic innately transitive groups in product action (see Proposition
6.3.8). Given one of these quotients, Construction 6.3.15 gives a procedure for constructing nearly
all non-basic innately transitive groups corresponding to it (see Theorem 6.3.17). The non-basic
innately transitive groups not given by Construction 6.3.15 either have a simple plinth (which have
been classified in [9]), or they are of Compound Diagonal type or Abelian Plinth type, and we do
not discuss them in detail since they are quasiprimitive and so their structure is well-known (see
[59]). Below, we nominate those innately transitive groups which we wish to characterise.

Definition 6.3.5. Let Gprod be the set of all (G,K,G0) ∈ G such that K is nonabelian and
nonsimple, and Kα := K ∩G0 is not subdirect in K.

We have the following observation:

Proposition 6.3.6. The subset Gprod of objects of G, with morphisms inherited from G, is a full
subcategory of G.

Proof. Since the morphisms of Gprod are just those inherited from G, it follows directly from
Definition 6.3.5 that Gprod is a full subcategory of G.
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We construct, from a given element of Gprod a new innately transitive group that preserves
a product decomposition of the underlying set. Let (G,K,G0) ∈ Gprod and Kα = K ∩ G0, and
suppose that K = T k where k is a positive integer and T is a nonabelian simple group. Then by
Lemma 2.5.3, the (Kα)πi are permuted transitively by conjugation by G0, and we may identify
each simple direct factor Ti of K with T in such a way that (Kα)πi = U is independent of i.

Construction 6.3.7. Let (G,K,G0) ∈ Gprod where K = T k for some nonabelian simple group T
and k > 1, and let U = (K ∩ G0)πi for all i ∈ {1, . . . , k}. Let Ψ := [K : Uk] and let KΨ be the
permutation group of Ψ induced by K by right coset multiplication. Let Y = UkG0 and let GΨ be
the permutation group of Ψ induced by the action given in Lemma 2.7.6 (noting that K∩Y = Uk).
The output of this construction is the triple (GΨ,KΨ, GΨ

0 ).

Proposition 6.3.8. Let (G,K,G0) ∈ Gprod, where K = T k for some nonabelian simple group T
and k > 1, and let (GΨ,KΨ, GΨ

0 ) be the triple constructed from (G,K,G0) via Construction 6.3.7.
Then

1. (GΨ,KΨ, GΨ
0 ) ∈ Gprod,

2. CGΨ

(
KΨ

)
= CG (K)Ψ,

3. Ψ can be identified with a Cartesian product of k copies of a set Ψ0 and the component V
of GΨ in Sym(Ψ0) is innately transitive of Simple Plinth type with plinth T . Moreover GΨ

is conjugate in Sym(Ψ) to a subgroup of V wrSk ≤ Sym(Ψ0)wrSk and G projects onto a
transitive subgroup of Sk.

Proof.
(1) Let ψ = Uk ∈ Ψ so thatGψ = Y . Since Y containsG0, it follows that Ψ may be identified with a
G-invariant partition of Ω with cells of size |Y : G0| = |Uk : Kα|. Since G = G0K = Y K, it follows
that KΨ is a transitive minimal normal subgroup of GΨ, so GΨ is innately transitive with plinth
KΨ. Thus (GΨ,KΨ, GΨ

0 ) ∈ G. NowKΨ is isomorphic toK (sinceK acts faithfully on Ψ) and hence
KΨ is nonabelian and nonsimple. Also Kψ = K ∩ Y = Uk and for each i, U = (Kψ)πi = (Kα)πi.
Hence Kψ is not a subdirect subgroup of K. Therefore, (GΨ,KΨ, GΨ

0 ) ∈ Gprod.

(2) The map g 7→ gΨ is a well-defined epimorphism from G onto GΨ, and its restriction to K is
an isomorphism from K onto KΨ (since K acts faithfully on Ψ). So by Lemma 2.3.1, CG (K)Ψ =
CGΨ

(
KΨ

)
.

(3) Since Kψ = Uk, it follows from Lemma 2.7.6 that we can identify Ψ with the Cartesian product
of k-copies of Ψ0 := [T : U ] in such a way that GΨ ≤ Sym(Ψ0) wrSk in product action. Since the
action of G on the simple direct factors of K is transitive, GΨ projects onto a transitive subgroup
of Sk. Let GΨ

1 be the stabiliser of 1 in this action and let ν : GΨ
1 → Sym(Ψ0) so that V = (GΨ

1 )ν
is the component of GΨ in Sym(Ψ0). Note that KΨ ≤ GΨ

1 , (KΨ)ν = T acts transitively on Ψ0,
and T is a minimal normal subgroup of V . Thus V is innately transitive with simple plinth T and
KΨ ⊆ GΨ ∩

(
Sym(Ψ0)k

)
. Applying Lemma 2.7.5, we get that GΨ is conjugate in Sym(Ψ0) wrSk

to a subgroup of V wrSk.

In the case that K acts regularly on Ω, we can say even more.

Corollary 6.3.9. Let (G,K,G0) ∈ Gprod, let T , Ω, Ψ, Ψ0, V be as in Proposition 6.3.8, and
suppose K acts regularly on Ω. Then Ω = Ψ, and we may identify Ψ0 with T so that TR ≤ V ≤
Hol(T ). Moreover, one of the following holds:
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1. G is quasiprimitive of Twisted Wreath type or Holomorph of a Compound Group type, and
V is of Almost Simple type or Holomorph of a Simple Group type respectively,

2. K∆ is a proper subdirect subgroup of K and V is of Holomorph of a Simple Group type, or

3. K∆ is not a subdirect subgroup of K and V is of Almost Simple Quotient type.

Proof. Since Kα = 1 and Kα is a subdirect subgroup of Kψ, it follows that U = 1. Thus Kψ = 1
and hence |Ψ| = |K| = |Ω|, So in this case, Ω = Ψ = Ψk

0 and hence by Proposition 6.3.8, G is
conjugate in Sym(Ω) to a subgroup of V wrSk ≤ Sym(Ψ0) wrSk. Moreover, Ψ0 = [T : U ] in this
case may be identified with T and T is a regular normal subgroup of V , so we may identify T

with TR and hence TR ≤ V ≤ Hol(T ). Under this identification, KR = T kR ≤ G ≤ Hol(K) and
CG (K) = G ∩KL.

Suppose that CG (K) = 1 or CG (K) ∼= KL. Then by Proposition 3.1.2, G is quasiprimitive
and by Theorem 3.2.1, G is of Twisted Wreath type or Holomorph of a Compound Group type
respectively and (1) holds. Thus we may assume that CG (K) 6= 1 and |CG (K) | 6= |K|. Now
(CG (K)×KR)ν ∼= (CG (K))ν×TR. Since CG (K) is G-invariant and G is transitive on the simple
direct factors of K, it follows that the projections of CG (K) to the simple direct factors of KL

are pairwise isomorphic. In particular, (CG (K))ν 6= 1. If (CG (K))ν 6= TL, then CG (K) is not a
subdirect subgroup of KL and hence K∆ is not a subdirect subgroup of KR and (3) holds. On the
other hand if (CG (K))ν = TL, then CG (K) is a subdirect subgroup of KL and K∆ is a subdirect
subgroup of KR and (2) holds.

Definition 6.3.10. Let Q : Gprod → Gprod be the map where for each (G,K,G0) ∈ Gprod, the image
(G,K,G0)Q = (GΨ,KΨ, GΨ

0 ) is the element of Gprod constructed from (G,K,G0) via Construction
6.3.7.

Note that Proposition 6.3.8 comprehensively describes the actions of the innately transitive
groups in (Gprod)Q. Below we provide a general description of the family of innately transitive
groups of Product type, which includes the quasiprimitive groups of Product Action type.

Description 6.3.11 (Product Action type). There is a G-invariant partition Ψ of Ω and Ψ is the
Cartesian product of k copies of a set Ψ0. Also there is an innately transitive permutation group
A on Ψ0 of Almost Simple or Almost Simple Quotient type with non-regular plinth T . Choose
ψ0 ∈ Ψ0 and set U := Tψ0 . For ψ = (ψ0, . . . , ψ0) ∈ Ψ, we have Kψ = Uk, and for α ∈ ψ, the
point stabiliser Kα is a subdirect subgroup of Uk with index the size of a block in Ψ. Replacing G
by a conjugate in Sym(Ω) if necessary, we may assume that GΨ ≤ AwrSk ≤ Sym(Ψ0) wrSk. The
point stabiliser Gα projects onto a transitive subgroup of Sk.

Lemma 6.3.12. Let (G,K,G0) ∈ Gprod. Then G is of Product Action type (as described above)
if and only if K is not regular. In this case, the group V in Proposition 6.3.8 is of Almost Simple
type or Almost Simple Quotient type.

Proof. Let (G,K,G0) ∈ Gprod and let (GΨ,KΨ, GΨ
0 ) = (G,K,G0)Q. As in Proposition 6.3.8,

suppose K = T k for some nonabelian simple group T and k ≥ 2, and let Ω = [G : G0], α = U , and
Ψ = Ψk

0 for some set Ψ0. Let ψ ∈ Ψ such that α ∈ Ψ. The innately transitive Product Action type
occurs precisely in this situation where K is not regular. For suppose that K is not regular on
Ω. Then K is not regular on Ψ as Kα is a subdirect subgroup of Kψ. So the simple direct factor
T is not regular on Ψ0 and hence V has either Almost Simple or Almost Simple Quotient type.
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Also by Proposition 6.3.8, G projects onto a transitive subgroup of Sk. The description of Product
Action type above then follows. Conversely, if G is of Product Action type, then by definition, K
is non-regular and Kα is not subdirect in K.

We will characterise the category Gprod in terms of its subcategory (Gprod)Q. It is more conve-
nient to work with innate triples than innately transitive permutation groups, so we first determine
the innate triples corresponding to the groups given by Construction 6.3.7.

Definition 6.3.13. Let Dprod be the set of all (K,ϕ,L) ∈ D such that K is nonabelian and
nonsimple, and Kerϕ is not a subdirect subgroup of K.

Note that Dprod = (Gprod)F. In Appendix 2, it is shown that F is a full functor and thus Dprod
is a subcategory of D.

Lemma 6.3.14. Let (G,K,G0) ∈ Gprod, let (GΨ,KΨ, GΨ
0 ) = (G,K,G0)Q, and let (K,ϕ,L) and

(KΨ, ϕ̃, L̃) be the elements of Dprod corresponding to (G,K,G0) and (GΨ,KΨ, GΨ
0 ) respectively.

Then for some ψ ∈ Ψ, Ker ϕ̃ = Kψ, Dom ϕ̃ = (Domϕ)Kψ, and L̃ = L InnKψ (K).

Proof. First we consider M = G(Ψ). Now M is a normal subgroup of G and M ∩ K = 1, so
M ≤ CG (K). Recall that CG (K)Ψ = CGΨ

(
KΨ

)
by Proposition 6.3.8(2). Let N be the normal

subgroup ofG containingM such thatN/M = CGΨ

(
KΨ

)
. Then 1 = (N/M)∩KΨ = (N∩KM)/M

so N ∩KM = M . Since N contains M , it follows that N ∩K = 1. Thus N ≤ CG (K). On the
other hand, |CG (K) /M | = |CGΨ

(
KΨ

)
|, so N = CG (K). As in the proof of Construction 6.3.7,

we identify Ψ with a partition of Ω in such a way that α lies in the cell ψ. Then the CG (K)Ψ-orbit
∆̂ containing ψ is the set of all cells of Ψ containing at least one point of ∆ := αCG(K). It follows
that K∆̂ contains K∆Kψ.

Moreover, since CG (K)Ψ is regular on ∆̂ with kernel M , we have that ∆ is the union of
the |∆̂| = |CG (K) /M | cells of Ψ contained in ∆, each of size |M |. Now |K∆̂ : Kψ| = |∆̂| =
|CG (K) /M | and |K∆Kψ : Kψ| = |K∆ : K∆ ∩Kψ| = |∆̂| as K∆ ∩Kψ is the stabiliser in K∆ of ψ,
one of the |∆̂| cells in ∆. Thus K∆̂ = K∆Kψ, that is, Dom ϕ̃ = K∆Kψ = (Domϕ)Kψ. Hence by
Lemma 5.1.1, Ker ϕ̃ = Kψ.

Finally, L̃ is the subgroup of Aut(K) induced by Gψ acting by conjugation on K. Since
Gψ = GαKψ, it follows that L̃ = L InnKψ (K).

Given an element (GΨ,KΨ, GΨ
0 ) of (Gprod)Q, we now give a second construction that produces

a subset of elements of Gprod. The output of this construction is a subset of innate triples in Dprod
which corresponds to a family of innately transitive groups via Construction 5.3.1.

Construction 6.3.15. Let Q̂ = G ◦Q ◦ F. Given (K, ϕ̃, L̃) ∈ (Dprod)Q̂, let

1. K0 be a supplement of Ker ϕ̃ in Dom ϕ̃,

2. L be a supplement of InnKer eϕ(K) in L̃ such that L ∩ Inn(K) = InnK0(K),

3. M be a L-invariant normal subgroup of K0 contained in Ker ϕ̃,

4. ϕ : K0 → K0/M be the natural quotient map.

Then (K,ϕ,L) ∈ Dprod.
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Proof. By (4), Kerϕ = M . Since Ker ϕ̃ is core-free in K and M ≤ Ker ϕ̃ by (3), it follows that M
is core-free in K. By definition of D, we have that L̃ is transitive on the simple direct factors of K,
so by (2), L is also transitive on the simple direct factors of K. Hence the only L-invariant normal
subgroups of K are 1 and K. Therefore K is L-simple. Now K is nonabelian and nonsimple and
since Dom ϕ̃ is not a subdirect subgroup of K, it follows from (1) that Domϕ = K0 is not subdirect
in K. Thus (K,ϕ,L) ∈ Dprod.

Suppose (K, ϕ̃, L̃) ∈ (Dprod)Q. There is always at least one output of Construction 6.3.15. One
can set K0, L, and M in (1)-(3) of Construction 6.3.15 to be Dom ϕ̃, L̃, and Ker ϕ̃ respectively. We
will see in Corollary 6.3.18 that the element of Dprod obtained with these parameters is isomorphic
to (K, ϕ̃, L̃).

By definition of (Dprod)Q, Ker ϕ̃ = Uk for some U < T . Recall, that if (G,K,G0) ∈ Gprod
(where K = T k) and (GΨ,KΨ, GΨ

0 ) = (G,K,G0)Q, then for ψ ∈ Ψ, there exists α ∈ Ω such that
Kψ =

∏k
i=1(Kα)πi. By Lemma 5.1.1, Ker ϕ̃ = Kψ for some ψ, and since the (Kα)πi are pairwise

isomorphic, Ker ϕ̃ can be identified with Uk for some proper subgroup U of T .
For some triples in (Dprod)Q, it is possible to obtain an output different from the example in

(i). Suppose Ker ϕ̃ = Uk for some proper subgroup U of T . If U is abelian, it is possible to have
Dom ϕ̃ = Ker ϕ̃ = Uk 6= 1. So in Construction 6.3.15, we could choose K0 = 1, which means that
Kerϕ = 1 is not subdirect in Ker ϕ̃.

As explained above, it is not always true that Kerϕ is a subdirect subgroup of Ker ϕ̃. How-
ever, when Kerϕ is a subdirect subgroup of Ker ϕ̃, it turns out that the corresponding output of
Construction 6.3.15 is isomorphic to (K, ϕ̃, L̃).

Definition 6.3.16. Let P be the relation from (Dprod)Q̂ to Dprod where for every element (K, ϕ̃, L̃)
of (Dprod)Q̂, we define (K, ϕ̃, L̃)P to be the set of all (K,ϕ,L) ∈ Dprod such that (Domϕ)(Ker ϕ̃) =
Dom ϕ̃, L InnKer eϕ(K) = L̃, and Kerϕ is a subdirect subgroup of Ker ϕ̃.

Note that in the above definition, we have highlighted those elements (K,ϕ,L) of Dprod that
arise from Construction 6.3.15 with the additional property that Kerϕ is a subdirect subgroup of
Ker ϕ̃ (where (K, ϕ̃, L̃) is the source of the construction of (K,ϕ,L)).

Theorem 6.3.17. Let (K, ϕ̃, L̃) ∈ (Dprod)Q̂. Then every element of (K, ϕ̃, L̃)P ◦ Q̂ is isomorphic
to (K, ϕ̃, L̃).

Proof. Let (K, ϕ̃, L̃) ∈ (Dprod)Q̂ and let (K,ϕ,L) be an element of (K, ϕ̃, L̃)P ◦Q̂. So (K,ϕ,L) =
(K,ϕ,L)Q̂ for some (K,ϕ,L) ∈ Dprod such that (Domϕ)(Ker ϕ̃) = Dom ϕ̃, L InnKer eϕ(K) = L̃,
and Kerϕ is a subdirect subgroup of Ker ϕ̃.

Recall from Construction 5.3.1, that (K,ϕ,L)G = (G,K,G0) where G = X/Z, K = KZ/Z,
and G0 = Graph(ϕ)L/Z acting on Ω = [X : Graph(ϕ)L], where X = (Imϕ × K) o L and
Z = {(x)ϕxιx−1 : x ∈ Domϕ}. Since (K,ϕ,L) ∈ Dprod, K is nonabelian and nonsimple, and
Kerϕ is not a subdirect subgroup of K. Therefore K is nonabelian and nonsimple. The point
stabiliser of the trivial coset Graph(ϕ)L in K, is equal to (Graph(ϕ)L/Z)∩K = (Kerϕ)Z/Z, and
is not a subdirect subgroup of K. Therefore (K,ϕ,L)G ∈ Gprod.

Since Kerϕ is a subdirect subgroup of Ker ϕ̃, Ker ϕ̃ =
∏k
i=1(Kerϕ)πi where πi is the natural

projection map of K onto its ith simple direct factor. We verify the three conditions of Definition
5.2.1 to show that (K,ϕ,L) and (K,ϕ,L) are isomorphic. As in the proof of Lemma 6.3.14, the
domain of ϕ̃ is (Domϕ)(Ker ϕ̃) and so ϕ̃ maps Domϕ onto Im ϕ̃.
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Let θ : K → K be the isomorphism which maps each y ∈ K to Zy ∈ K. The domain of
ϕ is (Domϕ)θ(Kerϕ), and hence ϕ maps (Domϕ)θ onto Imϕ. Now the natural projection map
πi : K → (Ti)θ, is equal to θ−1 ◦ πi ◦ θ. Note that

(Ker ϕ̃)θ =

(
k∏
i=1

(Kerϕ)πi

)
θ =

k∏
i=1

((Kerϕ)πi)θ =
k∏
i=1

((Kerϕ)θ)πi = Kerϕ.

Let Θ : Im ϕ̃ → Imϕ be the map defined by ((x)ϕ̃)Θ = ((x)θ)ϕ for all x ∈ Domϕ. We check
first that Θ is well-defined. Let (x1)ϕ̃ = (x2)ϕ̃. Then x1x

−1
2 ∈ Ker ϕ̃. So (x1x

−1
2 )θ ∈ Kerϕ and

hence ((x1)θ)ϕ = ((x2)θ)ϕ. Therefore, Θ is well-defined. By reversing this argument we see that
Θ is injective. So Θ is a bijection, since it is clearly surjective. To see that Θ is a homomorphism,
let (x1)ϕ̃, (x2)ϕ̃ ∈ Im ϕ̃ where x1, x2 ∈ Domϕ. Then

((x1)ϕ̃(x2)ϕ̃)Θ = ((x1x2)ϕ̃)Θ = ((x1x2)θ)ϕ = ((x1)θ)ϕ ((x2)θ)ϕ = ((x1)ϕ̃)Θ ((x2)ϕ̃)Θ.

Therefore, Θ is a homomorphism.
Now we show that θ ◦ ϕ = ϕ̃ ◦Θ on Dom ϕ̃. Let x ∈ Domϕ and y ∈ Ker ϕ̃. Then (xy)ϕ̃ ◦Θ =

((x)ϕ̃)Θ = ((x)θ)ϕ = (xy)θ ◦ ϕ. Therefore θ ◦ ϕ = ϕ̃ ◦ Θ on Dom ϕ̃. Finally, we show that
L = θ−1L̃θ. We have,

θ−1L̃θ = (θ−1Lθ)[θ−1(InnKer eϕ(K))θ] = (θ−1Lθ) Inn(Ker eϕ)θ((K)θ) = (θ−1Lθ) InnKerϕ(K) = L.

Therefore, (θ,Θ) is an isomorphism from (K, ϕ̃, L̃) onto (K,ϕ,L).

We remark that it was proved in [12, Proposition 9.8] that the condition “Kerϕ is a subdirect
subgroup of Ker ϕ̃” is necessary. Let us review what we have found so far. It is our main objective
in this section to characterise the elements of Gprod by their quotient constructions (Gprod)Q. So
far we have shown that we can complete the circle – that is, given an element of (Gprod)Q we
construct (possibly several) innate triples which yield elements of Gprod, and the image under Q of
at least one of these is permutationally isomorphic to the element of (Gprod)Q we started with. It
remains to show that all elements of Gprod arise by this process using Construction 6.3.15.

Theorem 6.3.18. Let (K,ϕ,L) ∈ Dprod. Then there exists an element of (K,ϕ,L)Q̂ ◦ P that is
isomorphic to (K,ϕ,L).

Proof. Let (K,ϕ,L) ∈ Dprod. It is clear that M := Kerϕ, K0 := Domϕ, and L satisfy the
conditions of Construction 6.3.15. Let C = K0/M and let ϕ̂ be the natural quotient map of K0

onto C := K0/M . We show now that (K, ϕ̂, L) ∈ (K,ϕ,L)Q̂◦P . First note that (K, ϕ̂, L) ∈ Dprod
since M = Kerϕ and M is not a subdirect subgroup of K (as (K,ϕ,L) ∈ Dprod). Let (K, ϕ̃, L̃) =
(K,ϕ,L)Q̂ Since Dom ϕ̂ = Domϕ, we have that (Dom ϕ̂)(Ker ϕ̃) = Dom ϕ̃, L InnKer eϕ(K) = L̃,
and Kerϕ is a subdirect subgroup of Ker ϕ̃. Therefore (K, ϕ̂, L) ∈ (K,ϕ,L)Q̂ ◦ P .

Let θ be the identity automorphism of K onto itself and let Θ : Imϕ → C be defined by
((x)ϕ)Θ = Mx. First we show that Θ is well-defined. Let x1, x2 ∈ K0 and suppose (x1)ϕ = (x2)ϕ.
Then x1x

−1
2 ∈ Kerϕ = M and hence Mx1 = Mx2, and Θ is well-defined. It is clear that Θ is an

isomorphism. Note that (Dom ϕ̂)θ = Dom ϕ̂ = Domϕ and so the first property of Definition 5.2.1
is satisfied. Now for all x ∈ Domϕ, (x)ϕ ◦Θ = Mx = (x)ϕ̂ = (x)θ ◦ ϕ̂ and hence θ ◦ ϕ̂ = ϕ ◦Θ on
Domϕ. So the second property of Definition 5.2.1 holds. Since L = θ−1Lθ, the third condition of
Definition 5.2.1 holds and hence (θ,Θ) is an isomorphism from (K,ϕ,L) onto (K, ϕ̂, L). Therefore
(K,ϕ,L) is isomorphic to an element of (K,ϕ,L)Q̂ ◦ P .
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Figure 6.3.1: Given an innate triple (K,ϕ,L) (top left dot), Theorem 6.3.17 says that every
element of (K,ϕ,L)Q̂ ◦ P ◦ Q̂ (the bottom right box) is isomorphic to (K,ϕ,L)Q̂ (top right dot).
Theorem 6.3.18 states that there exists an element of (K,ϕ,L)Q̂ ◦ P (bottom left box) that is
isomorphic to (K,ϕ,L).

Now state and prove Theorem 6.3.19 which was one of our main objectives in this section.

Theorem 6.3.19. Let G be a quasiprimitive group on a finite set Ω with plinth K, let α ∈ Ω, and
let (K,ϕ,L) be the innate triple associated to (G,K,Gα). Then G is of Product Action type if and
only if there exists (K̃, ϕ̃, L̃) ∈ (Dprod)Q̂ such that (K,ϕ,L) is obtained by Construction 6.3.15
applied to (K̃, ϕ̃, L̃), with the parameters M and K0 in part (3) of Construction 6.3.15, equal and
nontrivial.

Proof. Let G, K, Ω, and α be as given in the statement. Suppose first that G is quasiprimitive
of Product Action type. Then by Theorem 3.2.1 and the description of Product Action type in
Description 6.3.11, K is nonabelian and nonsimple, Kerϕ = Kα is nontrivial and not a subdirect
subgroup of K, and Imϕ = CG (K) = 1. So (K,ϕ,L) ∈ Dprod and by Corollary 6.3.18, there
exists (K̃, ϕ̃, L̃) such that (K,ϕ,L) is equivalent to an innate triple obtained by Construction
6.3.15 applied to (K̃, ϕ̃, L̃). Now the parameters M and K0 in part (3) of Construction 6.3.15
are precisely the kernel and domain of ϕ. Since G is quasiprimitive, by Proposition 3.1.2, either
M = K0, or M = 1 and K0 = K. The latter is impossible as Imϕ = 1. Therefore M and K0 are
equal, and since G is of Product Action type, M is nontrivial.

Conversely suppose there exists (K̃, ϕ̃, L̃) ∈ (Dprod)Q such that (K,ϕ,L) is obtained by Con-
struction 6.3.15 applied to (K̃, ϕ̃, L̃), with the parameters M and K0 in part (3) of Construc-
tion 6.3.15, equal and nontrivial. By Corollary 5.4.9, (K,ϕ,L) is quasiprimitive and hence G is
quasiprimitive on Ω. Since (K,ϕ,L) ∈ Dprod and Kerϕ = M 6= 1, by definition we must have
(G,K,Gα) ∈ Gprod with Kα 6= 1. Therefore G is of Product Action type.

We now give a major result of this thesis which is an analogue of Cameron’s structure theorem
where the innately transitive groups are separated into basic and non-basic types. That is to say,
innately transitive groups satisfying (1), (2), or (3) of Theorem 6.3.20 play the role of the basic
examples.

Theorem 6.3.20. Let G be a finite innately transitive permutation group on a set Ω with plinth
K = T k (where T is a simple group). Then one of the following is true:

1. K is abelian,

2. K is simple,

3. G is quasiprimitive of Simple Diagonal type,

4. G is quasiprimitive of Compound Diagonal type, or
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5. G can be obtained by Construction 6.3.15 from a subgroup of a wreath product G0 wrSk where
G0 is innately transitive as in (2).

Proof. Let G be an innately transitive group on a set Ω with plinth K. We may assume that K
is nonabelian and nonsimple, as otherwise K satisfies (1) or (2) of Theorem 6.3.20. Let α ∈ Ω. We
have two cases; Kα is or is not a subdirect subgroup of K. By Proposition 3.1.4 and the description
of Diagonal type in Section 6.5, if Kα is a subdirect subgroup of K, then G satisfies (3) or (4) of
Theorem 6.3.20. So suppose Kα is not a subdirect subgroup of K. Then (G,K,Gα) ∈ Gprod. Let
(GΨ,KΨ, GΨ

0 ) = (G,K,G0)Q as in Construction 6.3.7.

By Proposition 6.3.8, Ψ can be identified with k copies of a set Ψ0 and GΨ is conjugate to a
subgroup of V wrSk in product action, where V is the component ofGΨ in Sym(Ψ0). It follows from
Corollary 6.3.18 that G is permutationally isomorphic to an innately transitive group produced by
Construction 6.3.15 using the innate triple corresponding to (GΨ,KΨ, GΨ

0 ) as input.

If K is regular, then by Corollary 6.3.9 it follows that V is innately transitive with a simple
plinth (in all cases). Also if K is not regular, then by Lemma 6.3.12, V is again innately transitive
with a simple plinth. Therefore G satisfies part (5) of Theorem 6.3.20.

Below is an illustrative example of an innately transitive group G of Product Action type that
highlights the difference between the quasiprimitive and innately transitive settings.

Example 6.3.21 (An innately transitive group of Product Action type).
Let T be a nonabelian simple group, let A be a subgroup of T with a nontrivial abelian normal

subgroup B such that A = B o 〈x〉 where x ∈ A and x has order |A : B|. Let G = A× (T wrS2).
Denote by B1, B2, B3 the copies of B residing in the first direct factor A of G, the first direct factor
of the base group of T wrS2, and the second direct factor of the base group of T wrS2 respectively.
Let t be the element (x, x, x) in A× T 2.

Let Gψ be the group generated by B1, B2, B3, t, and the top group S2 of the wreath product
T wrS2. So Gψ is isomorphic to [(B ×B ×B).〈t〉] o S2. Notice that CoreG(Gψ) = B1. Let Gα be
the group generated by the straight diagonal subgroup of B1×B2, the straight diagonal subgroup of
B1 × B3, t, and the top group S2. So Gα is a subgroup of Gψ isomorphic to [(B × B).〈t〉] o S2.
However, Gα is core-free in G.

Let K be the base group T 2 of T wrS2. Notice that K is a minimal normal subgroup of G,
Kψ := K ∩Gψ = B2×B3, and Kα := K ∩Gα = {(u, u−1) : u ∈ B} ∼= B. So |G : Gα| = 2|A||T |2

2|x||B|2 =
|T |2
|B| = |K : Kα| and |G : Gψ| = 2|A||T |2

2|x||B|3 = |T |2
|B2| = |K : Kψ|. Also note that Kψ = (Kα)π1× (Kα)π2

where π1 and π2 are the natural projections of K onto the first and second simple direct factors of
K respectively.

So we have here that G is innately transitive on Ω = [G : Gα] with plinth K, but may not
be contained naturally in a wreath product acting in product action. However, the group induced
by the action of G on Ψ := [G : Gψ] is isomorphic to (A/B) × (T wrS2) and is permutationally
isomorphic to a subgroup of (A/B × T/B)wrS2 acting in product action on [T : B]2, as the
following illustrates. Now the stabiliser in GΨ of the first simple direct factor of K is (A/B)×K.
So the component of GΨ here is V = A/B× T/B. So by Proposition 6.3.8, GΨ is permutationally
isomorphic to a subgroup of V wrS2 = (A/B × T/B) wrS2.

One can take T = A5, A = D10, and B = Z5 for this example.
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6.4 Innately transitive groups with a regular plinth

In this section, we analyse innately transitive groups whose plinths act regularly. Let G be
an innately transitive group on a set Ω, let α ∈ Ω, let K be the plinth of G, and suppose K is
nonabelian, nonsimple, and acts regularly on Ω, that is, Kα = 1. Recall by Lemma 2.6.5, that we
may identify Ω with K, identify K with KR, identify α with the identity element of K, identify
CSym(Ω) (K) with CSym(K) (KR) = KL, and identify NSym(Ω) (K) with Hol(K). Let K = T k where
T is a nonabelian simple group and k ≥ 2. If CG (KR) = 1, then G is quasiprimitive by Proposition
3.1.2, and of Twisted Wreath type by Theorem 3.2.1. If CG (KR) = KL, then CG (KR) is transitive
and hence G is quasiprimitive and of Holomorph of a Compound Group type by Proposition 3.1.2
and Theorem 3.2.1. We split the remaining case into two parts as follows:

• CG (KR) 6= 1 and CG (KR) is not subdirect in KL: We shall show in Proposition 6.4.4(ii)
that G is of Product Quotient type.

• 1 < CG (KR) < KL and CG (KR) is subdirect in KL: It will turn out (see Proposition
6.4.4(iii)) that G is of Diagonal Quotient type.

In this section, we will prove that innately transitive groups G of these two types have the
following structure:

Description 6.4.1. There is an isomorphism ϕ from a subgroup K0 of K onto CG (K). Here
G = K o Gα where Graph(ϕ) E Gα ≤ Aut(K) = Aut(T ) wrSk, Gα projects onto a transitive
subgroup Sk, and Gα intersects Inn(K) in Graph(ϕ). So G is contained in the holomorph of K,
that is, K o Graph(ϕ) E G ≤ K o Aut(K) = Hol(K). Moreover, G is conjugate in Sym(K) to a
subgroup of V wrSk in product action, where V is innately transitive with regular plinth T .

Diagonal Quotient Type: Here, Graph(ϕ) is a proper subdirect subgroup of Inn(K) and V is
of Holomorph of a Simple Group type. Moreover CG (K) is a direct product of m full diag-
onal subgroups of T k/m for some divisor m of k, and G ≤ NHol(K) (CG (K)) = K o [(A ×
Sk/m) wrSm], Graph(ϕ) = Bm, where A and B are full diagonal subgroups of Aut(T )k/m

and Inn(T )k/m respectively, and the projection of Gα onto Sk/m wrSm is transitive.

Product Quotient type: In this case, Graph(ϕ) is nontrivial and not subdirect in Inn(K), and
V is of Almost Simple Quotient type.

Let (KR, ϕ, L) be the innate triple associated to (G,KR, Gα). By Lemma 2.6.8, ϕ is an isomor-
phism from (KR)∆ onto CG (KR) and (ρx)ϕ = λx for all ρx ∈ (KR)∆. The graph of ϕ is useful
for analysing this case. Recall that Graph(ϕ) is the subgroup of CG (KR) × (KR)∆ defined by
Graph(ϕ) = {(u)ϕu : u ∈ (KR)∆}.

Lemma 6.4.2. Let G ≤ Sym(K) be innately transitive with non-abelian plinth KR, let ∆ be the
orbit of the identity element α of K under CG (KR), and let ϕ be the isomorphism from (KR)∆
onto CG (KR) given in Lemma 5.1.1. Then:

1. Graph(ϕ) is a full diagonal subgroup of CG (KR)× (KR)∆,

2. Graph(ϕ) = (CG (KR)×KR)α, and

3. Graph(ϕ) = CoreGα((Inn(TR))φ−1) where T is a simple direct factor of K and φ is the map
from NGα (TR) to Aut(TR) induced by the conjugation action of NGα (TR) on TR.
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Proof. Part (1) Follows from the definition of Graph(ϕ).

(2) Since KL×KR = KRo Inn(K), KR is regular on K, and Inn(K) fixes α, it follows that (KL×
KR)α = Inn(K). Now Graph(ϕ) is a subgroup of CG (KR)×KR, so Graph(ϕ) ≤ (CG (KR)×KR)α.
On the other hand CG (KR)×KR is transitive on K and hence

|(CG (KR)×KR)α| = |CG (KR)×KR|/|KR| = |CG (KR) | = |Graph(ϕ)|.

Therefore Graph(ϕ) = (CG (KR)×KR)α.

(3) Let M = (Inn(TR))φ−1. First we will show that Graph(ϕ) ≤ CoreGα(M). Clearly, Graph(ϕ)
lies in the domain NGα (TR) of φ and (Graph(ϕ))φ ≤ Inn(TR) since Graph(ϕ) ≤ Inn(K). So
Graph(ϕ) ≤ M and since Graph(ϕ) E Gα, it follows that Graph(ϕ) ≤ g−1Mg for all g ∈ Gα.
Therefore Graph(ϕ) ≤ CoreGα(M).

Now we prove the reverse inclusion. For all i, let Ti be the i-th simple direct factor of K,
φi : NGα ((Ti)R) → Aut((Ti)R) be the induced conjugation map, and Mi = (Inn((Ti)R))φ−1

i . Since
Gα is transitive on the simple direct factors of K, CoreGα(M) =

⋂k
i=1Mi. Let x ∈ CoreGα(M).

Then (x)φi ∈ Inn((Ti)R) for all i. So for all i, there exists ρti ∈ (Ti)R such that for all ρyi ∈
(Ti)R, x−1ρyix = ρ−1

ti yiρti . Hence for all ρy1 · · · ρyk ∈ (T1)R × · · · × (Tk)R = KR, we have
x−1(ρy1 · · · ρyk)x = ρ(t1···tk)−1(y1···yk)(t1···tk), and therefore x induces an inner automorphism of K.
The subgroup inducing inner automorphisms is KL ×KR = KR o Inn(K) (see Lemma 2.6.5(3)),
and thus x ∈ (KL × KR) ∩ Gα = Graph(ϕ) (by (2)). Therefore CoreGα(M) ≤ Graph(ϕ) as
required.

Remarks 6.4.3. We can translate the properties of CG (KR) in the case subdivision in Lemma
6.4.2 to properties of Graph(ϕ):

1. CG (KR) = 1 if and only if Graph(ϕ) = 1;

2. CG (KR) is subdirect in KL if and only if Graph(ϕ) is subdirect in Inn(K);

3. CG (KR) = KL if and only if Graph(ϕ) = Inn(K).

For the description of Twisted Wreath type for primitive groups given in [46], G = KP where
K = T1 × · · · × Tk = T k and P = Gα. The condition for these primitive groups that P

acts faithfully as a group of permutations of {T1, . . . , Tk}, is equivalent to the condition that
CoreGα((Inn(TR))φ−1) is trivial. In the description of Twisted Wreath type for quasiprimitive
groups in [59], the requirement that CoreGα((Inn(TR))φ−1) = 1 was explicitly stated in this
form. In the more general setting of innately transitive groups, we can replace the condition
“CoreGα((Inn(TR))φ−1) = 1” with the natural and equivalent requirement that Graph(ϕ) be triv-
ial. This form of the condition is helpful in differentiating the Twisted Wreath type from the other
types of innately transitive groups which involve Graph(ϕ) in their descriptions.

We now give a structure theorem for Regular Plinth type. Recall by Corollary 6.3.9, that we
have G ≤ V wrSk in product action on T k where V , the component of G, is innately transitive on
T with a regular plinth.

Proposition 6.4.4. Let K = T k where k ≥ 2 and T is a nonabelian simple group, let G ≤
Hol(K) ∼= Hol(T ) wrSk, and let V be the component of G in Hol(T ).

(i) If Graph(ϕ) = 1, then V is of Almost Simple type, K is the unique minimal normal subgroup
of G, and G is quasiprimitive of Twisted Wreath type.
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(ii) If Graph(ϕ) is nontrivial and not subdirect in Inn(K), then V is of Almost Simple Quotient
type and G is of Product Quotient type.

(iii) If Graph(ϕ) is nontrivial and subdirect in Inn(K), then V is of Holomorph of a Simple
Group Type, and CG (KR) is a direct product of m full diagonal subgroups of T k where m is a
proper divisor of k. Up to permutational isomorphism, we have that G ≤ NHol(K) (CG (K)) =
KR o [(A × Sk/m) wrSm] and Graph(ϕ) = Bm, where A and B are full diagonal subgroups
of Aut(T )k/m and Inn(T )k/m respectively. Thus G is of Diagonal Quotient type.

(iv) If Graph(ϕ) = Inn(K), then V is of Holomorph of a Simple Group type, and G is primitive
of Holomorph of a Compound Group type.

Proof. Parts (i) and (iv) follow from Corollary 6.3.9. For part (ii), it follows from Corollary 6.3.9
that V is of Almost Simple Quotient type and hence G is of Product Quotient type as described in
Section 6.5. It remains to prove part (iii). Let ∆ be the orbit of the identity element of K under
CG (KR). By Remarks 6.4.3, CG (KR) is a subdirect subgroup of KL. Equivalently (see the proof
of Corollary 6.3.9), the setwise stabiliser (KR)∆ is a subdirect subgroup of KR. So by Corollary
6.3.9, V is of Holomorph of a Simple Group type.

By Lemma 2.4.4, there exists a positive integer m, such that CG (KR) is a direct product of m
full diagonal subgroups of subproducts of T k. Since Gα acts transitively on the simple direct factors
of K, it also acts transitively on the simple direct factors of CG (KR), and hence m is a divisor of
k. Now each full diagonal subgroup of a subproduct of T k is of the form {(tγ1 , . . . , tγk/m) : t ∈ T},
where each γi is an automorphism of T . So the image of G under some element γ of Aut(K) yields
a permutation group Ĝ = (G)γ on [Ĝ : (G0)γ] that is permutationally isomorphic to G on Ω such
that CĜ ((KR)γ) is a direct product of straight diagonal groups of the form {(t, . . . , t) : t ∈ T}.
We will identify G with Ĝ.

Let Σ = {1, . . . ,m} where each i = {(i − 1)r + 1, . . . , ir} and r = k/m. Note that Σ forms a
partition of {1, . . . , k}. It is a simple fact (see [30, Exercise 2.6.2]), that (Sk)Σ ∼= Sr wrSm. We
relabel the simple direct factors of K such that (KR)∆ = D1×· · ·×Dm where each Di is a straight
diagonal subgroup of T r.

Note that

NHol(K) (CG (KR)) = NSym(K) (CG (KR)) ∩ (KR o Aut(K)) = KR o NAut(K) (CG (KR)) .

Now τ ∈ NAut(K) (CG (KR)) if and only if λ(x)τ = τ−1λxτ ∈ CG (KR) for all λx in CG (KR), or
equivalently, ρ(x)τ ∈ (KR)∆ where ρx ∈ (KR)∆. So NAut(K) (CG (KR)) = Aut(K)(KR)∆ in the
natural action of Aut(K) on KR. Let (a1, . . . , ak)π ∈ Aut(K) = Aut(T ) wrSk. So (a1, . . . , ak)π
fixes (KR)∆ setwise if and only if π ∈ (Sk)Σ and a(i−1)r+1 = · · · = air for each i ∈ {1, . . . , k}.
Therefore Aut(K)(KR)∆ = A0× (Sk)Σ where A0 = A1×· · ·×Ak and each Ai is a straight diagonal
subgroup of Aut(T )r. Hence NHol(K) (CG (KR)) = KR o [(A × Sk/m) wrSm] where A is a full
diagonal subgroup of Aut(T )r. By Lemma 6.4.2, Graph(ϕ) = Inn(KR)∆(K) and so by a similar
argument, Graph(ϕ) = Bm where B is a full diagonal subgroup of Inn(T )r. Thus G is of Diagonal
Quotient type as described in Section 6.5.

Now we give some examples of innately transitive groups of Product Quotient and Diagonal
Quotient type.
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Example 6.4.5 (An innately transitive group of Product Quotient type).
Let H be an innately transitive group of Almost Simple Quotient type with regular plinth M , and
let k > 1. Then G = H wrSk is innately transitive in product action (see Theorem 2.7.4) with
regular plinth K = Mk. Moreover, CG (K) = (CH (M))k and CH (M) < ML, and hence CG (K)
is not a subdirect subgroup of the left representation of K. Therefore, G is of Product Quotient
type.

Example 6.4.6 (An innately transitive group of Diagonal Quotient type).
Let T be a nonabelian simple, let k > 1, let m be a divisor of k not equal to k, let A be the

straight diagonal subgroup of Aut(T k/m)m, and let G = K o [(A × Sk/m) wrSk] where K acts
regularly on itself and (A × Sk/m)wrSk acts naturally as a subgroup of Aut(K) = Aut(T ) wrSk.
Then G is innately transitive with regular plinth K, and CG (K) = Cm where C is the straight
diagonal subgroup of T k/m. Since CG (K) is a subdirect product of K, we have that G is of Diagonal
Quotient type.

6.5 The structure theorem for innately transitive groups

In this section, we state and prove a structure theorem for innately transitive groups – one of
the major aims of this thesis.

Theorem 6.5.1. Every finite innately transitive permutation group is permutationally isomorphic
to a group of one of the five types described below. Moreover, every group described below is innately
transitive.

In the following, G is a permutation group on a finite set Ω with K a normal subgroup of G
and α ∈ Ω. We will suppose K = T k where T is a finite simple group and k is a positive integer.
Theorem 6.5.1 states that every finite innately transitive group belongs to the following list of
types, and moreover, the categories in the list are disjoint and exhaustive, and every group G that
belongs to the list is innately transitive with plinth K.

Abelian Plinth Type: Here Ω is a k-dimensional vector space over a field of prime order p,
that is, Ω = Zkp and G = K oG0 where K is the group of all translations and G0 is an irreducible
subgroup of GL(k, p) (the group of automorphisms of the additive group of Ω). So G is contained
in the holomorph of K, that is, G ≤ K o GL(k, p) = AGL(k, p). The subgroup K is regular on Ω
and elementary abelian. In this case, G is primitive.

Simple Plinth Type: In this case, K is a non-abelian simple group, G = KGα, and Gα 6≥ K.
There are three subtypes:

• Holomorph of a Simple Group Type
Here Ω = K and Inn(K) ≤ Gα ≤ Aut(K). So G is contained in the holomorph of K, that
is, K o Inn(K) ≤ G ≤ K o Aut(K) = Hol(K). In this case, G is primitive.

• Almost Simple Type
In this case CG (K) = 1 and K ∼= Inn(K) ≤ G ≤ Aut(K), that is, G is almost simple.

• Almost Simple Quotient Type
Here CG (K) 6= 1 and G 6= CG (K)Gα.
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Regular Plinth Type: In this case, K is non-abelian, non-simple, and Ω = K. There is an
isomorphism ϕ from a subgroup K0 of K onto CG (K). Here G = K o Gα where Graph(ϕ) E

Gα ≤ Aut(K) = Aut(T ) wrSk, Gα projects onto a transitive subgroup of Sk, and Gα intersects
Inn(K) in Graph(ϕ). So G is contained in the holomorph of K, that is, K o Graph(ϕ) E G ≤
K o Aut(K) = Hol(K). Moreover, G is conjugate in Sym(K) to a subgroup of V wrSk in product
action, where V is innately transitive with regular plinth T . In particular, we have four subtypes:

• Twisted Wreath Type
Here Graph(ϕ) is trivial, V is of Almost Simple type, and K is the unique minimal normal
subgroup of G. Thus G is quasiprimitive.

• Product Quotient Type
In this case, Graph(ϕ) is nontrivial and not subdirect in Inn(K), and V is of Almost Simple
Quotient type.

• Diagonal Quotient Type
Here Graph(ϕ) is a proper subdirect subgroup of Inn(K) and V is of Holomorph of a Simple
Group type. Moreover CG (K) is a direct product of m full diagonal subgroups of T k/m

for some proper divisor m of k, and G ≤ NHol(K) (CG (K)) = K o [(A × Sk/m) wrSm],
Graph(ϕ) = Bm, where A and B are full diagonal subgroups of Aut(T )k/m and Inn(T )k/m

respectively, and the projection of Gα onto Sk/m wrSm is transitive.

• Holomorph of a Compound Group Type
For this case, Graph(ϕ) is equal to Inn(K), V is of Holomorph of a Simple Group type, and
G is primitive.

Product Action type: There is a G-invariant partition Ψ of Ω and Ψ is the Cartesian
product of k copies of a set Ψ0. Also there is an innately transitive permutation group A on Ψ0 of
Almost Simple or Almost Simple Quotient type with non-regular plinth T . Choose ψ0 ∈ Ψ0 and
set U := Tψ0 . For ψ = (ψ0, . . . , ψ0) ∈ Ψ, we have Kψ = Uk, and for α ∈ ψ, the point stabiliser
Kα is a subdirect subgroup of Uk with index the size of a block in Ψ. Replacing G by a conjugate
in Sym(Ω) if necessary, we may assume that GΨ ≤ AwrSk ≤ Sym(Ψ0) wrSk. The point stabiliser
Gα projects onto a transitive subgroup of Sk.

Diagonal Type: In this case, K is non-simple, non-regular, a stabiliser Kα is a subdirect
subgroup of K, and CG (K) = 1. Thus G is quasiprimitive. We have Ω = ∆l and K = T k ≤
G ≤ B wrSl ≤ Sym(∆)wrSl, in product action, for some proper divisor l of k where B is a
quasiprimitive permutation group on ∆ with plinth T k/l, and G projects onto a transitive subgroup
of Sl. In particular, G is quasiprimitive and we have two subtypes:

• Simple Diagonal Type
Here l = 1 and Kα is a full diagonal subgroup of K. For more details see [59].

• Compound Diagonal Type
In this case, l > 1 and B is of Simple Diagonal type.



6.6. The proof of the structure theorem 91

6.6 The proof of the structure theorem

We prove first that every group G with normal subgroup K satisfying one of the types described
in Section 6.5 is innately transitive with plinth K (see below).

Lemma 6.6.1. Each group G with normal subgroup K of one of the types described in Section 6.5
is innately transitive with plinth K.

Proof. Let G be a group belonging to one of the types listed in Section 6.5, and let K be the
corresponding normal subgroup of G. Clearly in the cases Abelian Plinth, Simple Plinth, and
Regular Plinth, K is a transitive minimal normal subgroup of G. Suppose G is of Diagonal Type.
Then K is a minimal normal subgroup of G since G acts transitively on the simple direct factors
of K (see Lemma 2.5.3). Now for some proper divisor l of k, T k/l acts transitively on a set ∆ and
Ω = ∆l. So by definition of product action, K acts transitively on Ω.

All that remains is to show that if G satisfies the conditions of Product Action type, then G is
innately transitive. Now since Gα projects onto a transitive subgroup of Sk, G is transitive on the
simple direct factors of K. So by Lemma 2.5.3, K is a minimal normal subgroup of G. We want
to show now that K is transitive on Ω, that is, |K : Kα| = |Ω|. First note that |Kψ : Kα| is equal
to the size of a cell of Ψ, which is in turn equal to |Ω|/|Ψ|. So |K : Kα| = |K : Kψ||Kψ : Kα| =
|Ψ|(|Ω|/|Ψ|) = |Ω|. Therefore, K is transitive on Ω and G is innately transitive.

We conclude with the proof of Theorem 6.5.1.

Proof of Theorem 6.5.1. By Lemma 6.6.1, it suffices to show that every innately transitive
group belongs to one of the types described in Section 6.5. Assume G is innately transitive on
a set Ω with plinth K. If G is quasiprimitive, then by Theorem 3.2.1, G belongs to one of the
types described in Section 6.5. So assume now that G is not quasiprimitive. Necessarily, K is
nonabelian by Proposition 3.1.2. Recall also from Proposition 3.1.2, that CG (K) is nontrivial and
intransitive. So if K is simple, then G satisfies all the conditions of Almost Simple Quotient type
given in Section 6.5.

So now let us assume that K is not simple. Let K = T k for some non-abelian simple group T
and integer k > 1. For i ∈ {1, . . . , k}, let πi : K → Ti be the natural projection map of K onto
the ith simple direct factor Ti of K. Since G = KGα and K is a minimal normal subgroup of G,
by Lemma 2.5.3, Gα is transitive on the simple direct factors of K, Gα normalises Kα, and Gα

permutes the (Kα)πi transitively. Thus the (Kα)πi are pairwise isomorphic. By Proposition 3.1.4,
Kα is not a subdirect subgroup of K and hence (G,K,Gα) ∈ Gprod. We have two cases; Kα = 1
(i.e. K is regular) or, Kα 6= 1 and (Kα)πi is a proper subgroup of Ti for all i. If Kα = 1, then
by Proposition 6.4.4, G is either of Product Quotient or Diagonal Quotient type. Otherwise, if
Kα 6= 1, then G is of Product Action type by Lemma 6.3.12.

Since we have exhausted every case, G belongs to one of the types described in 6.5.

6.7 Conclusion

We divided the non-quasiprimitive innately transitive groups into four types; three of which
contain no quasiprimitive groups, and the fourth is a natural generalisation of Product Action
type given in Praeger’s Theorem 3.2.1. Although some innately transitive groups may seem far
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from being quasiprimitive, we have been able to prove a structure theorem which is in essence, an
extension of Praeger’s result for quasiprimitive groups.

We have also used the theory of innate triples to construct all innately transitive groups of
Product Action type, which provides a complete construction of all quasiprimitive groups of this
type that are not obtained by the “blow-up” construction.

In the same fashion as Cameron’s structure theorem for primitive groups, we have divided the
innately transitive groups into “basic” and “non-basic” forms. However it remains open whether
we can improve Construction 6.3.15 such that an innately transitive group of Product Action type
has a faithful quotient action, that can be embedded in a wreath product in product action. In
other words, does every innately transitive group (G,K,G0) of Product Action type, exhibit a
subgroup M of K containing K ∩ G0, such that the permutation group induced by the action of
G on [K : M ] is isomorphic to G and can be embedded into a wreath product acting in product
action?



93

Part II

Applications





95CHAPTER 7

Overgroups and Quotient Actions of Innately Transitive

Groups

Figure 7.0.1: Some pairs of innately transitive groups are not compatible.

Given two permutation groups G,H ≤ Sn, we say that H is an overgroup of G if G ≤ H. We shall
say that a property P in a class of permutation groups is “overgroup closed” if for any group in the
class with property P , every overgroup of it also has property P . So “is transitive” and “contains
the alternating group” are examples of overgroup closed properties on permutation groups. Recall
that these two properties are at opposite ends of the spectrum of k-transitive permutation groups
(for 1 ≤ k ≤ 6). We may weaken the second property above to “2-transitivity” which is overgroup
closed, and by Lemma 2.1.14, “primitivity” is overgroup closed. However, neither the class of
innately transitive groups nor its subclass of quasiprimitive groups is overgroup closed, as the full
stabiliser of a nontrivial block system for a transitive imprimitive group G is a wreath product
Sn wrSm acting in imprimitive action, and this is not innately transitive (as m > 1).

Describing overgroups of an innately transitive group is in itself an interesting problem, and
some knowledge of this problem can be quite useful in applications to the theory of vertex-transitive
graphs. In this chapter, we will examine the so-called “inclusion” problem for innately transitive
groups – that is, we examine pairs of innately transitive groups G and H where H is an overgroup
of G.

7.1 Some graph theory

In practical situations such as business systems, communication networks, and optimisation
problems, there often arises a graph that is in some sense symmetrical. The automorphism group
of a graph measures the degree of symmetry the graph possesses, and hence is of central interest.
One condition we may stipulate for a graph to be symmetrical, is that it be vertex-transitive. That
is, there is some subgroup of automorphisms of the graph that acts transitively on the vertices.
Similarly, we may require that the graph be edge-transitive, that is, there is some subgroup of
automorphisms of the graph that acts transitively on the edges.

We adopt similar terminology and conventions to a standard text on algebraic theory such as
Godsil and Royle’s book [32]. A graph Γ consists of a vertex set V (Γ) whose members are called
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vertices, and an edge set E(Γ) of unordered pairs of vertices in V (Γ) called edges. Two vertices
v1 and v2 are said to be adjacent if {v1, v2} is an edge. An automorphism of a graph Γ is a
permutation τ of the vertex set of Γ such that v1 and v2 are adjacent vertices if and only if vτ1 and
vτ2 are adjacent. The set of automorphisms of Γ forms a subgroup of Sym(V (Γ)), which we denote
Aut(Γ). The graph Γ is said to be vertex-transitive if its automorphism group acts transitively
on V (Γ). Similarly, Γ is said to be edge-transitive if its automorphism group acts transitively on
E(Γ). An s-arc in Γ is a sequence of vertices (v0, v1, . . . , vs) such that {vi−1, vi} is an edge for
all 0 ≤ i ≤ s and vi−1 is not equal to vi+1 for 0 < i < s. The graph Γ is s-arc transitive if the
automorphism group of Γ is transitive on s-arcs. A graph is 0-arc transitive if and only if it is
vertex-transitive, and we say that Γ is arc-transitive if it is 1-arc transitive.

Often in mathematics, we analyse a structure locally, if the global situation does not give us
enough information about the structure. Hence, one can examine the neighbours of a particu-
lar vertex in a graph. The neighbours of a vertex are those vertices which are adjacent (joined
by an edge) to the fixed vertex. For some property P , we say that a graph is locally P if the
property holds on the set of neighbours of every vertex of that graph. Hence one may examine
locally vertex-transitive graphs, that is, graphs Γ where for every vertex v of Γ, the automor-
phism group Aut(Γ)v acts transitively on the neighbours of v. However, it turns out that for a
connected graph, local vertex-transitivity implies edge-transitivity (and edge-transitivity implies
either local vertex-transitivity or vertex-transitivity). At the other end of the spectrum, we could
study vertex-transitive graphs which are locally 2-transitive. These graphs include those which
have an automorphism group that is transitive on 2-arcs1. So every 2-arc transitive graph is locally
primitive, a natural weakening of 2-arc transitivity which offers another way to study symmetric
graphs.

A graph Γ1 is a cover of a graph Γ2 if there is a surjection f : V (Γ1) → V (Γ2) such that if v1
is adjacent to v2 in Γ1, then (v1)f is adjacent to (v2)f in Γ2, and for each vertex v2 the induced
mapping from the neighbours of a vertex in (v2)f−1 to the neighbours of v2 is bijective. Let P be
a partition of the vertex set V (Γ) of a graph of Γ. Then the quotient graph ΓP has as vertex set P
and two vertices B1 and B2 of ΓP are adjacent if and only if there exist adjacent vertices v1 and
v2 in Γ such that v1 ∈ B1 and v2 ∈ B2.

Recall that if G is a finite permutation group on a set Ω, a partition P is called G-normal if P
is the set of orbits of some normal subgroup N of G. By Lemma 2.1.13, G is quasiprimitive if and
only if every G-normal partition of Ω is trivial. If Ω is a graph Γ, G is transitive on the vertices of
Γ, and P is a G-normal partition of Γ for some normal subgroup N of G, then the corresponding
quotient graph ΓP is called a G-normal quotient graph of Γ. By a result in Praeger’s 1993 paper on
quasiprimitive groups, namely [59, Corollary 4.2], s-arc transitive graphs with an automorphism
group that is quasiprimitive on vertices are very important to the study of s-arc transitive graphs.

Proposition 7.1.1 (Praeger 1993). Let Γ be a finite non-bipartite connected graph and suppose
that Γ has a group G of automorphisms which is transitive on the s-arcs of Γ. Then Γ is a cover
of a graph Σ such that the group of automorphisms of Σ induced by G is s-arc transitive and
quasiprimitive on Σ.

The graph Σ in the above proposition is the normal quotient graph ΓP where P is the orbit
set of a maximal intransitive normal subgroup N of G. So the following questions arise about the
full automorphism group of an s-arc transitive graph:

1A graph with valency at least 2 is 2-arc transitive if and only if it is vertex-transitive and locally 2-transitive.
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• If Γ admits an s-arc-transitive, vertex-quasiprimitive group of automorphisms, is Aut(Γ)
quasiprimitive?

• If so, what are the possible quasiprimitive types for Aut(Γ)?

The answer to the first question is generally no – it is not necessarily true that Aut(Γ) is
quasiprimitive and examples can be found in [5] and [45] where Γ is a 2-arc transitive graph. A
partial answer to the second question can be deduced from [59, Theorem 2] which we state below:

Proposition 7.1.2 (Praeger 1993). Let Γ be a finite connected graph with a group G of automor-
phisms which is 2-arc transitive on Γ and quasiprimitive on the vertices of Γ. Then G is of Abelian
Plinth, Almost Simple, Twisted Wreath, or Product Action type. Moreover there are examples for
each of these types, except Product Action type.

The original statement of the above result claimed to have examples for Product Action type,
except anomalies have been found recently with their construction. Li and Seress have recently
found 2-arc transitive finite connected graphs with a quasiprimitive group of automorphisms of
Product Action type.

We could extend the above questions to locally primitive graphs, or more generally we may
ask:

• If G and H are finite permutation groups on a set Ω and G is quasiprimitive, is H quasiprim-
itive, and if so, what are the possible types for H?

Recall from our example of the full symmetry group of the icosahedron (see Example 2.2.3)
that not every overgroup of a quasiprimitive group is quasiprimitive. We will analyse this problem
in a wider context – the so-called inclusion problem.

7.2 Primitive inclusions

The inclusion problem for primitive groups, that is, the investigation of properties of a pair of
primitive permutation groups G and H given that G is contained in H, originated with Praeger’s
paper [57]. In it, a complete account of the possible primitive types (given by the eight-piece
subdivision of Praeger and Kovács) for G and H was stated. We recast Praeger’s main result
below which is also summarised in [63, Theorem 3]. For the following, we use these abbreviations:
Abelian Plinth (AP), Holomorph of a Simple Group (HS), Holomorph of a Compound Group (HC),
Almost Simple (AS), Twisted Wreath (TW), Simple Diagonal (SD), Compound Diagonal (CD),
Product Action (PA).

Theorem 7.2.1 (Praeger 1990). Let G and H be primitive groups on a finite set Ω, of types X
and Y respectively, such that G ≤ H and H does not contain the alternating group on Ω. Then
either X = Y and soc(G) = soc(H), or X 6= SD, Y /∈ {HS, TW}, and the (X,Y )-entry of the
Primitive Inclusions Matrix below is the symbol X. Conversely, if the (X,Y )−entry of this matrix
is X, then there exists a primitive inclusion G ≤ H with types X and Y respectively.
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AP HC AS SD CD PA

AP −− −− X −− −− X

HS −− −− −− X −− −−
HC −− −− −− −− X X

AS X −− X −− −− X

TW −− X −− −− X X

CD −− −− −− −− −− X

PA X −− −− −− −− X

Table 7.2.1: The left column lists the primitive types for G, the top row lists the primitive types
for H, and a possible inclusion occurs for these types if and only if there is a Xin the respective
entry.

Praeger also investigated special kinds of inclusions such as ‘natural’ and ‘exceptional’ inclu-
sions, and the role of the blow-up construction, but we will not be interested in these details.

7.3 Quasiprimitive-primitive inclusions

We say that G ≤ H ≤ Sn is a quasiprimitive-primitive inclusion if G is quasiprimitive and
H is primitive. Baddeley and Praeger’s monograph [6] gives a detailed study of these inclusions,
including the role of the blow-up construction, five different types of inclusion, and inclusions where
G and H are each of almost simple type. Below is a restatement of their result [6, Theorem 1.2].

Theorem 7.3.1 (Baddeley and Praeger 2003).
Let (G,H) be a quasiprimitive-primitive inclusion on a finite set Ω, of types X and Y respectively,
such that H does not contain the alternating group on Ω and X /∈ {AP,HS,HC}. Then the
(X,Y )-entry of the matrix below is the symbol X.

AP HS HC AS TW SD CD PA

AS X X −− X −− X −− X

TW −− −− X −− X X X X

SD −− −− −− −− −− X −− −−
CD −− −− −− −− −− −− X X

PA X −− −− −− −− X X X

Table 7.3.1: The left column lists the quasiprimitive types for G, the top row lists the primitive
types for H, and a possible inclusion occurs for these types if and only if there is a Xin the
respective entry.

7.4 Quasiprimitive-quasiprimitive inclusions

We say that G ≤ H ≤ Sn is a quasiprimitive-quasiprimitive inclusion if G and H are both
imprimitive and quasiprimitive. In a similar fashion to the previous two inclusion problems, Praeger
has investigated the possibilities for the types for G and H (see [63, Theorem 2]). We give a less
detailed version of her result.
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Theorem 7.4.1 (Praeger 2003). Let (G,H) be a quasiprimitive-quasiprimitive inclusion on a
finite set Ω, of types X and Y respectively. Then either X = Y and soc(G) = soc(H), or (X,Y ) =
(AS,AS), or Y = PA and X ∈ {AS, TW,PA}, and each of these possibilities can arise.

So the possible types for G and H, where G ≤ H ≤ Sn and G and H are quasiprimitive, is
given by the matrix below. Note that we have also included the case that G or H is primitive in
this table.

AP HS HC AS TW SD CD PA

AP X −− −− X −− −− −− X

HS −− X −− −− −− X −− −−
HC −− −− X −− −− −− X X

AS X X −− X −− X −− X

TW −− −− X −− X X X X

SD −− −− −− −− −− X −− −−
CD −− −− −− −− −− −− X X

PA X −− −− −− −− X X X

Table 7.4.1: The left column lists the quasiprimitive types for G, the top row lists the quasiprimitive
types forH, and a possible inclusion occurs for these types if and only if there is a Xin the respective
entry.

7.5 Quasiprimitive-innately transitive inclusions

We say that G ≤ H ≤ Sn is a quasiprimitive-innately transitive inclusion if G is quasiprimitive
and H is innately transitive but not quasiprimitive. In this section, we determine the possible
innately transitive types of H according to the quasiprimitive types for G. Below is a lemma that
was communicated to the author by Dr. Csaba Schneider, and will be important for our analysis.

Lemma 7.5.1 (CFSG, Schneider). Let G and H be finite innately transitive permutation groups on
a set Ω with plinths K and N respectively, such that G ≤ H. If K and N are non-abelian, and
CH (N) is intransitive, then K ≤ N .

Proof. Suppose K and N are non-abelian and CH (N) is intransitive, and let N = T1 × · · · × Tk

where each Ti is isomorphic to a simple group T . Assume first that H is quasiprimitive and that
N is the unique minimal normal subgroup of H. So CH (N) = 1 and H can be considered as a
subgroup of Aut(N) ∼= Aut(T ) wrSk (see introductory paragraph of Section 2.6 and Lemma 2.7.2)
containing Inn(N) ∼= Inn(T )k ∼= T k. Let us first prove that K ≤ Aut(T )k. If k = 1, then H

is of Almost Simple type and so there is nothing to prove. Suppose k ≥ 2 and K � Aut(T )k.
Then since K is a minimal normal subgroup of G, we have that K ∩ Aut(T )k = 1. So K ∼=
K Aut(T )k/Aut(T )k ≤ Aut(N)/Aut(T )k ≤ Sk and hence K can be considered a subgroup of Sk.
Recall that K and N are each transitive on Ω. For all i, let πi : N → Ti denote the natural
projection map of N onto its i-th simple direct factor Ti, and let α ∈ Ω. By Lemma 2.5.3(3), the
(Nα)πi are pairwise isomorphic, and Nα is a subdirect subgroup of (Nα)π1 × · · · × (Nα)πk. If H
is of Product Action or Twisted Wreath type, then (Nα)π1 is a proper subgroup of T1, so there is
a prime p dividing |T1 : (Nα)π1|. Then pk divides |N : (Nα)π1 × · · · × (Nα)πk| and so pk divides
|N : Nα| = |Ω|. Since K is transitive on Ω, pk divides |K|. However, as K is a subgroup of Sk, we
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must have that pk divides k! – a contradiction by [57, 4.2]. If H is of Diagonal type, then |T |k/2

divides |Ω| and 4 divides |T | (by the Feit–Thompson Theorem). Therefore 2k divides |Ω| and so 2k

divides |K|. However, this implies that 2k divides k!, which is a contradiction by [57, 4.2]. Hence
K ≤ Aut(T )k.

If K � T k, then K ∩ T k = 1 and so K ∼= KT k/T k ≤ Aut(T )k/T k ∼= Out(T )k. Since Out(T )
is soluble and K is a nonabelian characteristically simple group, this is a contradiction. Hence
K ≤ T k = N .

Now suppose that H is not quasiprimitive, that is CH (N) is nontrivial and intransitive. In
particular |CH (N) | < |K|. Let C be the set of orbits of CH (N) in Ω. Then HC is quasiprimitive
on C with plinth NC ∼= N . Note that KC ∼= K as K ∩ CH (N) = 1 (since K is a transitive
minimal normal subgroup of G). Therefore the above argument yields that KC ≤ NC and hence
K ≤ CH (N)×N . If K � N , then K ∩N = 1 and so K ∼= KN/N ≤ CH (N)×N/N ∼= CH (N).
However |CH (N) | < |K| and so this is impossible, and it follows that K ≤ N .

Note that if G ≤ H ≤ Sn is a quasiprimitive-innately transitive inclusion, then G and H have
unique transitive minimal normal subgroups by Lemma 3.1.1.

Corollary 7.5.2 (CFSG). Let G ≤ H ≤ Sn be a quasiprimitive-innately transitive inclusion. Then
the plinth of G is contained in the plinth of H.

Before we classify quasiprimitive-innately transitive inclusions, we give a lemma which allows
us to construct so-called natural inclusions via the theory of innate triples.

Lemma 7.5.3. Let (K,ϕ,L) be an innate triple, let K0 be a subgroup of K containing Domϕ

such that Kerϕ is normal in K0, let ϕ′ : K0 → K0/Kerϕ be the natural quotient map, and let
L′ = L InnK0(K). Then (K,ϕ′, L′) is an innate triple.

Proof. Clearly (1) holds in Definition 5.2.1. Now ϕ is an epimorphism with kernel Kerϕ, which
is core-free as (K,ϕ,L) is an innate triple. So (2) holds in Definition 5.2.1. It remains to show
that (3) holds. Clearly L′ ≤ Aut(K), K is L′-simple, and Kerϕ is L′-invariant (as Kerϕ is fixed
set-wise by InnK0(K)). So it suffices to show that L′ ∩ Inn(K) = InnK0(K). Now L′ ∩ Inn(K) =
L InnK0(K)∩Inn(K). Dedekind’s modular law (see [68, 1.3.14]) states that if A,B,C are subgroups
of a group G such that B ≤ C, then AB ∩ C = (A ∩ C)B. Since InnK0(K) ≤ InnK we have that
L InnK0(K) ∩ Inn(K) = (L ∩ Inn(K)) InnK0 K = InnDomϕ(K) InnK0(K) = InnK0(K) and hence
(K,ϕ′, L′) is an innate triple by Definition 5.2.1.

The above lemma allows us to derive from an innately transitive group a larger innately tran-
sitive group with the same plinth and degree. We use this lemma to facilitate the construction
of natural inclusions. Below we classify the possible types of innately transitive overgroups of
quasiprimitive groups. As before, we use abbreviations for the possible types, and we extend this
convention for innately transitive groups of the following type: Almost Simple Quotient (ASQ),
Diagonal Quotient (DQ), and Product Quotient (PQ).
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Theorem 7.5.4 (CFSG). Let (G,H) be a quasiprimitive-innately transitive inclusion on a finite set
Ω, of types X and Y respectively. Then one of the following holds:

1. soc(G) = soc(H) and (X,Y ) ∈ {(TW,PQ), (TW,DQ)},

2. (X,Y ) = (AS,ASQ),

3. or X ∈ {AS, TW,PA} and Y = PA.

Moreover, each of these possibilities can arise.

ASQ DQ PQ PA

AS X −− −− X

TW −− X X X

PA −− −− −− X

Table 7.5.1: The left column lists the types for G, the top row lists the types for H, and a possible
inclusion occurs for these types if and only there is a Xin the respective entry.

Proof. Let G ≤ H ≤ Sn be a quasiprimitive-innately transitive inclusion of types X and Y

respectively. Let K be the (unique) plinth of G and let N be the (unique) plinth of H. By
Corollary 7.5.2, K ≤ N and hence if N is regular, then K = N . So if Y ∈ {PQ,DQ}, then
X = TW . Let C be the set of orbits of CH (N) in Ω. Then HC is quasiprimitive with plinth
NC ∼= N (see Lemma 6.1.2). The kernel of the action of H on C is CH (N) and hence KC ∼= K and
GC is quasiprimitive on C with plinth KC . We will apply the results of Theorems 7.3.1 and 7.4.1
to the inclusion GC ≤ HC .

If H is of Almost Simple Quotient type, then N ∼= NC , N is simple, and hence HC is of Almost
Simple type. By Theorems 7.3.1 and 7.4.1, GC is of Almost Simple type as K is nonabelian. Hence
K ∼= KC is simple and therefore G is of Almost Simple type.

Suppose G is of Diagonal type and let α ∈ Ω. Let ∆ be the orbit of α under CH (N). By
Lemma 5.1.1, Hα is normal in H∆, and hence Kα is normal in K∆. Since Kα is a subdirect
subgroup of K and K is nonabelian, it follows from the proof of Proposition 3.1.4 that K∆ = Kα.
So |K : K∆| = |K : Kα|, which implies that |Ω| = |C|. However, CH (N) 6= 1 and hence we have a
contradiction. Therefore G is not of Diagonal type.

Hence we are left with the case that Y = PA, and we will prove that examples of quasiprimitive-
innately transitive inclusions exist with types (X,PA) for X ∈ {AS, TW,PA}. We show now that
examples exist for each of the entries in Table 7.5.1.

(AS,ASQ) Let H be an innately transitive group of Almost Simple Quotient type, and let G be
the plinth of H. Then G and H are an example of an (AS,ASQ) inclusion. For example,
one could take H to be the full symmetry group of the icosahedron as in Example 2.2.3 and
G to be the rotational symmetries of the icosahedron.

(TW,DQ) Let T be a nonabelian simple group, and suppose there are subgroups F1 and F2 of
Aut(T ) such that F2∩Inn(T ) = 1, and F1∩Inn(T ) 6= 1. Let k > 2 and let K = T k. Note that
A1 := Diag(F k1 ) ≤ Aut(T )k ≤ Aut(K) and A2 := Diag(F k2 ) ≤ Aut(T )k ≤ Aut(K) and each
subgroup is centralised by the top group of Aut(K) = Aut(T ) wrSk. Let H = Ko (A1×Sk)
and G = K o (A2 × Sk) as subgroups of the natural semidirect product K o Aut(K).
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Then CH (K) = {(t ιt, . . . , t ιt) : t ∈ T} ∩ H = {(t ιt, . . . , t ιt) : t ∈ T, ιt ∈ F1} 6= 1 and
CG (K) = {(t ιt, . . . , t ιt) : t ∈ T} ∩G = 1. Now H in its natural action on K (as a subgroup
of Hol(K)) is innately transitive with plinth K. So too is G, except that G is quasiprimitive
whilst H is not quasiprimitive. It is not too difficult to see that G is of Twisted Wreath type
and H is of Diagonal Quotient type. One could take T = A5, F1 to be a Klein 4-subgroup
of Aut(T ) ∼= S5 not contained in Inn(T ) ∼= A5, and F2 to be a subgroup of F1 of order 2.

(TW,PQ) Let T be a nonabelian simple group, let 1 < U < T , let H0 = U × T acting on [T : U ]
(see Example 2.2.4), let k be an integer greater than 1, and let H = (Diag(Uk)× T k).Sk ≤
H0 wrSk (where H0 wrSk acts in product action). So H is innately transitive with plinth
K = T k. Let G = T wrSk < H. Note that CH (K) = Diag(Uk) and hence CG (K) = 1. So
G is quasiprimitive with plinth K. Now Kα = 1 and so H is of Product Quotient type and
G is of Twisted Wreath type. One could take T = A5, U = Z2 ≤ T , and k ≥ 2.

Before we give examples for (G,H) ∈ {(TW,PA), (PA,PA), (AS,PA)}, we will construct a
simple recipe for constructing particular inclusions. Suppose that Ĝ ≤ Sn is a quasiprimitive
group of Product Action type, containing G, where X ∈ {AS, TW,PA}. We know that such
inclusions exist by Theorems 7.3.1 and 7.4.1. Let (K̂, ϕ̂, L̂) be the innate triple associated with Ĝ.
Without loss of generality, we may assume that ϕ̂ has domain and kernel equal to K̂α. Suppose
K0 is a proper subgroup of K with Kα a proper normal subgroup of K0. Let ϕ′ : K0 → K0/Kα

be the natural quotient map, and let L′ = L̂ InnK0(K). Then (K,ϕ′, L′) is an innate triple by
Lemma 7.5.3. In this case, if H is the innately transitive group associated with (K,ϕ′, L′), then
G ≤ G′ ≤ H, and H is not quasiprimitive of Product Action type as Kerϕ′ = Kerϕ is not
subdirect in K and Kerϕ′ < Domϕ′ < K (see Lemma 5.4.9).

So for each of the known examples of quasiprimitive inclusions G ≤ G′ below, we verify that
there exists a proper normal subgroup K0 of the plinth K of G′ such that the point stabiliser Kα is
a proper normal subgroup of K0. It will then follow from the above argument that there exists an
inclusion G ≤ H where X ∈ {AS, TW,PA} and H is innately transitive, but not quasiprimitive,
of Product Action type.

(TW,PA),(PA,PA) Here we recast Praeger’s examples of quasiprimitive-quasiprimitive inclu-
sions of the same type (see [63]). Let S be a nonabelian simple group with factorisation
S = BT where T is a nonabelian simple group and B < S. Let k ≥ 2, let G′ = S wrSk
acting on [S : B]k in product action, and let G = T wrSk < H. So G′ is quasiprimitive of
Product Action type with plinth Sk, and if B∩T 6= 1, then G is also quasiprimitive of Product
Action type. Therefore G ≤ G′ is either a (TW,PA) or (PA,PA) inclusion, depending on
whether B∩T is trivial or not, respectively. If there exists a subgroup K0 of NS (B) such that
B < K0 < S, then we are done. Indeed plenty of examples exist. For example, let T = A5,
S = PSL2(29), B = Z29 : Z7, and K0 = Z29 : Z14. Hence we get quasiprimitive-innately
transitive inclusions where (X,Y ) = (TW,PA) or (X,Y ) = (PA,PA).

(AS,PA) In [63], Praeger gives an example of a quasiprimitive-quasiprimitive inclusion G < G′

where G is of Almost Simple type and G′ is of Product Action type. The plinth of G′ is
K = Sp4r(q0)2 where q0 is even and r is a positive integer. The point stabiliser Kα of K is
a subdirect subdirect subgroup of A× A of index 2, where A = O−

4r(q0) < Sp4r(q0). So the
obvious choice for K0 is A × A, as Kα is an index 2 subgroup of K0. So by the argument
above, we get a quasiprimitive-innately transitive inclusion where (X,Y ) = (AS,PA).
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Note that if we have G ≤ H ≤ Sn where G and H are innately transitive and both not
quasiprimitive, such that the plinth of G is equal to the plinth of H, then the innately transitive
types of G and H are equal. So for innately transitive inclusions, it remains to consider the case
that G and H are not quasiprimitive and the plinth K of G is a proper subgroup of the plinth N
of H. Schneider is currently investigating such inclusions.

7.6 Quotient actions of innately transitive groups

Recall that a permutation group G on a finite set Ω is imprimitive if there exists a partition B
of Ω that is nontrivial (i.e., 1 < |B| < |Ω|) and is preserved by the action of G. The permutation
group induced on B is called a non-trivial quotient action of G. If G acts quasiprimitively on Ω,
then since the kernel E of the action of G on B is an intransitive normal subgroup of G, we must
have that E = 1 and hence GB ∼= G and GB is quasiprimitive. However, the quasiprimitive types
for GΩ and GB may be different. The possible types for GΩ and GB were determined by Cheryl
Praeger in [63, Theorem 1], which we restate below.

Theorem 7.6.1 (Praeger (to appear)). Let G be an imprimitive quasiprimitive permutation group
of type X on a finite set Ω, and let B be a non-trivial G-invariant partition of Ω. Then GB is
quasiprimitive of type XB, where XB ∈ {AS, SD,CD,PA}, X ∈ {AS, SD,CD, TW, PA}, and the
(X,XB)-entry in Table 7.6.1 is the symbol X. Conversely, if the symbol Xoccurs in the (X,Y )-
entry, then there exists a finite imprimitive quasiprimitive group of type X with a non-trivial
quotient action of type Y .

AS SD CD PA

AS X −− −− −−
SD −− −− X −−
CD −− −− X −−
TW −− X X X

PA −− X X X

Table 7.6.1: The left column lists the imprimitive quasiprimitive types for G, the top row lists the
quasiprimitive types for a quotient action GB, and an example occurs for these types if and only
if the symbol Xis in the respective entry.

Now if instead G is innately transitive on Ω, it is not necessarily true this time that the kernel
of the action of G on B is trivial. We generalise Praeger’s theorem below.

Theorem 7.6.2. Let G be a non-quasiprimitive innately transitive permutation group of type X on
a finite set Ω, and let B be a non-trivial G-invariant partition of Ω. Then GB is innately transitive
of type XB, where XB ∈ {AS, SD,CD,PA,ASQ}, X ∈ {ASQ,PA, PQ,DQ}, and the (X,XB)-
entry in Table 7.6.2 is the symbol X. Conversely, if the symbol Xoccurs in the (X,Y )-entry,
then there exists a finite non-quasiprimitive innately transitive group of type X with a non-trivial
quotient action of type Y .
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AS SD CD PA ASQ

ASQ X −− −− −− X

PA −− X X X −−
PQ −− X X X −−
DQ −− X X X −−

Table 7.6.2: The left column lists the non-quasiprimitive innately transitive types for G, the top
row lists the innately transitive types for a quotient action GB, and an example occurs for these
types if and only if the symbol Xis in the respective entry.

Proof. Let G be a non-quasiprimitive innately transitive permutation group of type X on a finite
set Ω, and let B be a non-trivial G-invariant partition of Ω. The kernel E of the action of G on B
is an intransitive normal subgroup of G and hence is contained in the centraliser of the plinth K

of G. So in particular, K acts faithfully on B and hence K ∼= KB. Also, since K is transitive on
Ω, it follows that K is transitive on B. By the correspondence theorem, KB is a minimal normal
subgroup of GB. Therefore GB is innately transitive with plinth KB. Let XB be the innately
transitive type of GB.

Now we show that the checked entries in Table 7.6.2 are the only configurations that can occur.
Since K ∼= KB, we have that X = ASQ if and only if XB ∈ {AS,ASQ}. Let α ∈ Ω and let
B ∈ B such that α ∈ B. Note that Kα < KB as B is non-trivial and hence KB is nontrivial. So
XB /∈ {TW,DQ,PQ}. This analysis verifies that the blank entries in Table 7.6.2 are correct. Next
we prove that examples exist for each checked entry in Table 7.6.2.

X=ASQ Let G = A4×A5 as a subgroup of Hol(A5). So G is innately transitive on A5 of Almost
Simple Quotient type with plinth K = A5. Let B1 = [A5 : A4] be the orbits in A5 of
CG (K) = A4 and let B2 be the orbits of the Klein4 group V4 ≤ CG (K). It is not difficult
to see that GB1 ∼= A5 is quasiprimitive of Almost Simple type and GB2 ∼= Z3×A5 is innately
transitive of Almost Simple Quotient type.

X=PA Let G be an innately transitive group on a set Ω with plinth K, and suppose G is of
Product Action type. Let C be the orbits of CG (K) on Ω. Let K∆ be the stabiliser of
an element ∆ ∈ C. If K∆ is not a subdirect subgroup of K, then GC is quasiprimitive
of Product Action type. So for example, one could take the full symmetry group of the
icosahedron H ∼= Z2 ×A5 and let G = H wrS2 acting in product action. Here G is innately
transitive of Product Action type with plinth K = A2

5, and it turns out that K∆
∼= D2

10,
which is not a subdirect subgroup of K.

Now let T be a nonabelian simple group, let R be a proper subgroup of T , let k be a positive
integer, let A ∼= Zk be a subgroup of Sk, let S be a proper normal subgroup of the straight
diagonal subgroup Diag(Rk) of Rk, and let C = Diag(Rk)/S. Consider G = C × (T wrA),
G0 = S × A < T wrA, and Ω = [G : G0]. If S is nontrivial, then G is innately transitive on
Ω of Product Action type with plinth K = T k. The centraliser of K in G is C and the group
GC induced by the action of G on the orbits C of C is precisely the quasiprimitive group of
Product Action type given in [63, Example 5]. In this example, Praeger shows that GC has
quasiprimitive quotient actions of Simple Diagonal and Compound Diagonal type. Hence
our group G also has a quotient action of Simple Diagonal and Compound Diagonal type.
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X=PQ Let G be an innately transitive group on a set Ω with plinth K, and suppose G is of
Product Quotient type. Let C be the orbits of CG (K). Then the stabiliser K∆ of an element
∆ ∈ C is isomorphic to CG (K) (as K acts regularly on Ω) and hence K∆ is not a subdirect
subgroup of K. Therefore GC is quasiprimitive of Product Action type.

Now consider the example given above for X = PA. If one chooses S = 1, then G =
Diag(Rk) × (T wrA) is innately transitive on Ω of Product Quotient type. Furthermore,
the remainder of the argument still holds and we obtain two quotient actions of G that are
quasiprimitive of Simple Diagonal and Compound Diagonal type.

X=DQ Let G be an innately transitive group on a set Ω with plinth K, and suppose G is of
Diagonal Quotient type. Let C be the orbits of CG (K). Then the stabiliser K∆ of an
element ∆ ∈ C is isomorphic to CG (K) (as K acts regularly on Ω) and hence K∆ is a
subdirect subgroup of K. Therefore GC is quasiprimitive of Diagonal type. The innately
transitive group G in Example 6.4.6 is an example where GC is of Diagonal type. In this
example, ifm = 1 then GC is of Simple Diagonal type, otherwise GC is of Compound Diagonal
type.

We will show now that there is an example where (X,XB) = (DQ,PA). Take Example 6.4.6
where G = K o [(A×Sk/m) wrSm], C = Diag(T k/m), and CG (K) = Cm (in the left regular
representation of K). Let M be a proper nontrivial subgroup of Cm in the right regular
representation of K. So M is a diagonal subgroup of K, but is not subdirect. Now G acts
on B = [G : G1M ], where G1 is the stabiliser in G of the identity element, and induces an
innately transitive group on B with plinth K. Since M is a point stabiliser for the plinth in
this action, and M is nontrivial and not subdirect, it follows that GB is of Product Action
type.

Therefore examples exist for each checked entry in the quotient action matrix in Table 7.6.2.

7.7 Conclusion

Below we summarise the possible types of inclusions where G is quasiprimitive, H is innately
transitive, and H is an overgroup of G. In the case that the inclusion only exists if H is quasiprim-
itive (resp. primitive), we use the symbol “qp” (resp. “p”).

AP HS HC AS TW SD CD PA ASQ DQ PQ

AP p −− −− p −− −− −− p −− −− −−
HS −− p −− −− −− p −− −− −− −− −−
HC −− −− p −− −− −− p p −− −− −−
AS p p −− qp −− p −− X X −− −−
TW −− −− p −− qp p p X −− X X

SD −− −− −− −− −− qp −− −− −− −− −−
CD −− −− −− −− −− −− qp p −− −− −−
PA p −− −− −− −− qp qp X −− −− −−

Table 7.7.1: The left column lists the quasiprimitive types for G, the top row lists the innately
transitive types for H, and a possible inclusion occurs for these types if and only if the symbol −−
is not in the respective entry.
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The following table summarises the possible types of a quotient action of an imprimitive innately
transitive group, including the quasiprimitive ones.

AS SD CD PA ASQ

AS X −− −− −− −−
SD −− −− X −− −−
CD −− −− X −− −−
TW −− X X X −−
PA −− X X X −−
ASQ X −− −− −− X

PQ −− X X X −−
DQ −− X X X −−

Table 7.7.2: The left column lists the imprimitive innately transitive types for G, the top row lists
the innately transitive types for a quotient action GB, and an example occurs for these types if
and only if the symbol Xis in the respective entry.
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Bounds on Innately Transitive Groups

As we discussed briefly in the introduction, various parameters of primitive groups such as their
orders, minimum degrees, base sizes, and their number of fixed points, have been a central area of
study since the 19th century. From the structure theorems 3.2.2 and 3.2.1, one could assert that
quasiprimitive groups share similar structure to primitive groups, and so it is reasonable to ask
which bounds on the above parameters, also hold for quasiprimitive groups.

Praeger and Shalev in [67] showed that many of the classical bounds of Jordan, Burnside, Man-
ning, Wielandt, and others, could be extended to quasiprimitive groups. Given a quasiprimitive
group G on a set Ω, their main approach was to consider a maximal block system B of G. The
permutation group GB induced on this block system acts primitively and faithfully. Thus G is
isomorphic to a primitive permutation group on B which has degree dividing |Ω|. Hence, many of
the properties of primitive groups could easily be carried over to quasiprimitive groups.

It was the study of properties of quasiprimitive groups by Praeger and Shalev that motivated
this chapter. Our goal is similar to theirs, in that we lift results of quasiprimitive groups to the
context of innately transitive groups. We already know from earlier chapters some useful properties
of innately transitive groups.

Lemma 8.0.1. Let G be an innately transitive group on a set Ω with plinth K, and let α ∈ Ω.
Then

1. G is quasiprimitive if and only if CG (K) = 1 or CG (K) is transitive (Proposition 3.1.2),

2. Kα is a normal subgroup of the setwise stabiliser K∆ in K of the CG (K)-orbit ∆ = αCG(K),
and K∆/Kα

∼= CG (K) (Lemma 5.1.1),

3. if Kα is a subdirect subgroup of K, and K is nonabelian and nonsimple, then G is quasiprim-
itive (Proposition 3.1.4),

4. G induces a quasiprimitive permutation group on the set of CG (K) orbits in Ω with kernel
CG (K), K acts faithfully, and the permutation group induced by K is the plinth (Lemma
6.1.2).

Note that if K is abelian, then CG (K) = K and hence G is quasiprimitive by Lemma 8.0.1(1)
(in fact, G is primitive in this case).
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The most important of the facts above is the last one – the group GC induced on the set C of
orbits of the centraliser CG (K), is quasiprimitive with plinth isomorphic to K. However, G may
not act faithfully on C and so some properties of quasiprimitive groups can not be easily generalised
to innately transitive groups.

8.1 Prime order elements in innately transitive groups

Let G ≤ Sym(Ω), where Ω is some finite set of size n. It is a classical result of Camille Jordan
(see [30, Theorem 3.3E]) that if n ≥ p+3 for some prime p, and if G is primitive on Ω and contains
a p-cycle, then either G = An or G = Sn. Praeger and Shalev (see [67, Theorem 2.1]) found that if
G was quasiprimitive and contained a p-cycle for some prime p, then G was primitive, and thence
Jordan’s result holds for quasiprimitive groups. We prove here that the same happens for innately
transitive groups.

Theorem 8.1.1. Let G be an innately transitive permutation group on a set Ω such that G contains
a p-cycle, for some prime p. Then G is primitive.

Proof. Let g ∈ G be a p-cycle of Ω, let K be the plinth of G, and suppose B is a nontrivial block
system for G. So we have without loss of generality that G is imprimitive. Let α1, α2, . . . , αp ∈ Ω
be such that αg1 = α2, . . . , α

g
p−1 = αp and αgp = α1. For i = 1, . . . p, let ∆i ∈ B be the unique block

containing αi.
Let E be the kernel of the action of G on B. Then E is an intransitive normal subgroup of

G and hence K ∩ E = 1 (by minimality of K). So K acts faithfully and transitively on B and E

is contained in CG (K). Since CG (K) is semiregular, so too is E, and thus g /∈ E. Since K acts
faithfully on B, we have that G acts nontrivially on B and g induces a p-cycle ∆1, . . . ,∆p on B.

Now the points in the union of the ∆i must consist wholly of elements of the p-cycle, α1, . . . , αp,
otherwise g would fix a point in one of the ∆i and hence fix an orbit in its action on B (and the
∆i would not be pairwise distinct). So each ∆i must have size a divisor of p. Since the ∆i are
distinct, they must be singleton sets – a contradiction. Therefore G is primitive.

We will frequently make use of the following lemma in what follows.

Lemma 8.1.2. Let G be an innately transitive permutation group on a set Ω with plinth K, let C
be the set of CG (K) orbits in Ω, and let m = |C|. If GC contains Am, then one of the following
holds:

1. G contains Am,

2. G is of Almost Simple Quotient type, G = Am−1 × Am or G = (Am−1 × Am).2, K acts
regularly, and K = Am, or

3. G has degree 15, G is of Almost Simple Quotient type, K = A5, CG (K) is cyclic of order 3,
and |G : (CG (K)×K)| = 1, 2.

Proof. If G is quasiprimitive, then m = |C| = |Ω| and G contains Am and (1) holds. So suppose
G is not quasiprimitive and α ∈ Ω. So by Lemma 8.0.1(1), K is nonabelian and Kα 6= K∆ where
∆ = αCG(K). Let c = |CG (K) | and let n = |Ω| = mc. Recall by Lemma 8.0.1(4) that GC

acts faithfully and quasiprimitively on C with plinth isomorphic to K and m = n/c. Since K is
nonabelian, we must have that m ≥ 5. So Am is a simple group and hence KC = Am as Am
is the unique minimal normal subgroup of both itself and Sm. So K∆ = Am−1 and by Lemma
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8.0.1(2), Kα is normal in K∆. We have two subcases: m = 5 or m 6= 5. In the latter case,
K∆ is simple and since Kα is a proper normal subgroup of K∆, we have that Kα = 1. Thus
CG (K) ∼= K∆ = Am−1 and G is of Almost Simple Quotient type. Note that the only subgroups
of Sm that intersect Am in Am−1 are Sm−1 and Am−1. Since Am ≤ GC = G/CG (K) ≤ Sm and
G ≥ CG (K) ×K = Am−1 × Am, it follows that G ∈ {Am−1 × Am, (Am−1 × Am).2}, and we are
in case (2).

Finally, let m = 5. Then K∆ = A4 and Kα ∈ {1, V4} as Kα is a proper normal subgroup of
K∆. If Kα = 1, then G is of Almost Simple Quotient type with a regular plinth K, CG (K) ∼=
K∆/Kα

∼= A4, and by a similar argument as before, G ∈ {Am−1 × Am, (Am−1 × Am).2} where
m = 5, and we are in case (2). So suppose that Kα = A4. Then CG (K) ∼= K∆/Kα

∼= Z3 and
n = 5|K∆ : Kα| = 15. Since GC = G/CG (K) ≤ S5 and G ≥ CG (K) × K = Z3 × A5, case (3)
holds.

The only innately transitive groups of degree 15 that are not quasiprimitive, are isomorphic
to one of the two groups Z3 × A5 or (Z3 × A5).2 (we will prove this in Chapter 10). One can
construct the latter group G as follows. Note that Aut(Z3 × A5) ∼= 〈a : a2 = 1〉 × S5 and let
c = (a, (1, 2)) ∈ Aut(Z3 ×A5). It turns out that G ∼= (Z3 ×A5) o 〈c〉. The point stabiliser for this
group is A4 o 〈c〉 ∼= S4.

One way to extend Jordan’s result is to study primitive groups which contain an element of
prime order p with a small number q of cycles of length p. In extending the work of Jordan,
Manning, and others, Praeger proved in [56] that if G is a primitive permutation group of degree
n, such that for some prime p, there is an element of G of order p with q cycles of length p (where
1 < q < p), then one of the following is true

1. n− qp ≤ 5q/2− 2,

2. G = An or Sn,

3. G = Ad or Sd on unordered pairs (n = ( d2 ), d ≥ p, q = d− (p+ 1)/2).

Praeger and Shalev (see [67, Theorem 2.2]) proved that the above conclusion holds ifG is quasiprim-
itive. We prove the same is true for innately transitive groups.

Theorem 8.1.3. Let G be an innately transitive permutation group on a set Ω of n points, such
that for some prime p, there is an element in G of order p with q cycles of length p in Ω, where
2 ≤ q < p. Then either,

(i) n− qp ≤ 5q/2− 2, or

(ii) G is quasiprimitive.

Proof. Let K be the plinth of G, let c = |CG (K) |, and let C be the set of CG (K) orbits in Ω.
Suppose that G is not quasiprimitive, so by Lemma 8.0.1(1), 1 < c < n. Let g ∈ G be an element
of order p with q cycles of length p in Ω (where 2 ≤ q < p), and let f be the number of fixed points
of g in Ω. So f = n − qp, and if f = 0, then (i) holds. Suppose f > 0. Then g /∈ CG (K) since
CG (K) is semiregular and g fixes at least one point. So by Lemma 8.0.1(4), G acts nontrivially on
C with kernel CG (K) and hence g 6= 1 and each cycle of g of length p in C corresponds to c cycles
of length p of g in Ω. Since q < p, it follows that g has q′ = q/c < p cycles of length p in C, and
f ′ = f/c fixed points in C. Now GC acts quasiprimitively on C, and so by Praeger and Shalev’s
result, one of the following holds:
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(a) f ′ ≤ 5q′/2− 2,

(b) GC = An/c or Sn/c,

(c) GC = Ad or Sd on ordered pairs (n/c = ( d2 ), d ≥ p, q′ = d− (p+ 1)/2).

In the first case, f/c ≤ 5 q
2c − 2 and hence f ≤ 5q/2 − 2c ≤ 5q/2 − 2, so (i) holds. Suppose now

that (b) holds. By Lemma 8.1.2 either G is of Almost Simple Quotient type and Am−1 × Am ≤
G ≤ (Am−1 × Am).2 where m = n/c > 5, or n = 15 and c = 3. In the latter case, computer
calculations (in GAP) show that (p, q) ∈ {(3, 5), (3, 7), (5, 3)} and hence (i) holds. In the former
case, p > c = |Am−1|, and since m ≥ p we have p > 1

2 ((p − 1)!) which is impossible for p ≥ 5.
Hence p = 3, but in this case m ≥ 6 and again this is not true.

Finally, consider case (c). Here q′ = d − (p + 1)/2 ≥ (p − 1)/2 and as q = cq′ < p, it follows
that c = 2, q = p− 1, and d = p. In this case g has no fixed points on C, and hence no fixed points
on Ω, and (i) holds.

8.2 Orders of innately transitive groups

Let G be an innately transitive group on a set Ω with plinth K, and let n = |Ω|. Bochert
proved in [15] that if G is primitive and does not contain An, then the order of G is bounded above
by n!/[(n + 1)/2]!. Again, the same is true for quasiprimitive groups (see [67, Theorem 4.1]) and
we have the following generalisation1:

Theorem 8.2.1. Let G be an innately transitive permutation group of degree n. Then either
|G| ≤ n!

((n+1)/2)! or G contains An.

Proof. If G contains a 3-cycle, then by Theorem 8.1.1, G is primitive and the conclusion follows
from Bochert’s result. If G does not contain a 3-cycle, then by Bochert’s original argument (see
[15] or [30, Theorem 3.3B]), we have that |G| ≤ n!

((n+1)/2)! .

Praeger and Saxl [66, Theorem], in extending the work of Wielandt [76, pp.260], gave a better
bound for the orders of primitive groups not containing the alternating group, namely |G| < 4n

where n is the degree of the primitive group G. The same bound holds for quasiprimitive groups
(see [67, Theorem 4.2]), and as shown below, also holds for innately transitive groups.

Theorem 8.2.2. Let G be an innately transitive permutation group with degree n. Then either
|G| < 4n or G contains An.

Proof. Let K be the plinth of G, let C be the set of CG (K)-orbits, and let c = |CG (K) |. Recall
that GC acts faithfully and quasiprimitively on C, and so by Praeger and Shalev’s result ([67,
Theorem 4.2]), if GC does not contain An/c, then |G| = c|GC | < c4n/c. Now if c4m/c ≤ 4m for
some m ≥ 2c, then c4(m+1)/c = c4m/c41/c ≤ 4m41/c ≤ 4m+1. The smallest case, m = c, holds since
c41 = 4c ≤ 4c. So by induction, we see that c4m/c ≤ 4m for all m ≥ c. Therefore |G| < 4n.

So assume now that An/c ⊆ GC . By Lemma 8.1.2, one of the following holds: G is quasiprimi-
tive, G is isomorphic to a subgroup of (An/c−1 × An/c).2, or n = 15 and c = 3. In the first case,
the result holds by [67, Theorem 4.2]. In the latter case, |G| = c|GC | ≤ 3× 5! = 360 < 415. In the
case that G is embedded in (An/c−1 × An/c).2, recall that n = (n/c)!/2 since the plinth An/c is
regular, and hence |G| ≤ n2/2. Now n 7→ 4n−n2 is an increasing function on the natural numbers,
and is equal to 3 when n = 1. So 4n − n2 > 0 for all positive integers n and hence |G| < 4n.

1The author thanks Dr. Peter M. Neumann for suggesting the proof of this result.
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As mentioned in the introduction (Chapter 1.2), László Babai in [4, Corollary 1.2] found a
subexponential upper bound for the orders of primitive groups. Praeger and Shalev (see [67,
Theorem 4.3]) generalised Babai’s result to quasiprimitive groups with degrees larger than the
threshold for primitive groups. Recently, Attila Maróti [50] (using the CFSG) improved a result
of Cameron’s [19, Theorem 6.1(S)] that if G is primitive and not 3-transitive, then |G| < n

√
n,

and if G is primitive and does not contain An, then |G| < 50n
√
n (see Section 1.2). We generalise

Maróti’s result below.

Theorem 8.2.3 (CFSG). Let G be an innately transitive group of degree n.

1. If G is not 3-transitive, then |G| < n
√
n.

2. If G does not contain An, then |G| < 50n
√
n.

Proof. Let G be an innately transitive group on a finite set Ω with plinth K, and let n = |Ω|.
If G is primitive, then we just apply Maróti’s result [50, Corollary 1.1], and (1) and (2) hold. So
assume that G is imprimitive (and hence G is not 3-transitive). Let B be a maximal block system
for G and observe that the kernel of the action of G on B is a normal subgroup of G that is
intransitive on Ω and hence is contained in CG (K). Also note that GB acts primitively on B and
KB ∼= K. Let c = |CG (K) | and b = |B|. Then |G| ≤ c|GB|. If GB is not 3-transitive, then by
Maróti’s result [50, Corollary 1.1], we see that |G| ≤ c|GB| ≤ cb

√
b ≤ (n/c)

√
n/c < n

√
n. If GB is

3-transitive and does not contain Ab, then |G| ≤ c|GB| ≤ 50cb
√
b < 50c(n/c)

√
n/c < n

√
n and (1)

holds. Suppose now that GB contains Ab. Then |G| ≤ c|GB| ≤ cb! ≤ c(n/c)! ≤ (n/2)(n/2)! < n
√
n

and (1) holds. Therefore, we have found that if G is innately transitive and imprimitive of degree
n, then |G| ≤ n

√
n.

Peter Cameron in [19, Theorem 6.1(S)] using the finite simple group classification, proved that if
G is a primitive permutation group of order n, then there exists a constant d such that |G| ≤ nd logn

or G belongs to a specific family of primitive permutation groups. Praeger and Shalev proved that
for quasiprimitive groups, the same bound holds and there are a larger class of exceptions. We
generalise this result to innately transitive groups.

Theorem 8.2.4 (CFSG). Let G be innately transitive with plinth K on a set Ω of size n. Then
there exist constants d and d′ such that either

(i) |G| ≤ nd log(n), or

(ii) for positive integers m, k, l such that k ≤ d′, l ≤ d′ and m > 4d′, we have G/CG (K) ≤
Sm wrSl with K ∼= Alm and (Am−k)l ≤ Kα ≤ (Sm−k × Sk)l ∩ K where α is a point in Ω.
Also, |CG (K) | ≤ (k!)l ≤ (d′!)d

′
.

Proof. Let c = |CG (K) | and let C be the set of CG (K) orbits. Since GC is quasiprimitive on
C, by Praeger and Shalev’s result [63, Theorem 4.4] (which depends on Cameron’s result and
hence the CFSG), there exist constants d and d′ such that either |GC | ≤ (n/c)d log(n/c) or, for
positive integers m, k, l such that k ≤ d′, l ≤ d′ and m > 4d′, we have GC ≤ Sm wrSl with
KC = Alm and (Am−k)l ≤ KC

∆ ≤ (Sm−k × Sk)l ∩ K (for some ∆ ∈ C). In the former case,
|G| = c|GC | ≤ c(n/c)d log(n/c) ≤ nd log(n), and we have that (i) holds.

So assume that we are in the second case and let J = (Am−k)l < K. Since J is a minimal
normal subgroup of K∆, we have two cases; namely J ∩Kα = 1 or J ≤ Kα. In the latter case,
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|CG (K) | = |K∆|/|Kα| (by Lemma 8.0.1(1)) and K∆ ≤ NK (Kα) ≤ NK

(
Alm−k

)
= (Sm−k×k)l∩K

and hence |CG (K) |(k!)l ≤ (d′!)d
′
. So (ii) holds. So suppose that J ∩Kα = 1. Then |J | divides

|K∆ : Kα| and hence ((m− k)!/2)l divides c. Now

|G| = c|GC | ≤ c(m!)ll! =
n(m!)ll!

(mk )l
= n(l!) (k!(m− k)!)l

≤ n(l!)(k!)l2lc ≤ nc(d′!)(d′!)d
′
2d

′
= nc2d

′
(d′!)d

′+1

≤ n2b(d′)

where b(d′) = 2d
′
(d′!)d

′+1. (We could replace the constant d′ for [63, Theorem 4.4] by b(d′).) So
we have that G satisfies (i).

8.3 Base sizes

A base of a permutation group G ≤ Sym(Ω) of degree n, is a subset of Ω that has a trivial
pointwise stabiliser in G. Let bΣ(G) denote the minimal base size of G acting on a block system
Σ of Ω. For brevity, bΩ(G) denotes the minimal base size of G on Ω. In deriving the upper bound
for the order of simply primitive (primitive but not 2-transitive) groups, Babai showed that such
groups have a base of size at most 4

√
n log(n). This bound also provides an upper limit to the base

size of a 2-transitive group not containing An for n no less than a constant n0 (see the start of [67,
Section 5]). Praeger and Shalev generalised this result immediately to quasiprimitive groups with
n0 equal to the same constant in their subexponential bound result on the order of a quasiprimitive
group ([67, Theorem 4.3]).

Before generalising further to innately transitive groups, we have the following lemma, which
is similar to [67, Lemma 5.1]. Praeger and Shalev showed that if G is a quasiprimitive group on a
set Ω, and Σ is a block system for G in Ω, then bΩ(G) ≤ bΣ(G). They used the fact that G acts
faithfully on Σ, which does not necessarily hold for an arbitrary innately transitive group. Instead,
we compare the minimal base sizes of G on Ω to G on the orbits of CG (K) in Ω (where K is the
plinth of G).

Lemma 8.3.1. Let G be an innately transitive permutation group on a set Ω with plinth K, and
let C be the set of CG (K)-orbits in Ω. Let bΩ(G) and bC(G) denote the minimal base sizes of G
on Ω and G on C respectively. Then bΩ(G) ≤ bC(G).

Proof. Let ∆1, . . . ,∆b be a base for G in C, and let αi ∈ ∆i for all i. Suppose g ∈ G fixes each
of the αi. Now g fixes the ∆i setwise since ∆1, . . . ,∆b is a base, and therefore g ∈ CG (K). But
CG (K) is semiregular and hence g = 1 and α1, . . . , αb is a base for Ω.

If it is clear which set our permutation group G is acting on, we denote b(G) the minimal base
size of G. With n0 as in [67, Theorem 4.3], we have:

Theorem 8.3.2. Let G be an innately transitive permutation group of degree n ≥ n0. Then either
b(G) ≤ 4

√
n log(n) or G contains An.

Proof. Let c be the order of CG (K) and let C be the set of orbits of CG (K). If An/c * GC ,
then by Lemma 8.3.1, b(G) = bΩ(G) ≤ bC(G) = 4(n/c)1/2 log(n/c) ≤ 4

√
n log(n). On the other

hand, if An/c ⊆ GC , then by Lemma 8.1.2, G is quasiprimitive, G ≤ Hol(Am) for some m ≥ 5,
or n = 15. In the third case, b(G) ≤ 15 ≤ 4

√
15 log(15). If G ≤ Hol(Am) (where m ≥ 5), then

b(G) ≤ b(Hol(Am)). Now Hol(Am) is primitive (as the point stabilizer of 1 in Hol(Am) is Aut(Am),
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which is maximal in Hol(Am)), and so it follows from Babai’s result that b(G) ≤ 4
√
n log(n). If G

is quasiprimitive, then by Praeger and Shalev’s result [67, Lemma 5.1], either b(G) ≤ 4
√
n log(n)

or G contains An.

8.4 Minimal degrees

The minimal degree mΩ(G) of a permutation group G ≤ Sym(Ω) is the minimum number of
points moved by a nontrivial element of G. If it is clear which set G acts on, then we write m(G)
in place of mΩ(G). First we generalise [67, Lemma 7.1].

Lemma 8.4.1. Let G be an innately transitive permutation group with plinth K, acting on a set
Ω of size n. Let C be the set of CG (K) orbits in Ω with blocks of size c. Then mΩ(G) ≥ c ·mC(G).

Proof. Let g be a non-identity element of G and set m = mC(G). If g /∈ CG (K), then g acts
nontrivially on C and hence moves at least cm points of Ω. If g ∈ CG (K), then since CG (K) is
semiregular, g must move every point in Ω. Therefore mΩ(G) ≥ c ·mC(G).

Theorem 8.4.2. Let n ≥ 5 and consider the natural action of Aut(An) on An. Consider
Hol(An) = An o Aut(An) in its natural action on An. Then

m(Hol(An)) = m(Aut(An)) = n!/2− (n− 2)!.

Proof. First we assume that n 6= 6 and identify the action of Aut(An) with the conjugation
action of Sn on An. Since Aut(An) ≤ Hol(An), it is clear that m(Hol(An)) ≤ m(Aut(An)). Let
g ∈ Hol(An) such that g 6= 1 and g permutes m(Hol(An)) points. Since Hol(An) is transitive, we
may assume that g fixes the identity of An and hence g ∈ Aut(An). So m(Hol(An)) ≥ m(Aut(An))
and therefore m(Hol(An)) = m(Aut(An)). By the definition of the action, g fixes exactly |CAn (g) |
points and so m(Hol(An)) = |An| − |CAn (g) |. By the definition of minimal degree, |CAn (g) | is
the maximum number of fixed points over all g ∈ Aut(An) with g 6= 1. Let τ be the automorphism
induced by the transposition (n− 1, n). Since (n− 1, n) centralises itself and An−2, we have that
τ has (n− 2)! fixed points. So m(Aut(An)) ≤ n!/2− (n− 2)!. It is clear that the transpositions of
Sn centralise the most number of elements of An. Therefore m(Aut(An)) = n!/2− (n− 2)!.

For n = 6, one can calculate using a computer program such as GAP, that m(Hol(An)) =
m(Aut(An) = n!/2 − (n − 2)!. Therefore m(Hol(An)) = m(Aut(An)) = n!/2 − (n − 2)! for all
n ≥ 5.

In early work of Manning [49], it was proved that if G is a 2-transitive group of degree n, not
containing An, then m(G) ≥ (

√
n − 1)/2. This result2 was extended to all primitive groups by

Babai in [3]. Praeger and Shalev proved that this bound also holds for quasiprimitive groups not
containing the alternating group (see [67, Theorem 7.2]). We lift this result to innately transitive
groups as follows.

Theorem 8.4.3. Let G be an innately transitive permutation group of degree n. Then either
m(G) ≥ (

√
n− 1)/2 or G contains An.

Proof. Let K be the plinth of G, let C be the set of CG (K) orbits in Ω, and let c = |CG (K) |.
Suppose GC does not equal An/c or Sn/c. Then by Theorem [67, Theorem 7.2] and Lemma 8.4.1,

2In the original statement of Manning’s Theorem, An and Sn were not excluded – a minor error. Note that

m(Sn) = 2 and m(An) = 3 for all n ≥ 3.
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mΩ ≥ c ·mC(G) ≥ c(
√
n/c− 1)/2 ≥ (

√
n− 1)/2. Suppose now that GC ∈ {An/c, Sn/c}. Then by

Lemma 8.1.2, one of the following holds: G is quasiprimitive, G is of Almost Simple Quotient type
and K is regular, or c = 3 and n = 15. In the third case, m(G) ≥ 2 as G acts faithfully on Ω, and
hence m(G) ≥ (

√
15− 1)/2 which is greater than (

√
n− 1)/2. If G is quasiprimitive, then by [67,

Theorem 7.2], either m(G) ≥ (
√
n− 1)/2 or G contains An.

Now we turn to the case where G is of Almost Simple Quotient type with a regular plinth.
Note that G is permutationally isomorphic to a subgroup of Hol(An/c) acting naturally on An/c,
and so by Theorem 8.4.2, m(G) ≥ (n/c)!/2− (n/c− 2)! ≥ (

√
n− 1)/2.

8.5 The possible degrees of innately transitive groups

Let Eprim be the set of positive integers n for which there exists a primitive group of degree
n other than Sn and An. Similarly, let Eqp and Eit be the degrees of quasiprimitive and innately
transitive groups which are not symmetric or alternating groups. For the following definitions,
(0, x) denotes the interval {y ∈ R : 0 < y < x}. Now for all positive integers x, let eprim(x) =
|Eprim ∩ (0, x)| and eqp(x) = |Eqp ∩ (0, x)|. In 1982, P. J. Cameron, P. M. Neumann, and D. N.
Teague proved that eprim(x) = 2π(x) + (1 +

√
2)
√
x + O(

√
x/ log(x)) for all positive integers x,

where π(x) is the number of primes less than x. Their method was to split up E into four parts
as follows:

E1 :={p : p prime, p ≥ 5},

E2 :={mk : m > 1, k > 1,mk > 4},

E3 :={n : there is a non-abelian simple group of order n},

E4 :={n : there is a primitive group of degree n whose socle

is a nonabelian simple group other than An}.

They then proved (see [22, Lemma]) that E = E1∪E2∪E3∪E4. For all integers x and i = 1, . . . , 4,
let ei(x) = |Ei ∩ (0, x)|. Then eprim(x) ≤ e1(x) + e2(x) + e3(x) + e4(x). They then showed that
e1(x) = π(x) − 2, e2(x) =

√
x + O(x1/3), and e3(x) < O(x1/3). For e4(x), they split E4 into

three parts, E4A, E4L, and E4S corresponding to primitive groups whose socles are alternating
groups, groups of Lie type, and sporadic simple groups respectively. Since E4S is finite, it does not
contribute anything to the asymptotics of e4(x) and can be ignored. Let e4A(x) = |E4A ∩ (0, x)|
and e4L(x) = |E4L ∩ (0, x)| for all positive integers x. Cameron, Neumann, and Teague showed
that e4A(x) =

√
2x+O(x1/3) and e4L(x) = π(x) +O(

√
(x)/ log(x)) for all positive integers x. So

in particular, e4(x) = π(x) +
√

2x+O(
√
x/ log(x)), which gives the total bound on e(x).

We could use a similar method for estimating eqp(x). Let Isim be the set of indices |G : H|
where G is a finite nonabelian simple group, H is a proper subgroup of G, and (G,H) 6= (An, An−1)
for any n. Let Prodqp be the set of integers of the form d|T : R|k where T is a nonabelian simple,
R is a proper subgroup of T , k > 1, and d divides |R|k−1. Praeger and Shalev have proved
recently that Eqp = Eprim ∪ Isim ∪ Prodqp (see [34, Lemma 5.1]). Their analysis then shows that
there is a constant c such that for all positive integers x, eqp(x) ≤ cx

log(x) . We have the following
generalisation:

Theorem 8.5.1. Eit = Eqp.

Proof. First note that Eqp ⊆ Eit. Let G be innately transitive but not quasiprimitive. By
Theorem 6.5.1, G belongs to one of four types Almost Simple Quotient, Product Action, Product
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Quotient, or Diagonal Quotient type. If G belongs to one of the last two of the above types, then
the plinth of G is nonabelian, nonsimple, and regular. So the possible degrees of G in these cases
are proper powers and belong to E2. If G is of Almost Simple Quotient type, then the action of
the plinth is quasiprimitive of Almost Simple type. So the degree of G belongs to Isim in this case.
If G is of Product Action type, then by definition, the degree of G is an element of Prodqp. Hence
Eit ⊆ Eqp as required.

We remark that the above result implies that for most positive integers n, the only innately
transitive groups of degree n are symmetric or alternating groups (see [67, Theorem 8.1]).

8.6 Conclusion

In this chapter we have proved the following:

Theorem 8.6.1. Let G be an innately transitive permutation group on a set Ω with plinth K, and
let n = |Ω|. Then;

1. If G contains a p-cycle, for some prime p, then G is primitive.

2. If for some prime p, there is an element in G of order p with q cycles of length p in Ω, where
2 ≤ q < p. Then either,

(i) n− qp ≤ 5q/2− 2, or

(ii) G is quasiprimitive.

3. Either |G| ≤ n!
((n+1)/2)! or G contains An.

4. Either |G| < 4n or G contains An.

5. (CFSG) If G does not contain An, then |G| < 50n
√
n. Moreover, if G is not 3-transitive, then

|G| < n
√
n.

6. (CFSG) There exist constants d and d′ such that either

(i) |G| ≤ nd log(n), or

(ii) for positive integers m, k, l such that k ≤ d′, l ≤ d′ and m > 4d′, we have G/CG (K) ≤
Sm wrSl with K ∼= Alm and (Am−k)l ≤ Kα ≤ (Sm−k × Sk)l ∩K where α is a point in
Ω. Also, |CG (K) | ≤ (k!)l ≤ (d′!)d

′
.

7. (CFSG) Either b(G) ≤ 4
√
n log(n) or G contains An.

8. (CFSG) Either m(G) ≥ (
√
n− 1)/2 or G contains An.

9. Eit = Eqp.

All the results except for the last one come from the author’s preprint [11].
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Innately Transitive Groups with Self-Paired Rank 1

A finite permutation group G on a set Ω has an action on Ω×Ω given by (α, β)g = (αg, βg) for all
(α, β) ∈ Ω×Ω and g ∈ G. An orbit of this action is called an orbital of G. For each orbital ∆ of G,
there is a paired orbital associated to ∆ which is defined as ∆∗ = {(α, β) ∈ Ω×Ω : (β, α) ∈ ∆}. We
say that an orbital is self-paired if it is equal to its paired orbital. A diagonal orbital {(α, α) : α ∈ Γ}
is an example of a self-paired orbital, where Γ is an orbit of G in Ω. Hence, every finite permutation
group exhibits at least one self-paired orbital. The rank of a permutation group is the number
of its orbitals, and the self-paired rank is the number of its nondiagonal self-paired orbitals. So a
finite permutation group of rank 2 is 2-transitive, and the self-paired rank is less than the rank.

Let Ck be the set of all k-cycles (in Sn) which occur in elements of G. Now G acts by conjugation
on Ck, so let ak be the number of orbits of this action. The n-tuple (a1, a2, . . . , an) is called the
Parker vector of G, which was defined by Richard Parker at a 1997 conference on “Computational
Galois Theory”. Note that the Parker vector of the trivial group is (n, 0, . . . , 0) and the Parker
vector of the full symmetric group is (1, 1, . . . , 1). A group with self-paired rank 1 acts transitively
on its own 2-cycles, since if there is a transposition of G that interchanges two distinct points α
and β, then (α, β) is contained in a nondiagonal self-paired orbital. Generally, the self-paired rank
of a finite permutation group is the second coordinate of its Parker vector, a2.

The finite 2-transitive groups are a large family of examples of transitive permutation groups
which have unit self-paired rank, and so too do the transitive groups with a unique involution (see
[70, Lemma 1.1]). Colva Roney-Dougal (see [70]) proved that if G is primitive and has self-paired
rank 1, then G is either of Abelian Plinth or Almost Simple type. We note that this result can be
extended to innately transitive groups.

Theorem 9.0.2. Let G be a finite innately transitive permutation group with self-paired rank 1.
Then G is either of Abelian Plinth, Almost Simple, Almost Simple Quotient, or Product Action
type.
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Proof. One can directly adapt the proofs of [70, Proposition 3.5] and [70, Proposition 3.6] for
the innately transitive case and thus show that G does not have a regular plinth and is not of
Diagonal type. The rest follows from the structure theorem for innately transitive groups (Theorem
6.5.1).

We will now construct an infinite family of examples of innately transitive groups of Almost
Simple Quotient type which have self-paired rank 1, but first we will need a lemma. Recall that
KR and KL are the right and left regular representations of K respectively. Let K0 be a subgroup
of a group K and x ∈ K. The K0-class containing x is the set of K0-conjugates of x, which we
denote [x]K0 = {y−1xy : y ∈ K0}. We say that [x]K0 is self-inverse if [x]K0 = [x−1]K0 .

Lemma 9.0.3. Let K be a finite group with trivial centre. Consider Sym(K) and its subgroups
KR and KL. Let K0 ≤ K and let G = (K0)L × KR. Then there is a bijection from the set of
self-inverse K0-classes of non-identity elements of K, onto the non-diagonal self-paired orbitals of
G.

Proof. Let L be the set of self-inverse K0-classes of non-identity elements of K, and let M be
the set of nondiagonal self-paired orbitals of G. Define Φ : L → M by ([x]K0)Φ = (1, x)G for all
[x]K0 ∈ L. First we will show that Φ is a well-defined injection. Note that (1, x)G is certainly a
nondiagonal orbital of G for all x ∈ K.

Let [x]K0 ∈ L. So there exists u ∈ K0 such that x−1 = u−1xu. Let v = ux. Then (1, x)(u,v) =
(u−1v, u−1xv) = (u−1ux, u−1xux) = (x, 1) and hence (1, x)G is self-paired. Suppose [x1]K0 =
[x2]K0 in L. Then x1 = y−1x2y for some y ∈ K0. Since (y, y) ∈ G, we have that (1, x1)G =
(1, y−1x2y)G = (1, x2)G and hence ([x1]K0)Φ = ([x2]K0)Φ. Thus Φ is well-defined. Now suppose
([x1]K0)Φ = ([x2]K0)Φ for some [x1]K0 , [x2]K0 ∈ L. Then there exists u ∈ K0 and v ∈ K such
that (1, x1) = (1, x2)(u,v) = (u−1v, u−1x2v). This implies that u = v and x1 = u−1x2v = u−1x2u.
Therefore [x1]K0 = [x2]K0 and hence Φ is injective.

It remains to show that Φ is surjective. Let (a, b)G be a nondiagonal self-paired orbital of G.
Note that (a, b) = (1, ba−1)(1,a

−1) and hence (a, b)G = (1, ba−1)G. Note that ba−1 6= 1 as (a, b) is
nondiagonal. Since (1, ba−1)G is self-paired, (ba−1, 1) = (1, ba−1)(u,v) for some u ∈ K0 and v ∈ K.
This implies that ba−1 = u−1v and 1 = u−1ba−1v. So

ba−1 = uv−1 = u(v−1u)u−1 = u(ba−1)−1u−1

and hence ba−1 is conjugate to its inverse inK0. Therefore [ba−1]K0 ∈ L and ([ba−1]K0)Φ = (a, b)G.
Thus Φ is a bijection from L onto M.

It is well-known that PSL(2, p) has a maximal subgroup of order p(p− 1)/2 for all odd primes
p (see [28, §104]). For p ≡ 3 (mod 4) and p > 3, the number of involutions of PSL(2, p) is equal to
the number of maximal dihedral subgroups of order p+1 in PSL(2, p), which is |PSL(2, p)|/(p+1) =
p(p − 1)/2 (see [28, Chapter XII]). This coincidence of numbers gives rise to an infinite family of
innately transitive groups with self-paired rank 1 of Almost Simple Quotient Type.

Proposition 9.0.4. Let p be a prime greater than 3 with p ≡ 3 (mod 4), and let H be a maximal
subgroup of PSL(2, p) of order p(p− 1)/2. Then the permutation group G = H × PSL(2, p) acting
on PSL(2, p) by y(u,v) = u−1yv for all y, v ∈ PSL(2, p) and u ∈ H, has a unique self-paired orbital.
Moreover, G is innately transitive with regular plinth PSL(2, p), and is of Almost Simple Quotient
type.
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Proof. The group PSL(2, p) has p(p − 1)/2 involutions and there exists a maximal subgroup of
PSL(2, p) of order p(p− 1)/2. This coincidence is the essence of the proof. Let K = PSL(2, p) and
consider the regular action of K on itself by right multiplication. Note that H can be identified
with a subgroup of the left regular representation of K, and thus G is innately transitive on K of
Almost Simple Quotient type.

Let x be a nontrivial element of K that is conjugate under H to its inverse. We will show that
x is an involution. By supposition, there exists u ∈ H such that x = u−1x−1u. Suppose u has
order m. Since the order of H is odd, m is also odd. Let n be a positive odd integer. Note that
u−1xu = (u−1x−1u)−1 = x−1. So

u−nx−1un = u−(n−1)xun−1 = u−(n−2)x−1un−2 = · · · = u−1x−1u = x.

Since m is odd, we have
x = u−mx−1um = x−1

and hence x is an involution. This proves that every nontrivial element of K that is conjugate
to its inverse by an element of H, is an involution. Since H acts regularly by conjugation on the
involutions of K, by Lemma 9.0.3, K has precisely one non-diagonal self-paired orbital.

Naturally, we have the following question:

Does there exist a finite innately transitive permutation group of Product Action type
with self-paired rank 1?

We will see later that there exist primitive groups of Product Action type on 36 points, with
self-paired rank 2. It is not known whether there exist innately transitive groups of Product Action
type with smaller self-paired rank, and indeed Roney-Dougal’s proof for the primitive case does
not suggest that there should exist two non-diagonal self-paired orbitals for such innately transitive
groups. The problem lies in the fact that it is not known whether every innately transitive group
G of Product Action type is contained in a wreath product acting in product action. We do
know however, that G is contained in a wreath product Sym(ψ) wr(Sym(Γ)wrSk) where the outer
wreath product acts in the imprimitive action on ψ × Γk, and the inner wreath product acts in
product action on Γk. In Example 6.3.21, with T = A5, A = D10, and B = Z5, the group G has
self-paired rank 21 whilst its quotient action GΨ has self-paired rank 8. We can make some ground
on this problem with the following analogue of Roney-Dougal’s result, which has a very similar
proof.

Proposition 9.0.5. Let G be a finite innately transitive permutation group on a set Ω such that

T k ≤ G ≤ AwrSk

where T is a nonabelian simple group, A is a finite permutation group on a set Γ, k ≥ 2, d is a
divisor of k, T d is a normal subgroup of A, and AwrSk acts in product action on Γk/d. Then G

has self-paired rank at least 2.

Proof. Let D be the straight diagonal subgroup of T d. Suppose that β and γ are switched by an
involution t ∈ D in its action on Γ. Now for all t′ ∈ D, the element (1, . . . , 1, t′) lies in G, as do
all reorderings of its components. This follows from the fact that Dk/d ≤ T k ≤ G. Acting with
(1, . . . , 1, t) shows that the pair

((α, . . . , α, β), (α, . . . , α, γ))
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lies in a self-paired orbital. Similarly, we can show that the pair

((α, . . . , α, β, β), (α, . . . , α, γ, γ))

lies in a self-paired orbital. For these two orbitals to be the same, there would have to exist an
element of G which could map

(α, . . . , α, β) 7→ (α, . . . , α, β, β)

(α, . . . , α, γ) 7→ (α, . . . , α, γ, γ).

This is impossible, no matter how G is embedded into the wreath product, since it requires one of
the α’s to be mapped simultaneously to both β and γ.

Hence G has self-paired rank at least 2.

Recall from Definition 6.3.10, that Q : Gprod → Gprod takes a quotient action of an arbitrary
innately transitive group G, such that the resulting permutation group GΨ = (G)Q is innately
transitive and contained in a wreath product acting in product action. So we have the following
corollary of the above result:

Corollary 9.0.6. If G is a finite innately transitive group of Product Action type, then (G)Q has
self-paired rank at least 2.

Now recall that G embeds into an imprimitive wreath product Sym(ψ) wr(Sym(Γ)wrSk), where
the inner wreath product acts in product action on Γk. From [70, Proposition 2.2], we have the
following information on innately transitive groups G of Product Action type with unit self-paired
rank (if they exist!).

Proposition 9.0.7 (Roney-Dougal 2002). Let G be an imprimitive group with self-paired rank 1
which embeds as an imprimitive group into AwrB. If the self-paired orbital consists of pairs of
points from the same block, then A has even order and self-paired rank 1. Otherwise, A has odd
order and B has self-paired rank 1.

We have the following corollary:

Corollary 9.0.8. Let G be an innately transitive group of Product Action type on a set Ω and plinth
K = T k, and suppose G has a unique nondiagonal self-paired orbital. Let α ∈ Ω, let πi : K → Ti

be the projection of K onto the i-th simple direct factor of K, and let M =
∏k
i=1(Kα)πi. Then

the nondiagonal self-paired orbital of G consists of pairs of points from an orbit ψ of M , and the
stabiliser Gψψ has even order and self-paired rank 1.

Proof. Note that G embeds into the imprimitive wreath product Gψψ wrGΨ, where Ψ is the set of
orbits of M , the quotient GΨ is just (G)Q, and GΨ has self-paired rank at least two by Proposition
9.0.5. Therefore, the result follows.

Conclusion

There are many examples of imprimitive innately transitive groups with self-paired rank 1, and
in Chapter 10, we will list the self-paired ranks of innately transitive groups for degrees less than
60 for which there exist imprimitive innately transitive groups. Proposition 9.0.4 demonstrates
that primitivity is a strong hypothesis on permutation groups with self-paired rank 1. Colva
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Roney-Dougal proved in her thesis [69, Proposition 4.7] that the only actions of the 2-dimensional
projective special linear groups which have self-paired rank 1, are those which are 2-transitive [69,
Proposition 4.7].

It turns out, that the maximum self-paired rank of an innately transitive group of degree at
most 60 is 29, which is attained by D118 acting primitively on a set of 59 elements.
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Innately Transitive Groups of Small Degree

Figure 10.0.1: The primitive groups with degrees no greater than 8, that are not symmetric or
alternating groups.

As mentioned in the introduction, Camille Jordan [37] produced an incomplete list of primitive
groups with degree n ≤ 17. Burnside [17, Chapter XI] gave an accurate list of the primitive groups
with degree n ≤ 8 which we list below.

Degree Order Plinth Group

5 5 Z5 Z5

5 10 Z5 D10

5 20 Z5 D10.2
6 60 PSL2(5) PSL2(5)
6 120 PSL2(5) PGL2(5)
7 7 Z7 Z7

7 14 Z7 D14

7 21 Z7 Z7 o Z3

7 42 Z7 AGL1(7)
7 168 PSL2(7) PSL2(7)
8 56 Z3

2 AGL1(8)
8 168 Z3

2 AΓL1(8)
8 168 PSL2(7) PSL2(7)
8 336 PSL2(7) PGL2(7)
8 1344 Z3

2 ASL3(2)

Table 10.0.1: Burnside’s classification of primitive groups with degrees no greater than 8, that are
not symmetric or alternating groups (acting naturally).

Recently, Dixon and Mortimer [29], using the classification of finite simple groups, classified all
primitive groups of degree at most 1000 which do not have an abelian plinth, in the sense that they
specified socle types. Colva Roney-Dougal is currently completing and extending the classification
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of primitive groups of Abelian Plinth type of small degree. The author knows no attempt to classify
quasiprimitive groups of small degree. In this chapter we classify the innately transitive groups of
degree less than 60.

10.1 Some Lemmas

Below we give a lemma of Robert Guralnick [33, Theorem 2.3] on the permutation represen-
tation of a nonabelian simple group. Recall that the rank of a finite permutation group G is the
number of orbitals (orbits on ordered pairs) of G.

Lemma 10.1.1 (Guralnick 1983, CFSG). A nonabelian simple transitive permutation group K of
degree a power of a prime is either 2-transitive or primitive of rank 3.

Below is a simple result of Wielandt which follows from Theorem 1.6 in Wielandt’s lectures
“Permutation groups through invariant relations and invariant functions”[76].

Lemma 10.1.2 (Wielandt 1969). Every quasiprimitive transitive group with degree the square of
a prime, is primitive.

We generalise Wielandt’s lemma to innately transitive groups.

Lemma 10.1.3 (CFSG). Let G be an innately transitive group of degree pn where p is a prime
number and n is a positive integer. Then one of the following holds:

1. G is of Product Action type and n > 2;

2. n > 2 and G is primitive of Abelian Plinth or Almost Simple type;

3. n = 2 and G is primitive.

Proof. Let G be an innately transitive group on a set Ω with plinth K, and suppose that |Ω| = pn

for some prime p and positive integer n. Since no nonabelian simple group has order the power
of a prime, K cannot be nonabelian and regular. So G is not of Holomorph of a Simple Group,
Holomorph of a Compound Group, Twisted Wreath, Diagonal Quotient, or Product Quotient type.

If K is simple, then K would be primitive by Guralnick’s Lemma 10.1.1. Thus if G has a simple
plinth, then G is necessarily primitive. If G is of Diagonal type, then the degree of G is equal to
|T k−l| where T is a simple direct factor of K, k is the number of simple direct factors of K, and l
is a proper divisor of k. This implies that |T | = pn/(k−l) which is a contradiction, as no nonabelian
simple group has order a prime power. So we have that G is of Product Action type, or primitive
of Abelian Plinth or Almost Simple type.

Suppose now that n = 2. If G is quasiprimitive, then by Wielandt’s Lemma 10.1.2, G is
primitive. So suppose G is not quasiprimitive. By the above argument, K is nonabelian and
nonsimple. Let C be the orbits of CG (K) in Ω. Recall (see Lemma 8.0.1(4) or Lemma 6.1.2) that
GC is quasiprimitive. Since GC acts faithfully and nontrivially on C, we must have that |C| = p.
So GC cannot be of Product Action type, Diagonal type, Almost Simple type, or Twisted Wreath
type – which is a contradiction by Lemma 6.1.2. Therefore G is primitive.

The following lemma shows that we need only look for innately transitive groups of Almost
Simple and Almost Simple Quotient type in classifying innately transitive groups of degree less
than 60.
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Lemma 10.1.4 (CFSG). Let G be an innately transitive group of degree n. If G is imprimitive of
Product Action type, then n ≥ 60.

Proof. Let G be imprimitive of Product Action type on a set Ω, let K = T k be the plinth of
G, let α ∈ Ω, and let C be the set of orbits of CG (K) in Ω. Assume that n = |Ω| < 60 and G

is not quasiprimitive. By Lemma 6.1.2, GC is quasiprimitive on C of Product Action type and
KC ∼= K. By Theorem 3.2.1, the degree of GC must be of the form dk where d is the degree of
a quasiprimitive group of Almost Simple type. Since d ≥ 5 and |C| < n < 60, we must have that
dk ∈ {25, 36, 49}, that is, k = 2 and d ∈ {5, 6, 7}. However, since G is not quasiprimitive, |C| ≤ n/2
and hence d = 5. Therefore n = 50 (the only multiple of 25 less than 60). However, by using the
“Primitive Groups Library” in GAP, it was found that the only transitive characteristically simple
group of degree 50 of the form T 2 (where T is a nonabelian simple group), is A2

5 and every index
50 subgroup of A2

5 is self-normalizing. This is a contradiction as this implies that the set-wise
stabiliser K∆ of ∆ = αCG(K) is equal to Kα = K∆ and hence CG (K) = 1 (see Lemma 8.0.1).
So assume now that G is quasiprimitive. As argued above, n must be 25, 36, or 49. However, by
Lemma 10.1.2, n cannot be a square of a prime and hence n = 36.

Note that if n = 36, then T 2 ≤ G ≤ AwrS2 where A is quasiprimitive of Almost Simple type
with plinth T and degree 6. In fact, A is primitive (as T is primitive) and hence AwrS2 is primitive
by Lemma 2.7.3. By Theorem 3.2.2, G is primitive – a contradiction. Therefore the smallest degree
of an imprimitive innately transitive group of Product Action type is at least 60.

We will now determine the transitive imprimitive nonabelian simple groups of degree less than
60, which we will need in finding all innately transitive groups of Almost Simple and Almost
Simple Quotient type of the same degrees. We do not give a proof of the lemma below but we
instead explain how one can determine the imprimitive transitive nonabelian simple groups of
a certain degree n. First note that we can eliminate all those degrees n that are a power of a
prime, by Lemma 10.1.3. For n ≤ 30, one can just use the “Transitive Groups Library” in GAP.
For higher degrees, note that if T is an imprimitive transitive nonabelian simple group on a set
Ω and P is a maximal T -invariant partition of Ω, then T is primitive and faithful on P. So to
find the imprimitive transitive nonabelian simple groups of degree n, one first lists the primitive
nonabelian simple groups of degree m where m is a proper divisor of n and m ≥ 5. For example,
to find all imprimitive transitive nonabelian simple groups of degree 42, we first find all primitive
nonabelian simple groups of degree 6, 7, 14, and 21. Some of the simple groups in our list may not
act transitively on n points, and so one needs to test each group in the list to see if they have an
imprimitive transitive action of the required degree n. For example, the first list of candidates we
get for n = 42 is

T PSL2(5) A6 PSL2(7) A7 PSL2(13) A14 PSL3(4) A21

m 6 6 7 7,21 14 14 21 21

but only PSL2(7), A7, and PSL2(13) have subgroups of index 42.

Lemma 10.1.5. The transitive imprimitive nonabelian simple groups of degree less than 60 are
precisely those listed in the table below:
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Degree Groups

12 A5

14 PSL2(7)
15 A5

20 A5, A6

21 PSL2(7)
22 M11

24 PSL2(7)
26 PSL3(3)
28 PSL2(7), PSL2(13)
30 A5, A6

36 A6, PSL2(17)
39 PSL3(3)
40 A6

42 PSL2(7), PSL2(13), A7

45 A6

50 PSL2(16)
52 PSL3(3), PSL2(25)
55 PSL2(11)
56 PSL2(7), PSL2(8), A8, PSp6(2)

Table 10.1.1: The imprimitive transitive simple groups of degree less than 60.

We have the following corollary:

Lemma 10.1.6 (CFSG). If G is a finite imprimitive innately transitive permutation group of degree
less than 60, then G is of Almost Simple or Almost Simple Quotient type and the possible degrees
for G are:

12, 14, 15, 20, 21, 22, 24, 26, 28, 30, 36, 39, 40, 42, 45, 51, 52, 55, 56.

Proof. Let G be a finite imprimitive innately transitive permutation group of degree n less than
60. By Lemma 10.1.4, G is not of Product Action type, and by Theorem 3.2.1, G is not of Abelian
Plinth, Holomorph of a Simple Group, or Holomorph of a Compound Group type. Now if G
has a regular nonabelian plinth K, then the degree of G would be at least 60, since the smallest
nonabelian simple group has order 60. So G is not of Twisted Wreath, Diagonal Quotient, or
Product Quotient type. Similarly, the smallest degree of a quasiprimitive group of Diagonal type
is 60 (see Section 3.4). So by Theorem 6.5.1, G is of Almost Simple or Almost Simple Quotient
type. So the possible degrees of G are the possible degrees of transitive imprimitive simple groups
less than 60. Thus the result follows Lemma 10.1.5.
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10.2 The method

In order to exhaustively calculate the innately transitive groups of degree less than 60, we use
the theory of innate triples derived in this thesis. Let n be an allowable integer for the degree
of an imprimitive innately transitive group given by Lemma 10.1.6. First we find all transitive
simple groups of degree n and exclude those that are primitive. These simple groups will be
possible plinths for innately transitive groups of Almost Simple or Almost Simple Quotient type
with degree n. Since overgroups of primitive groups are primitive, we know that these possible
plinths are imprimitive. Usually there is a small number of possible plinths and so we take each
one and find possible epimorphisms ϕ (with domain a subgroup of K) and automorphism groups
L of K which satisfy the conditions of Lemma 6.2.3.

For a given transitive simple group K of degree n, finding the possible epimorphisms ϕ with
domain a subgroup of K, is equivalent to finding sections K0/K1 of K such that |K1| = |K|/n.
Given a section K0/K1 of K with |K1| = |K|/n, one then searches for subgroups L of Aut(K)
such that K1 is L-invariant and L ∩ Inn(K) = InnK0(K). Once all possible triples (K,K1/K0, L)
are found, it follows from the theory of innate triples earlier in this thesis, that we have found all
innately transitive groups of degree n.

Here is an example for n = 12. By Lemma 10.1.5, it is readily seen that the only transitive
imprimitive simple group of degree n is K = A5, the rotational symmetries of the icosahedron.
The only conjugacy class of subgroups of index n in K are the cyclic subgroups of order 5. Since
K1 is determined up to conjugacy in K, we may assume that K1 is a cyclic subgroup of K of order
5. The normaliser of K1 in K is a dihedral group of order 10, and so the possibilities for K0 are
just K1 and NK (K1) ∼= D10.

So assume first that K0 = K1. We know from Corollary 5.4.9 that any innate triple (K,ϕ,L)
with Domϕ = K0 = K1 = Kerϕ will be quasiprimitive. To find possible subgroups L ≤ Aut(K)
such that K1 is L-invariant and L∩ Inn(K) = InnK0(K), we descend in incremental steps from the
top of the subgroup lattice of Aut(K), to InnK0(K). This is a more efficient method than testing all
subgroups of Aut(K) for the required condition. Now it turns out the only maximal subgroups L
of Aut(K) whose intersection with Inn(K) contains InnK0(K), are Inn(K) and NAut(K) (InnK0 K).
However, NAut(K) (InnK0 K) does not intersect Inn(K) in InnK0(K), so now we take the union of
the sets of maximal subgroups of Inn(K) and NAut(K) (InnK0 K) and test to see if such subgroups
have intersection with Inn(K) containing InnK0(K). After this step, we find that the only maximal
subgroup of NAut(K) (InnK0 K) whose intersection with Inn(K) contains InnK0(K), is InnK0(K)
itself, and the same happens for Inn(K). So we have only one candidate for L – namely InnK0(K),
and K1 is clearly L-invariant. These choices for K0, K1, and L yield the rotational symmetries of
the icosahedron; A5 acting on 12 points.

So assume now that K0 = NK (K1). Using the same routine above, we find that the only
candidates for L are InnK0(K) and NAut(K) (InnK0 K), which yield the innately transitive groups
Z2×A5 (the full symmetry group of the icosahedron) and (Z2×A5).2 respectively. This algorithm
has been implemented in GAP1, and the code can be found in Appendix 1.

This routine was used to find all imprimitive innately transitive groups of degree of at most
60, and the results have been tabulated in the next section. For some cases, ad hoc methods were
used, for example where K = PSp6(2) acting on 56 points – which is too large for the above

1The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.2; Aachen, St Andrews, 2000.

(http://www-gap.dcs.st-and.ac.uk/ gap)
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algorithm. The first column lists the possible degrees of imprimitive innately transitive groups and
each line gives the details of each innately transitive group (up to permutational isomorphism)
of these degrees. The second, fourth, and fifth columns give the order, plinth, and isomorphism
type of the imprimitive innately transitive group accordingly. The third column is either a number
k ≥ 2, if the respective group is k-transitive, or a symbol 1, “qp”, or “it” if the group is primitive,
quasiprimitive and imprimitive, or not quasiprimitive respectively. This is similar notation to that
of Charles Sims’ list of the primitive groups of degree at most 20 (see [73]). The sixth and seventh
columns contain the rank and self-paired rank for each innately transitive group. For degrees at
most 30, the far right column contains the identification number for the corresponding group in
GAP’s “Transitive Groups Library”.
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10.3 A table containing the innately transitive groups of degree less than 60

Degree Order Type Plinth Comments Rank S.P. Rank TransID

12 60 qp A5 A5 4 3 33
120 it A5 Z2 ×A5 4 3 76
240 it A5 (Z2 ×A5).2 3 2 124
660 2 PSL2(11) PSL2(11) 2 1 179
1320 3 PSL2(11) PGL2(11) 2 1 218
7920 3 M11 M11 2 1 272
95040 5 M12 M12 2 1 295
12!/2 10 A12 A12 2 1 300
12! 12 A12 S12 2 1 301

14 168 qp PSL2(7) PSL2(7) 3 2 10
336 it PSL2(7) Z2 × PSL2(7) 3 2 17
1092 2 PSL2(13) PSL2(13) 2 1 30
2184 3 PSL2(13) PGL2(13) 2 1 39
14!/2 12 A14 A14 2 1 62
14! 14 A14 S14 2 1 63

15 60 qp A5 A5 6 3 5
120 qp S5 S5 4 3 10
180 it A5 Z3 ×A5

∼= GL(2, 4) 4 1 15
360 it A5 (Z3 ×A5).2 3 2 21
360 1 A6 A6 3 2 20
720 1 A6 S6 3 2 28
2520 2 A7 A7 2 1 47
20160 2 A8 A8 2 1 72
15!/2 13 A15 A15 2 1 103
15! 15 A15 S15 2 1 104

20 60 qp A5 A5 8 5 15
120 qp A5 S5 (on cosets of S3) 7 4 30
120 qp A5 S5 (on cosets of Z6) 5 4 35
120 it A5 Z2 ×A5 6 5 36
240 it A5 (Z2 ×A5).2 5 4 65
360 qp A6 A6 4 3 89
720 qp A6 S6 4 3 149
720 qp A6 A6.2 3 2 150
720 it A6 Z2 ×A6 4 3 152
1440 it A6 Z2 × S6 4 3 198
1440 it A6 (Z2 ×A6).2 3 2 200
1440 it A6 Z2 × (A6.2) 4 2 197
3420 2 PSL2(19) PSL2(19) 2 1 272
6840 3 PSL2(19) PGL2(19) 2 1 362
20!/2 18 A20 A20 2 1 116
20! 20 A20 S20 2 1 1117
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Degree Order Type Plinth Comments Rank S.P. Rank TransID

21 168 qp PSL2(7) PSL2(7) 6 3 14
336 1 PSL2(7) PGL2(7) 4 3 20
2520 1 A7 A7 3 2 33
5040 1 A7 S7 3 2 38
20160 2 PSL3(4) PSL3(4) 2 1 67
40320 2 PSL3(4) PΣL3(4) 2 1 85
60480 2 PSL3(4) PGL3(4) 2 1 91
120960 2 PSL3(4) PΓL3(4) 2 1 103
21!/2 19 A21 A21 2 1 163
21! 21 A21 S21 2 1 164

22 7920 qp M11 M11 3 2 22
15840 it M11 Z2 ×M22 3 2 26
443520 3 M22 M22 2 1 38
887040 3 M22 M22 : 2 2 1 41
22!/2 20 A22 A22 2 1 58
22! 22 A22 S22 2 1 59

24 168 qp PSL2(7) PSL2(7) 6 3 284
336 qp PSL2(7) PGL2(7) 6 3 707
504 it PSL2(7) Z3 × PSL2(7) 4 1 1355
1008 it PSL2(7) Z3 × PGL2(7) 4 1 2668
6072 2 PSL2(23) PSL2(23) 2 1 7817
12144 3 PSL2(23) PGL2(23) 2 1 10255

244823040 5 M24 M24 2 1 24680
24!/2 22 A24 A24 2 1 24999
24! 24 A24 S24 2 1 25000

26 5616 qp PSL3(3) PSL3(3) 3 2 39
7800 2 PSL2(25) PSL2(25) 2 1 42
11232 it PSL3(3) Z2 × PSL3(3) 3 2 47
15600 3 PSL2(25) PSL2(25).2 2 1 56
15600 2 PSL2(25) PΣL2(25) 2 1 57
15600 3 PSL2(25) PGL2(25) 2 1 55
31200 3 PSL2(25) PΓL2(25) 2 1 62
26!/2 24 A26 A26 2 1 95
26! 26 A26 S26 2 1 96

28 168 qp PSL2(7) PSL2(7) 7 4 32
336 1 PSL2(7) PGL2(7) 5 4 46
504 1 PSL2(8) PSL2(8) 4 4 70
1092 qp PSL2(13) PSL2(13) 4 3 120
1512 2 PSL2(8) PΓL2(8) 2 1 165
2184 it PSL2(13) Z2 × PSL2(13) 4 3 199
4368 it PSL2(13) Z2 × PGL2(13) 4 3 282
6048 2 PSU3(9) PSU3(9) 2 1 323
9828 2 PSL2(27) PSL2(27) 2 1 359
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Degree Order Type Plinth Comments Rank S.P. Rank TransID

12096 2 PSU3(9) PΓU3(9) 2 1 393
20160 1 A8 A8 3 2 433
40320 1 A8 S8 3 2 502
19656 3 PSL2(27) PGL2(27) 2 1 426
29484 2 PSL2(27) PSL2(27) : 3 2 1 475
58968 3 PSL2(27) PΓL2(27) 2 1 616

1451520 2 PSp6(2) PSp6(2) 2 1 1256
28!/2 26 A28 A28 2 1 1853
28! 28 A28 S28 2 1 1854

30 60 qp A5 A5 16 7 9
120 qp A5 S5 (on cosets of Z4) 9 6 22
120 qp A5 S5 (on cosets of D4) 11 6 27
120 it A5 Z2 ×A5 10 7 29
240 it A5 Z2 × S5 7 6 58
360 qp A6 A6 7 4 88
720 qp A6 S6 (on cosets of S4) 7 4 164
720 qp A6 S6 (on cosets of Z2 ×A4) 5 4 176
720 it A6 Z2 ×A6 5 4 179
1440 it A6 Z2 × S6 5 4 261
12180 2 PSL2(29) PSL2(29) 2 1 808
24360 3 PGL2(29) PGL2(29) 2 1 999
30!/2 28 A30 A30 2 1 5711
30! 30 A30 S30 2 1 5712

36 360 qp A6 A6 6 5 na
504 1 PSL2(8) PSL2(8) 5 4 na
720 qp A6 S6 5 4 na
720 1 PSL2(9) M10 4 3 na
720 1 PSL2(9) PGL2(9) 5 4 na
1440 1 PSL2(9) PΓL2(9) 4 3 na
1512 1 PSL2(8) PΓL2(8) 3 2 na
2448 qp PSL2(17) PSL2(17) 4 3 na
4896 it PSL2(17) Z2 × PSL2(17) 4 3 na
6048 1 PSU3(9) PSU3(9) 4 1 na
7200 1 A2

5 A5 wrS2 3 2 na
9792 it PSL2(17) (Z2 × PSL2(17)).2 3 2 na
12096 1 PSU3(9) PΓU3(9) 3 2 na
14400 1 A2

5 (A5 wrS2).2 3 2 na
14400 1 A2

5 (A2
5).4 3 2 na

25920 1 PSp4(3) PSp4(3) 3 2 na
28800 1 A2

5 S5 wrS2 3 2 na
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Degree Order Type Plinth Comments Rank S.P. Rank

51840 1 PSp4(3) PSp4(3) : 2 3 2
181440 1 A9 A9 3 2
259200 1 A2

6 A6 wrS2 3 2
362880 1 A9 S9 3 2
518400 1 A2

6 A2
6 : 22 3 2

518400 1 A2
6 A2

6 : 4 3 2
1036800 1 A2

6 S6 wrS2 3 2
1451520 2 PSp6(2) PSp6(2) 2 1
36!/2 34 A36 A36 2 1
36! 36 A36 S36 2 1

39 5616 qp PSL3(3) PSL3(3) 3 2
39!/2 37 A39 A39 2 1
39! 39 A39 S39 2 1

40 360 qp A6 A6 8 5
720 qp A6 S6 6 5
720 it A6 Z2 ×A6 8 5
1440 it A6 (Z2 ×A6) : 21 5 4
1440 it A6 (Z2 ×A6) : 22 6 3
1440 it A6 (Z2 ×A6)·Diag(21 × 22) 6 5
2880 it A6 (Z4 ×A6) : 21 4 3
2880 it A6 (Z4 ×A6) : 22 5 4
2880 it A6 (Z4 ×A6)·Diag(21 × 22) 5 2
5760 it A6 (Z4 ×A6)·(21 × 22) 4 3
25920 1 PSp4(3) PSp4(3) 3 2
25920 1 PSp4(3) PSp4(3) 3 2
51840 1 PSp4(3) PSp4(3).2 3 2
51840 1 PSp4(3) PSp4(3).2 3 2

6065280 2 PSL4(3) PSL4(3) 2 1
12130560 2 PSL4(3) PGL4(3) 2 1

40!/2 38 A40 A40 2 1
40! 40 A40 S40 2 1

42 168 qp PSL2(7) PSL2(7) (on cosets of Z4) 12 5
168 qp PSL2(7) PSL2(7) (on cosets of Z2

2) 15 6
336 qp PSL2(7) PGL2(7) (on cosets of Z8) 7 6
336 qp PSL2(7) PGL2(7) (on cosets of D8) 9 6
336 it PSL2(7) Z2 × PSL2(7), first action 9 6
336 it PSL2(7) Z2 × PSL2(7), second action 10 5
504 it PSL2(7) Z3 × PSL2(7) 7 2
672 it PSL2(7) (Z2 × PSL2(7)) : 2 7 6
1008 it PSL2(7) S3 × PSL2(7) 5 4
1092 qp PSL2(13) PSL2(13) 6 3
2184 qp PSL2(13) PGL2(13) 6 3
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Degree Order Type Plinth Comments Rank S.P. Rank

2520 qp A7 A7, first action 4 3
2520 qp A7 A7, second action 7 4
3276 it PSL2(13) Z3 × PSL2(13) 4 1
5040 qp A7 S7 (first action on cosets of S5) 4 3
5040 qp A7 S7 (second action on cosets of S5) 7 4
5040 qp A7 S7 (on cosets of Z2 ×A5) 5 4
5040 it A7 Z2 ×A7 5 4
6552 it PSL2(13) (Z3 × PSL2(13)).2 4 1
10080 it A7 (Z2 ×A7).2 5 4
34440 2 PSL2(41) PSL2(41) 2 1
68880 3 PSL2(41) PGL2(41) 2 1
42!/2 40 A42 A42 2 1
42! 42 A42 S42 2 1

45 360 qp A6 A6 9 6
720 qp A6 S6 8 5
720 1 PSL2(9) PGL2(9) 6 5
720 1 PSL2(9) M10 5 4
1440 1 PSL2(9) PΓ2(9) 5 4
25920 1 PSp4(3) PSp4(3) 3 2
51840 1 PSp4(3) PSp4(3) : 2 3 2

1814400 1 A10 A10 3 2
3628800 1 S10 S10 3 2
45!/2 43 A45 A45 2 1
45! 45 A45 S45 2 1

51 4080 qp PSL2(16) PSL2(16) 6 3
8160 qp PSL2(16) PGL2(16) 6 3
12240 it PSL2(16) Z3 × PSL2(16) 4 1
16320 qp PSL2(16) PΓL2(16) 4 3
24480 it PSL2(16) Z3 × PGL2(16) 4 1
48960 it PSL2(16) (Z3 × PGL2(16)).2 3 2
51!/2 49 A51 A51 2 1
51! 51 A51 S51 2 1

52 5616 qp PSL3(3) PSL3(3) 6 3
7800 qp PSL2(25) PSL2(25) 4 3
11616 1 PSL3(3) PSL3(3).2 4 3
15600 qp PSL2(25) PΣL2(25) (first action) 4 3
15600 qp PSL2(25) PΣL2(25) (second action) 4 3
15600 it PSL2(25) Z2 × PSL2(25) 4 3
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Degree Order Type Plinth Comments Rank S.P. Rank

31200 it PSL2(25) Z2 × PΣL2(25) (first action) 4 3
31200 it PSL2(25) Z2 × PΣL2(25) (second action) 4 3
31200 it PSL2(25) (Z2 × PSL2(25)) : 21 3 2
31200 it PSL2(25) (Z2 × PSL2(25)) : 22 3 2
62400 it PSL2(25) (Z2 × PSL2(25)) : (21 × 22) 3 2
52!/2 50 A52 A52 2 1
52! 52 A52 S52 2 1

55 660 qp PSL2(11) PSL2(11), first action 8 5
660 1 PSL2(11) PSL2(11), second action 9 4
1320 1 PSL2(11) PGL2(11), first action 6 5
1320 1 PSL2(11) PGL2(11), second action 6 5
7920 1 M11 M11 3 2

19958400 1 A11 A11 3 2
39916800 1 A11 S11 3 2

55!/2 53 A55 A55 2 1
55! 55 A55 S55 2 1

56 168 qp PSL2(7) PSL2(7) 20 7
336 qp PSL2(7) PGL2(7), acting on cosets of S3 11 8
336 qp PSL2(7) PGL2(7), acting on cosets of Z6 13 8
336 it PSL2(7) Z2 × PSL2(7) 14 7
504 qp PSL2(8) PSL2(8) 8 7
672 it PSL2(7) Z2 × PGL2(7) 9 8
1008 it PSL2(8) Z2 × PSL2(8) 8 7
1512 qp PSL2(8) PΓL2(8) 4 3
3024 it PSL2(8) Z2 × PΓL2(8) 4 3
20160 qp A8 A8 7 4
20160 1 A8 A8 4 3
20160 1 PSL3(4) PSL3(4) 3 2
40320 qp A8 S8 acting on cosets of S6 7 4
40320 qp A8 S8 acting on cosets of (Z3 ×A5).2 5 4
40320 it A8 Z2 ×A8 5 4
40320 1 A8 S8 4 3
40320 1 PSL3(4) PGL3(4) 3 2
40320 1 PSL3(4) PSL3(4) : 2 3 2
40320 1 PSL3(4) PSL3(4).2 3 2
80640 it A8 (Z2 ×A8) : 2 5 4
80640 1 PSL3(4) PΓL3(4) 3 2

1451520 qp PSp6(2) PSp6(2) 4 3
2903040 it PSp6(2) Z2 × PSp6(2) 4 3
56!/2 54 A56 A56 2 1
56! 56 A56 S56 2 1
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10.4 Conclusion

There are 568 permutational isomorphism classes of innately transitive groups of degree less
than 60. Of those, 512 are quasiprimitive, 453 are primitive, and 254 are 2-transitive. The largest
rank of an innately transitive group of degree less than 60 is 59 and is attained by Z59 acting
primitively on a set of 59 elements. The maximum self-paired rank of an innately transitive group
of degree at most 60 is 29, which is attained by D118 acting primitively on a set of 59 elements.
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In this thesis, we have seen that permutational isomorphism classes of the innately transitive
groups, those permutation groups which have a transitive minimal normal subgroup, are in one-
to-one correspondence with the set of isomorphism classes of objects called innate triples. These
objects are determined by a characteristically simple group K, a section of K, and a group of
automorphisms of K. Given a finite innately transitive group permutation group G, this group
K corresponds to a plinth of G – a transitive minimal normal subgroup of G. So in some sense,
we have found that innately transitive groups are determined by their plinths. Let us extend this
notion further.

Suppose that we have a finite innately transitive group G acting on a set Ω, with plinth K.
Then there is a homomorphism Φ : G→ Out(CG (K)×K) defined by (g)Φ = Inn(CG (K)×K)ĝ,
for all g ∈ G, where ĝ is the automorphism of CG (K) ×K induced from conjugation by g. Note
that the kernel of Φ is CG (K) × K. So every innately transitive group G with plinth K, is an
extension of CG (K) ×K by a group of outer automorphisms of CG (K) ×K. Now in the above
example, if α ∈ Ω and ∆ is the CG (K)-orbit of α, then by Lemma 5.1.1, Kα is a normal subgroup
of the setwise stabiliser K∆ of ∆, and CG (K) ∼= K∆/Kα. So we see that every innately transitive
group with plinth K is an extension of (K0/K1)×K, where K0/K1 is a section of K, by a group
of outer automorphisms of (K0/K1) ×K. We have the following observation which states that a
morphism from (G,K,G0) to (G,K,G0), is completely determined by its action on K.

Proposition 11.0.1. Let G and G be finite innately transitive permutation groups on sets Ω and
Ω respectively. Let K be the plinth of G, and suppose that (θ, µ) and (θ′, µ′) are permutational
transformations from G on Ω to G on Ω such that |(Ω)µ| > 1 and θ|K = θ′|K . Then θ = θ′.

Proof. Let α ∈ Ω and let g ∈ Gα. Then for all y ∈ K, we have

(g)θ′(g−1)θ(y)θ) = (g)θ′(g−1yg)θ(g−1)θ = (g)θ′(g−1yg)θ′(g−1)θ

= (y)θ′(g)θ′(g−1)θ = (y)θ(g)θ′(g−1)θ.

Therefore (g)θ′(g)θ−1 ∈ C(G)θ ((K)θ) ∩ (Gα)θ. Note that for all h ∈ Gα, we have (α)µ(h)θ =
(αh)µ = (α)µ and hence every element of (Gα)θ fixes (α)µ. By Lemma 2.1.19, (G)θ is innately
transitive on (Ω)µ with plinth (K)θ, and hence C(G)θ ((K)θ) is semiregular (by Lemma 2.3.2). So
it follows that C(G)θ ((K)θ) ∩ (Gα)θ = 1 and (g)θ = (g)θ′. Therefore θ = θ′ as G = KGα.

Theorem 6.5.1 describes the structure of innately transitive groups in a similar way to the
theorem of Praeger for quasiprimitive groups (Theorem 3.2.1), and the collective result for primitive
groups which is commonly known as the O’Nan–Scott Theorem (3.2.2). Our result shows that a
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non-quasiprimitive innately transitive group is of one of four types: Almost Simple Quotient,
Diagonal Quotient, Product Quotient, or Product Action type. The latter is a generalisation of
the quasiprimitive Product Action type. Below is a summary of the case sub-division of innately
transitive groups.
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Figure 11.0.1: A diagram representing the case sub-division of innately transitive groups. An “up”
arrow represents “true” and a down arrow represents “false”.
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The author believes that it is possible to derive a structure theorem, in a similar manner to that
achieved in this thesis, for finite permutation groups which have a transitive normal characteris-
tically simple subgroup. Recall from the conclusion of Chapter 5 that there is a correspondence
between objects in this class of permutation groups to triples (K,ϕ,L) where K is a finite char-
acteristically simple group, ϕ is an epimorphism with domain a subgroup K0 of K with kernel
core-free in K, and if K is abelian, then K0 = K, and L is a subgroup of Aut(K) such that
L ∩ Inn(K) = InnK0(K) and Kerϕ is L-invariant. If K is L-simple, then (K,ϕ,L) is an innate
triple. The following example shows that there exist finite permutation groups which have a tran-
sitive normal characteristically simple subgroup, that are not innately transitive. Let G = A5×A5

and let x1 and x2 be transpositions from each of these direct factors. Let G0 = 〈x1x2〉. Consider
the right coset action of G on G0 (note that G0 is core-free in G). Then G acts transitively on
[G : G0] and is characteristically simple. However, no minimal normal subgroup of G is transitive
in this action, and so G is not innately transitive. The corresponding triple here is (G,ϕ,L) where
ϕ is the trivial epimorphism from G0 to 1, and L = InnG0(G). Note that G is not L-simple as
each simple direct factor of G is L-invariant.

The O’Nan–Scott Theorem showed that some classes of primitive groups could be described as
permutation groups which preserve a Cartesian decomposition of a set. It was Kovács who pio-
neered the study of “blow-ups” of primitive groups, and he showed with this theory that primitive
groups of Holomorph of a Compound Group, Compound Diagonal, and Product Action type could
be described as blow-ups of primitive groups of Holomorph of a Simple Group, Simple Diagonal,
and Almost Simple type respectively. Cameron coined the latter classes of groups basic primitive
groups; those that do not preserve a Cartesian decomposition of a set. In this thesis, we proved
that the innately transitive groups can be described in a similar way (Theorem 6.3.20). However,
we have not extended the notion of a “blow-up” to innately transitive groups as we believe that
this endeavour would be superseded by a more comprehensive approach in the context of Carte-
sian systems. Baddeley, Praeger, and Schneider have studied Cartesian systems of quasiprimitive
groups as a generalisation of the blow-up construction (see [7]).

Let Ω be a set and ε = {Γ1, . . . ,Γl} a set of partitions of Ω. We say that ε is a Cartesian
decomposition of Ω, if γ1∩ · · ·∩γl is a singleton set for all (γ1, . . . , γl) ∈ Γ1×· · ·×Γl. Note there is
a well-defined bijection from Ω to Γ1×· · ·×Γl given by ω 7→ (γ1, . . . , γl) where ω ∈ γi ∈ Γi, and so
we may identify Ω with a Cartesian product of sets. The Cartesian decomposition ε of Ω is said to
be homogeneous if the elements of ε have a common cardinality. If G is a permutation group acting
on Ω, then we say that ε is G-invariant if Γg ∈ ε for all g ∈ G and Γ ∈ ε. So if ε = {Γ1, . . . ,Γl} is
a homogeneous G-invariant Cartesian decomposition of Ω, then G is permutationally isomorphic
to a subgroup of Sym(Γ1) wrSl acting in Product Action.

Let G be a finite innately transitive permutation group on a set Ω with plinth K, and let
{Γ1, . . . ,Γl} be a G-invariant Cartesian decomposition of Ω. By a result of Baddeley, Praeger, and
Schneider [8, Proposition 3.1], each Γi is a K-invariant partition of Ω. Hence innately transitive
groups provide a suitable context in which to study Cartesian decompositions of primitive and
quasiprimitive groups. Now suppose that we have a fixed element α ∈ Ω. A Cartesian system of
K (with respect to α) is a Gα-invariant collection of subgroups {K1, . . . ,Kl} of K such that the
intersection of this collection is equal to Kα, and Ki

(∏
j 6=iKj

)
= K for all i. By [8, Theorem

3.3], there is a one-to-one correspondence between the set of G-invariant Cartesian decompositions
of Ω and the set of Cartesian systems in K with respect to α. So again we see that the plinth of
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an innately transitive group is of central importance when studying the actions of such groups.

A study of innately transitive groups that preserve Cartesian decompositions would also be
useful in understanding more about inclusions of innately transitive groups – particularly in the
case when the larger innately transitive group is of Product Action type. In Chapter 7, we gave
a complete account of the innately transitive types of the inclusion G ≤ H ≤ Sn where G is
quasiprimitive and H is innately transitive. Clearly there is more work to be done in the case that
G is not quasiprimitive. In the same chapter, we also determined the innately transitive types of
quotient actions of innately transitive groups.

In Chapter 8, we showed that many of the bounds on finite primitive groups such as bounds on
their order, the minimal degree, and minimum base size, could be extended to innately transitive
groups. That this is possible is not surprising since for an innately transitive group G with plinth
K, each maximal subgroup containing Gα gives rise to a primitive action of G with kernel contained
in CG (K), and CG (K) is semiregular. However, the major problems with this observation arise
when the associated primitive group is relatively large compared to G.

Chapter 9 explored the properties of innately transitive groups with a unique nondiagonal self-
paired orbital. Such groups have a Parker vector of the form (1, 1, ?, . . . , ?). It is a difficult problem
to delineate what useful information can be obtained about a transitive permutation group given
its Parker vector. We proved that the class of innately transitive groups with a unique nondiagonal
self-paired orbital, is limited to those of Abelian Plinth, Almost Simple, Almost Simple Quotient,
and Product Action type. Moreover, there exist infinitely many innately transitive groups of
Almost Simple Quotient type with self-paired rank 1. It is unknown, and requires further work,
whether there exists an innately transitive group of Product Action type with self-paired rank 1.
Such an example would not be quasiprimitive by Proposition 9.0.5.

In Chapter 10, we listed all the innately transitive groups of degree at most 60 (except for
the degrees where only primitive groups occur) by their isomorphism type together with some
information on their plinths, ranks, and self-paired ranks. There is scope to extend this list for
larger degrees and perhaps, in this context, an alternative classification of the innately transitive
groups by plinth type (in the same fashion as Dixon and Mortimer) might prove useful.

We now give a brief run-down of other problems in combinatorics and permutation group theory,
where innately transitive groups could play a role. The “innately transitive” hypothesis can offer
a meaningful refinement of a study of the automorphism group of a combinatorial object. Just as
it was of interest to examine the point-quasiprimitive line-transitive linear spaces (see the work
of Camina and Praeger [24]), it may also be a useful exercise to investigate line-transitive linear
spaces with an automorphism group that is innately transitive on points. Alan Camina [23] proved
that if G is a group of automorphisms of a finite linear space S such that G is transitive on the
lines of S and primitive on the points of S, then G is of Abelian Plinth or Almost Simple type. In
[24], Camina and Praeger proved that the above also holds when G is quasiprimitive on points. It
is not too difficult to prove that if G is a group of automorphisms of a finite linear space S such
that G is transitive on the lines of S and innately transitive on the points of S, then G is of Abelian
Plinth, Almost Simple, Almost Simple Quotient, or Product Action type. At the time of writing
this thesis, the author does not know of an example of a linear space S with a line-transitive group
of automorphisms that is imprimitive and innately transitive on points (see [62, 7. Line-transitive
linear spaces] for more).

Primitive groups can be regarded as the “building blocks” for the finite transitive permuta-
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tion groups. Given a finite transitive permutation group G on a set Ω, there exists a sequence
G1, . . . , Gm of finite primitive permutation groups such that G can be embedded into the iterated
wreath product G1 wrG2 wr · · ·wrGm acting in the imprimitive action. Praeger has another in-
terpretation of this well-known fact of primitive groups in the context of the subgroup lattice of
a transitive permutation group. Given a subgroup lattice function1 L we say that a group G is a
basic component of L if G is permutationally isomorphic to the transitive group G acting by right
coset multiplication on the cosets of some proper subgroup G0 of G, and there is no intermediate
subgroup in the interval [G0, G] that lies in (G,G0)L. We say that G is a strong basic component
of L if G is a basic component of L and (G,G0)L = {G,G0}.

In [64], Praeger defines three subgroup lattice functions Sub, Seminorm, and Subnorm which
have the following properties in terms of basic components for G0 < G:

• The basic components of Sub(G,G0) are primitive and each primitive permutation group
occurs as a basic component of some Sub(?, ?).

• The basic components of Seminorm(G,G0) are quasiprimitive and each quasiprimitive per-
mutation group occurs as a basic component of some Seminorm(?, ?).

• The basic components of Subnorm(G,G0) are innately transitive and each innately transitive
permutation group occurs as a basic component of some Subnorm(?, ?).

A quasigroup is a set Q with a binary operation ◦ such that for all x, y, z ∈ Q, if x ◦ y = z,
then any two of the elements x, y, z determine the third uniquely. So the right multiplication
maps x 7→ xy and the left multiplication maps x 7→ yx are permutations of Q, and the group
generated by these maps is called the multiplication group of Q, which we denote Mult(Q), and
it acts transitively on Q. As in group theory, there are special kinds of quasigroups called simple
quasigroups which we do not define here. It is well known (see [25]) that a quasigroup is simple
if and only if Mult(Q) acts primitively on Q. In [54, Theorem 2], it was proved that Mult(Q)
can never be quasiprimitive and imprimitive. So it is reasonable to ask whether an imprimitive
innately transitive group can be a multiplication group of a quasigroup.

Recently, Praeger has investigated what are known as bi-quasiprimitive groups. A finite per-
mutation group G on a set Ω is bi-quasiprimitive if each nontrivial normal subgroup of G has at
most two orbits on Ω. These groups arise in the study of finite bipartite vertex-transitive graphs
(for more, see [60]). In [60], a structure theorem for bi-quasiprimitive groups is given and innately
transitive groups arise as a special case of it (see part (b) of [60, Theorem 1]). In particular, there
is a permutation group H arising from the bi-quasiprimitive group G, which is non-quasiprimitive
and innately transitive with plinth M , and the socle of G is M ×M . One may also ask whether
bi-innately transitive groups arise naturally when studying bipartite vertex-transitive graphs, and
whether a similar structure theorem could be developed for bi-innately transitive groups, that is,
those finite permutation groups which have a minimal normal subgroup with at most two orbits.

1A subgroup lattice function L takes as input an ordered pair of groups (G, G0) with G0 < G, and returns a

subgroup lattice (G, G0)L that is a subset of the lattice of all subgroups of G containing G0.
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[41] L. G. Kovács. Maximal subgroups in composite finite groups. J. Algebra, 99(1):114–131, 1986.
4
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Appendix 1

Below is the GAP code used to find all innately transitive groups of degree less than 60.

PossibleK := function(n)

# For a given positive integer n, finds

# all transitive imprimitive simple groups

# of degree n

local transn, ks;

transn:=List([1..NrTransitiveGroups(n)], x-> TransitiveGroup(n,x));

ks:=Filtered(transn, x-> IsSimple(x) and not IsPrimitive(x));

return ks;

end;

PossibleStabs := function(g, index);

# For a given permutation group, finds all

# possible subgroups h of g (up to conjugacy)

# such that the action of g on [g:h] has degree "index"

return Filtered(List(ConjugacyClassesSubgroups(g), Representative),

x -> Size(x) = Size(g)/index);

end;

PossibleK0 := function(k, k1)

# Given a subgroup k1 of k, finds all subgroups

# k0 of k such that k0/k1 is a section of k

local k0s;

k0s:=Filtered(Union(ConjugacyClassesSubgroups(Normalizer(k, k1))),

x -> IsSubgroup(x, k1));

return k0s;

end;

DoesFixK1 := function(l, k1)

# A simple test to find if k1 is L-invariant

return ForAll(l, t -> Image(t, k1) = k1);

end;

Inn2 := function(k,k0)

# Computes the subgroup of Inn(k) induced by the

# inner automorphisms of k0

local gensk0, gensinnk0;

gensk0 := GeneratorsOfGroup(k0);

gensinnk0 := List(gensk0, i -> InnerAutomorphism(k, i));

return Group(gensinnk0);

end;
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PossibleL := function(k, k0, k1)

# For a possible plinth k, and a section k0/k1,

# this function finds all possible automorphism

# groups l of k with the required properties

# of an innate triple

local l, lst, au, maxs, inn, innk0, m, oldlst;

lst := [];

oldlst := [];

au := AutomorphismGroup(k);

inn := InnerAutomorphismsAutomorphismGroup(au);

innk0 := Inn2(k, k0);

maxs := [au];

while (oldlst <> maxs) do

maxs := Filtered(maxs, m -> IsSubgroup(m, innk0));

Append(lst, Filtered(maxs, m -> Intersection(m, inn) = innk0));

oldlst := maxs;

maxs := Flat(List(maxs, MaximalSubgroups));

od;

lst:=Union(lst, lst);

return Filtered(lst, l -> DoesFixK1(l, k1));

end;

PossiblePhi := function(k0, k1)

# For a section k0/k1, this function finds the epimorphism

# varphi corresponding to this section. Moreover, this function

# finds an epimorphism such that its codomain is represented as

# a permutation group in GAP, which affords a more efficient

# algorithm.

local phis, phis2, c, permrep;

c := k0/k1;

permrep := Action(c, c, OnRight);

phis := GQuotients(k0, permrep);

phis2 := Filtered(phis, p -> Kernel(p) = k1);

return phis2[1];

end;

PossibleInnateTriples := function(k)

# Finds all possible innate triples given a

# nonabelian simple group k

local k1s, k1k0s, k1k0ls, n, l;

n := DegreeAction(k);

k1s := PossibleStabs(k, n);
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k1k0s := Union(List(k1s, x -> List(PossibleK0(k, x), y -> [x, y])));

k1k0ls := Union(List(k1k0s, x -> List(PossibleL(k, x[2], x[1]),

y -> [x[1], x[2], y])));

l:= List(k1k0ls, x -> [k, PossiblePhi(x[2], x[1]), x[3]]);

return l;

end;

ConstructIT:=function(k, varphi, l)

# Constructs the innately transitive group associated

# to the innate triple (k,varphi,l)

local x, imphi, actionl, k0, gensk0, cxk, gencxk,

genl, imgenl, pi1, pi2, lperm, genlperm, q, gensdiag, gensL;

imphi := Image(varphi);

k0 := Source(varphi);

gensk0 := GeneratorsOfGroup(k0);

cxk := DirectProduct(imphi, k);

pi1 := Projection(cxk, 1);

pi2 := Projection(cxk, 2);

genlperm := List(GeneratorsOfGroup(l), i-> Permutation(i, k));

lperm := Group(genlperm);

gencxk := GeneratorsOfGroup(cxk);

genl := GeneratorsOfGroup(l);

imgenl := List(genl, i -> GroupHomomorphismByImages(cxk, cxk, gencxk,

List(gencxk, y -> Image(Embedding(cxk, 1),

Image(varphi, PreImagesRepresentative(varphi, Image(pi1, y))^i))*

Image(Embedding(cxk, 2), Image(pi2, y)^i))));

actionl := GroupHomomorphismByImages(lperm, AutomorphismGroup(cxk),

genlperm, imgenl);

x := SemidirectProduct(lperm, actionl, cxk);

gensdiag := List(gensk0,i->Image(Embedding(x,2), Image(Embedding(cxk,1),

Image(varphi,i)) * Image(Embedding(cxk,2),i)));

gensL := GeneratorsOfGroup(Image(Embedding(x, 1)));

q := Subgroup(x, Union(gensdiag, gensL));

return Action(x, RightCosets(x,q), OnRight);

end;
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Appendix 2

Here we give a self-contained proof that the category G is equivalent to D. The proof only uses
the definitions of G and D, and Lemma 4.1.6.

Proof. Let F : G → D consist of an object function and an arrow function where for each
(G,K,G0) ∈ G, the image (G,K,G0)F is (K,ϕ,L) which we define as follows: Let α = G0 ∈
[G : G0], let ∆ = αCG(K), and let ϕ : K∆ → CG (K) be the map where for each u ∈ K∆, (u)ϕ is
the unique element of CG (K) such that (u)ϕu ∈ G0. Let L be the subgroup of Aut(K) induced
by the conjugation action of G0 on K. If f is a morphism from (G,K,G0) to (G′,K ′, G′

0) in G, we
define

(f)F = (f |K , f |CG(K)).

We will show that F is a well-defined full and faithful functor. First note that the object
function of F is well-defined since the triple (K,ϕ,L) above fulfills the axioms of an innate triple
(see Definition 5.2.1). Now we show that the arrow function of F is well-defined. Let f be a
morphism from (G,K,G0) to (G′,K ′, G′

0) in G. Let (K,ϕ,L) and (K ′, ϕ′, L′) be the innate triples
associated with (G,K,G0) and (G′,K ′, G′

0) respectively. We will show that (f |K , f |CG(K)) is a
morphism from (K,ϕ,L) to (K ′, ϕ′, L′). By Definition 4.2.6, f |K is a group homomorphism from
K to K ′ and f |CG(K) is a group homomorphism from Imϕ to Imϕ′.

We will show first that (Domϕ)f |K ≤ Domϕ′ and hence prove part 1 of Definition 5.2.5. Let
x ∈ Domϕ. Then x ∈ K∆, where ∆ is the CG (K)-orbit of the trivial coset G0 in [G : G0]. Let
ω = G′

0 ∈ [G′ : G′
0] and let ∆′ be the CG′ (K ′)-orbit of ω. Now (x)f ∈ K ′, and for all c′ ∈ CG′ (K ′),

we have

(ωc
′
)(x)f = ωc

′(x)f = ω(x)fc′ = (ω(x)f )c
′
.

Since x ∈ K∆, there exists c ∈ CG (K) such that G0x = G0c. So (xc−1)f ∈ G′
0 and hence

G′
0(x)f = G′

0(c)f . By Lemma 2.3.1, (c)f ∈ CG′ (K ′) and hence (ω(x)f )c
′
= G′

0(x)fc
′ = G′

0(c)fc
′ ∈

∆′. Therefore (x)f ∈ K ′
∆′ = Domϕ′ and hence (Domϕ)f |K ≤ Domϕ′.

Now we verify the second property of Definition 5.2.5. Let x ∈ Domϕ. By the definition
of φ, (x)ϕ is the unique element of CG (K) such that (x)ϕx ∈ G0. Now (x)f ∈ Domϕ′ and
by definition, ((x)f)ϕ′ is the unique element of CG′ (K ′) such that ((x)f)ϕ′ (x)f ∈ G′

0. Since
(G0)f ≤ G′

0 and f is a homomorphism, we have that ((x)ϕ)f (x)f ∈ G′
0. By uniqueness, it follows

that ((x)ϕ)f = ((x)f)ϕ′. So on Domϕ, we have

f |K ◦ ϕ′ = ϕ ◦ f |CG(K).

Let τ ′ ∈ L′. We must find τ ∈ L such that f |K ◦ τ = τ ′ ◦ f |K and hence show that property
3 of Definition 5.2.5 is satisfied. By Definition 4.2.6, f |K is an isomorphism from K onto K ′, and
hence the inverse of f |K exists. Let τ = f |−1

K ◦ τ ′ ◦ f |K . Then it follows that f |K ◦ τ = τ ′ ◦ f |K .
Hence (f)F is a morphism from (K,ϕ,L) to (K ′, ϕ′, L′) and F is well-defined.

Now we show that F preserves the identity morphism. Let 1(G,K,G0) denote the identity mor-
phism of an element (G,K,G0) ∈ G. Note that (1(G,K,G0))F is equal to (idK , idCG(K)) which is
precisely the identity morphism of the innate triple (K,ϕ,L) = (G,K,G0)F. To show that F is a
functor, it remains to show that morphism composition is preserved. Let (G,K,G0), (G′,K ′, G′

0),
(Ĝ, K̂, Ĝ0) ∈ G and let f ∈ hom((G,K,G0), (G′,K ′, G′

0)) and f ′ ∈ hom((G′,K ′, G′
0), (Ĝ, K̂, Ĝ0)).



Appendix 2 A–155

Then (f ◦ f ′)F = ((f ◦ f ′)|K , (f ◦ f ′)|CG(K)) = (f |K ◦ f ′, f |CG(K) ◦ f ′) = (f |K ◦ f ′|K′ , f |CG(K) ◦
f ′|CG′ (K′)) = (f)F ◦ (f ′)F. Therefore F is a functor from G to D.

We prove now that F is faithful. Suppose (G,K,G0), (G,K,G0) ∈ G and f, f ′ are morphisms
from (G,K,G0) to (G,K,G0). Assume that (f)F = (f ′)F. We will show that f = f ′. By definition
of F, we have that f |K = f ′|K and f |CG(K) = f ′|CG(K). So it suffices to show that (g)f = (g)f ′ for
all g ∈ G0. Let g ∈ G0 and let γ : G→ Aut(K) and γ : (G)f → Aut((K)f) be the maps induced
by the conjugation actions of G on K and (G)f on (K)f respectively. Now f |K = f ′|K and hence
(g−1yg)f = (g−1yg)f ′ for all y ∈ K. So for all y ∈ (K)f , ((g)f)−1y(g)f = ((g)f)−1y(g)f ′ and
hence ((g)f)γ = ((g)f ′)γ. Now Ker γ ∩ (G0)f = C(G0)f ((K)f) ≤ (CG (K) ∩ G0)f = 1, which
implies that (g)f = (g)f ′ as required. Therefore F is a faithful functor.

Now we prove that F is full. Let (G,K,G0), (G,K,G0) ∈ G and let (θ,Θ) be a morphism
from (G,K,G0)F to (G,K,G0)F. We will show that there exists a morphism f : (G,K,G0) →
(G,K,G0) such that (f)F = (θ,Θ). Let f : (G,K,G0) → (G,K,G0) be defined by

(c)f = (c)Θ, for all c ∈ CG (K) ,

(y)f = (y)θ, for all y ∈ K,

(g)f = g′, for all g ∈ G0,

where g′ is an element of (G0)f such that

θ ◦ (g′)γ = (g)γ ◦ θ.

Note that such an element g′ exists by Definition 5.2.5, so we show now that there is a unique
such g′. Suppose there is an element h ∈ (G0)f such that θ ◦ (h)γ = (g)γ ◦ θ. Since θ maps onto
(K)f , the equation θ ◦ (g′)γ = θ ◦ (h)γ is left-cancellable. So (g′)γ = (h)γ and therefore h = g′ as
Ker γ ∩ (G0)f = 1. Thus f |G0 is well-defined. Now if g, h ∈ G0, then

θ ◦ ((gh)f)γ = (gh)γ ◦ θ = (g)γ ◦ (h)γ ◦ θ

= (g)γ ◦ θ ◦ ((h)f)γ = θ ◦ ((g)f)γ ◦ ((h)f)γ

= θ ◦ ((g)f(h)f)γ

and hence ((gh)f)γ = ((g)f(h)f)γ, which implies that (gh)f = (g)f(h)f . Therefore f |G0 is a
homomorphism.

We will continue to show now that f is well-defined. Suppose c1 y1 g1 = c2 y2 g2 for some
c1, c2 ∈ CG (K), y1, y2 ∈ K, and g1, g2 ∈ G0. Now y−1

2 y1 = c−1
2 c1g

−1
2 g−1

1 . Since CG (K)∩Ker γ = 1,

(g2g−1
1 )γ = (c−1

2 c1y
−1
2 y1)γ = (y2y−1

1 )γ

and hence g2g−1
1 = y2y

−1
1 as γ is injective. Consequently, c1 = c2 and (c1)Θ = (c2)Θ. Now for all

v ∈ K,

(v)(θ ◦ ((y−1
2 y1)θ)γ) = (y−1

1 y2)θ(v)θ(y−1
2 y1)θ

= (y−1
1 y2vy

−1
2 y1)θ

= (g−1
1 g2vg

−1
2 g1)θ

= (v)((g2g−1
1 )γ ◦ θ).

So θ ◦ ((y−1
2 y1)θ)γ = (g2g−1

1 )γ ◦ θ and hence (y2y−1
1 )θ = (g2g−1

1 )f . Therefore f is well-defined.
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Now we show that f is a morphism. Let c1, c2 ∈ CG (K), y1, y2 ∈ K, and g1, g2 ∈ G. Note that

(c1y1g1)(c2y2g2) = c1(g1c2g−1
1 )y1(g1y2g−1

1 )g1g2

and hence
((c1y1g1)(c2y2g2))f = (c1(g1c2g−1

1 ))Θ (y1(g1y2g−1
1 ))θ (g1g2)f.

Also note that

(c1y1g1)f(c2y2g2)f = (c1)Θ(y1)θ(g1)f (c2)Θ(y2)θ(g2)f

= (c1)Θ(g1)f(c2)Θ((g1)f)−1 (y1)θ(g1)f(y2)θ((g1)f)−1 (g1)f(g2)f

By definition of f , we have that θ ◦ ((g1)f)γ = (g1)γ ◦ θ and hence

(g1)f(y2)θ((g1)f)−1 = (y2)(θ ◦ (((g1)f)−1)γ) = (y2)(θ ◦ ((g−1
1 )f)γ)

= (y2)((g−1
1 )γ ◦ θ) = (g1y2g−1

1 )θ.

Let (K,ϕ,L) = (G,K,G0)F and (K,ϕ,L) = (G,K,G0)F. Suppose c2 = (u)ϕ for some u ∈ Domϕ.
Now g1(u)ϕg−1

1 (g1ug−1
1 ) = g1(u)ϕug−1

1 ∈ G0, and hence by definition of ϕ, we have g1(u)ϕg−1
1 =

(g1ug−1
1 )ϕ. So

((g1)f)−1(g1c2g−1
1 )Θ(g1)f(u)θ = ((g1)f)−1(g1(u)ϕg−1

1 )Θ(g1ug−1
1 )θ(g1)f

= ((g1)f)−1(g1ug−1
1 )(ϕ ◦Θ)(g1ug−1

1 )θ(g1)f

= ((g1)f)−1(g1ug−1
1 )(θ ◦ ϕ)(g1ug−1

1 )θ(g1)f

= ((g1)f)−1((g1ug−1
1 )θ)ϕ(g1ug−1

1 )θ(g1)f

∈ G0

and hence (u)(θ ◦ ϕ) = ((g1)f)−1(g1c2g−1
1 )Θ(g1)f by definition of γ. Therefore,

(g1)f(c2)Θ((g1)f)−1 = (g1)f(u)(ϕ ◦Θ)((g1)f)−1

= (g1)f(u)(θ ◦ ϕ)((g1)f)−1

= (g1c2g−1
1 )Θ.

So we have that
((c1y1g1)(c2y2g2))f = (c1y1g1)f(c2y2g2)f

and hence f is a homomorphism, with (G0)f ≤ G0 and (K)f 6= 1. Clearly (f)F = (θ,Θ) and
hence F is a full functor.

Now we show that F is dense. Let (K,ϕ,L) be an innate triple and let X := (Imϕ ×K) o L

where L acts on Imϕ×K by
((u)ϕy)τ = (uτ )ϕyτ

for all u ∈ Domϕ, y ∈ K, and τ ∈ L. Let X0 = Graph(ϕ) o L and let X act by right coset multi-
plication on Ω := [X : X0]. We will show that (X/Z,KZ/Z,X0/Z) ∈ G and (X/Z,KZ/Z,X0/Z)F
is isomorphic to (K,ϕ,L).

Note that the action of L on Imϕ is well-defined since Kerϕ is L-invariant by property (3) of
Definition 5.2.1. Since K is centralised by Imϕ in X and K is L-simple (by Definition 5.2.1(3)),
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it follows that K is a minimal normal subgroup of X. The kernel of the action of X on Ω
is CoreX(X0), a normal subgroup of X. Thus K ∩ CoreX(X0) is also normal in X, and K ∩
CoreX(X0) ≤ K ∩ X0 = K ∩ Graph(ϕ) = Kerϕ which is a proper subgroup of K by Definition
5.2.1(2). Therefore K∩CoreX(X0) = 1. It is also true that L intersects CoreX(X0) trivially, as the
following shows. Suppose τ ∈ L ∩ CoreX(X0) and y ∈ K. Then y−1yτ

−1
τ = y−1τy ∈ CoreX(X0)

and hence y−1yτ
−1 ∈ K ∩ CoreX(X0) = 1. Therefore yτ

−1
= y for all y ∈ K and so τ = 1. Thus

L ∩ CoreX(X0) = 1.
Let u, x ∈ K0 (the domain of ϕ), let y ∈ K, and let τ ∈ L. By Definition 5.2.1(3), K0

is L-invariant and hence xτ ∈ K0. Thus ((x)ϕxιx−1)τ = (xτ )ϕxτ ι(xτ )−1 ∈ Z, and hence Z is
L-invariant. Since

((x)ϕxιx−1)y = (x)ϕy−1xιx−1y = (x)ϕy−1xyxιx−1 = (x)ϕxιx−1 ,

Z is centralised by K. Also since

(u−1)ϕ (x)ϕxιx−1(u)ϕ = (u−1x)ϕx(ux)ϕιx−1 = (u−1xux)ϕxιx−1 = (x)ϕxιx−1 ,

it follows that Z is centralised by Imϕ. Thus Z is normal in X and centralised by Imϕ×K. Since
Z ≤ X0, it follows that Z ≤ CoreX(X0).

Now let (u)ϕyτ ∈ CoreX(X0) where u ∈ K0, y ∈ K, and τ ∈ L. Then (u)ϕyτ ∈ X0 and
hence (u)ϕy ∈ Graph(ϕ), whence y ∈ K0 and (u)ϕ = (y)ϕ. Also, (y)ϕyιy−1 ∈ Z ≤ CoreX(X0),
so ((y)ϕyιy−1)−1(y)ϕyτ = ιyτ ∈ L ∩ CoreX(X0) = 1. So τ = ιy−1 and (u)ϕyτ = (y)ϕyιy−1 ∈ Z.
Thus CoreX(X0) = Z.

Therefore X/Z acts faithfully on Ω, and since X = KX0, the normal subgroup KZ/Z of X/Z
is transitive. Moreover, since K is a minimal normal subgroup of X, it follows that KZ/Z ∼= K is
a minimal normal subgroup of X/Z, so X/Z is innately transitive with plinth KZ/Z.

Let (K,ϕ,L) = (X/Z,KZ/Z,X0/Z)F. In particular, K = KZ/Z and ϕ is the epimorphism
from DomϕZ/Z onto (Imϕ)Z/Z where for each u ∈ Domϕ, we have that (Zu)ϕ is the unique
element of (Imϕ)Z/Z such that (Zu)ϕZu ∈ X0/Z, Let θ : K → K be the group isomorphism

θ : y 7→ Zy

and let Θ : Imϕ→ Imϕ be the map defined by

Θ : (u)ϕ 7→ (Zu)ϕ

for all u ∈ Domϕ. We will show that (θ,Θ) is an isomorphism of D. First note that Θ is a group
homomorphism and

(Domϕ)θ ≤ Domϕ.

It remains to show that Θ is a group isomorphism and that θ ◦ ϕ = φ ◦ Θ on Domϕ. Since
Kerϕ = (Kerϕ)Z/Z, it follows that KerΘ is trivial. Therefore Θ is injective. Now every element
of Imϕ is of the form (Zu)ϕ where u ∈ ϕ. Since (u)ϕ is mapped to (Zu)ϕ under Θ, we have that
Θ is surjective. Thus Θ is a group isomorphism. Now for all u ∈ Domϕ,

(u)(θ ◦ ϕ) = (Zu)ϕ = ((v)ϕ)Θ = (v)(ϕ ◦Θ)

and hence θ|Domϕ ◦ ϕ = ϕ ◦ Θ as required. Therefore (θ,Θ) is an isomorphism from (K,ϕ,L) to
(X/Z,KZ/Z,X0/Z)F and F is dense.

By Lemma 4.1.6, the categories G and D are equivalent.
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